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Introduction

The Bernoulli polynomials for natural values of the argument were first considered by
J.Bernoulli (1713) in relation to the problem of summation of powers of consecutive natural
numbers. L. Euler studied such polynomials for arbitrary values of the argument, the term
"Bernoulli polynomials" was introduced by J. L. Raabe (1851).

The Bernoulli numbers and polynomials are well studied and find applications in fields of
pure and applied mathematics. Various variants of generalization of the Bernoulli numbers and
polynomials can be found in [5-11]. A generalization to several variables has been considered in
[12]; in this paper definitions of the Bernoulli numbers and polynomials associated with rational
lattice cones were given and multidimensional analogs of their basic properties were proved.

This paper is devoted to generalization of these results to the case of hypercomplex variables.
The Clifford algebra in hypercomplex function theory (HFT) was first used by R.Fueter [1] in
the beginning of the last century. A systematic study of this topic can be found in [2-4]. Also,
the papers [15-18] with further advancement of the Clifford analysis should be noted. The notion
of the Bernoulli numbers and polynomials in this framework were given and studied in [13, 14].
In this paper we give a more genral notion of Bernoulli polynomials than in [13,14], namely,
in the spirit of [12] we define polynomials in hypercomplex variables associated with a matrix
of integers. In the second section of the paper we formulate and prove basic properties of such
polynomials.
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1. Notation and definitions of the Generalized Bernoulli
Polynomials and Bernoulli Numbers

Let {e1,...,en} be an orthonormal base of the Euclidean vector space R" with a product
according to the multiplication rules

exe; +eep = =20, k,l=1,...,n,

where dy; is the Kronecker symbol. This non commutative product generates the 2" —dimensional
Clifford algebra Cly ,, over R and the set(eq : A C {1,...,n}) with eqa =ep,€p, ... €p,., 1 < hy <
... < hy, eg =eg =1, forms a basis of Cly . The real vector space R"*! is embedded in Clg,
by identifying the element (zq,1,...,2,) € R**! with

_ ~ 1
2z = x0€0 + T1€1 + -+ Tpe, € A =spang {eg,...,e,} = R

The natural generalization of the complex Cauchy-Riemann operator
o _1(0 .0
0z 2\ozx oy

D*iJrieJr + —e
o 0xg 0x1 tre 0z, "

is given by the operator

and the equation
Df=0

defines hypercomplex holomorphic (or monogenic ) functions f = f(z) as Clifford algebra valued
functions in the kernel of this generalized Cauchy-Riemann operator (cf. [15]). Since the operator
D can be applied both from the left and from the right hand side of f, it is usual to refer to
it as a left monogenic function or a right monogenic function, respectively. For simplicity, from
now on we only deal with left monogenic functions. The case of right monogenic functions can
be treated completely analogously.

Since Dz = 1 — n it is evident that the function f(z) = z € A is only monogenic if n = 1,
i.e., in the case of A = C. This implies significant differences between the cases n = 1 and
n > 1. Moreover, powers of z, i.e., f(z) = z¥, k = 2,..., are not monogenic which means that
they cannot be considered appropriate as hypercomplex generalizations of the complex power
2%, 2 € C. These facts are the reason for generalized power series of a special structure, which
we are going to use in the following subsection.

To overcome the mentioned situation, in [16] has been considered another hypercomplex
structure for R"*! and

HY={Z:Z=(21,..-,2n), 2k = To — Tpek, To, Tk ER k=1,... ,n},

whereas the components of the vector Z, i.e. the hypercomplex variables z, themselves are
monogenic, their ordinary products z;zi, ¢ # k, are not monogenic. But a m-ary operation,
namely their permutational (symmetric) product resolves the problem (cf. [16]).

Definition 1. Let Vi be a commutative or non-commutative ring, ax € V (k=1,...,n), then
the symmetric "x " product is defined by

1
ap X ap X X ap = g @iy Qi+ g, (1)
’ T(41,5esin)
where the sum runs over all permutations of all (i1, ...,4n).
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Additionally, the following convention has been introduced in [16].

Convention. If the factor a; occurs o; times in (1), we briefly write

A1 X XA X X Ay X o Xy, = a]' X---xXarr =ad’, (2)
——— ——
o1 On
where o = (01,...,0,) € NI and set parentheses if the powers are understood in the ordinary

way.

Formula (2) simply allows to work with a polynomial formula exactly in the same way as in
the case of several commutative variables. It holds

kE _ k o1 On __ k 50
(Z1+"'+Zn) _z_:k<0 27t X e X 27 —z_:k o Z°, keN (3)
k!

W,Where ol=o!l+-+o,!
ol(k — o))

with polynomial coeflicients defined as usual by ( i ) =

(see [17,18]).
In [17] it has been shown that the partial derivatives of 2° with respect to xj are obtained as
0T .,
= o2’ 'k, 4
kL (4)
where 71, is the multiindex with 1 at place k& and zero otherwise.
It is well known that for complex holomorphic functions f : C — C the complex derivative

d
= —f exists and coincides with the complex partial derivative

of _1(of _,of
0z 2\0x Oy)

The analogous situation is true in the hypercomplex case (cf. [18]). A real differentiable function
f(2) is left (right) hypercomplex derivable in Q C H"™ if and only if f is left (right)monogenic in
Q C H". In the case of its existence, the hypercomplex derivative is given by

1— 1 . —
§Df resp.ifD,

with the conjugated generalized Cauchy-Riemann operator
— 0 0 0
D —

= — — —e€1
8560 8.131

Furthermore, like in the complex case, where the complex derivative satisfies

o dr_of
dz 0Ox’
the left(right) hypercomplex derivative of f at 2 is exactly
1—. 1. of

-Df=-fD=—.
Let a',...,a™ be vectors with real coordinates a’ = (a{7 ...,al) and

al : at

al ... ... a¥

A =
al ... ... am

is a matrix with coordinates of the vectors @’ in a column.
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Definition 2. The hypercomplex Bernoulli polynomials By, (2) = By, ..., fin(21,- .., Zn),
ur € Ng, k=1,...,n associated with the matriz A are defined as the coefficients of a multiple
power series ordered with respect to the degree of homogenity by the following relation

i n [eS) aj,t k ) h
<t [ (Z M) > Bu) (5)

|
7=1 \k=0 =0 :

where < t,z > = t121+...+tnzn, 2=_(21,...,2n), tF =" thr ) pl =)oy,
| l=p1 4o A pm.

Applying (3), the formula (5) is equivalent to

= 1 - 1 - t
- o1 .. On 40 __ J4\s e
Z A <Xy t7 = Z Ts1+Ds! 1)8!(a t) Z Bu(2) pE
lo|=0 |s|=0 |ul=0
where s = (s1,...,8,), 0= (01,...,0,) and (a’t)® = (ajl'tl)Sl - (alty)™.

Comparing both sides gives the relationship of hypercomplex Bernoulli polynomials to the
generalized powers

Z Z (H (|83|1+1)83'> (alt)sl_ . (a”t)s" B#(Z) _ % 2170 X 2972 X+ X 2,07, (6)

|
atpu=o gli. . . +sm=a\j=1 K

where o = (al,...,an)7p = (p1yeeyfin)y t = (t1y.ooytn)y 2 = (21,4 2n), 0 = (O1,...,0n),
sh=(s],...,8)) forop=0,1,... (k=1,...,n).

Obviously, the set of hypercomplex Bernoulli polynomials contains n copies of the classical

1 ... 1

Bernoulli polynomials that are obtained when matrix A = .ev «o. ... | and all the indices
1 ... 1

pr, k=1,...,nin (6) are equal to zero or only one of them is different from zero.

For example, some hypercomplex Bernoulli polynomials given by (6), for n = 2, are equal to
BO,O(Z) = ].,
1
Bio(z) =2z — 5(&% + a%),
1
Bo,1(2) = 22 — §(a% +a3),

1
(a1a3 + ata3),

1
Bi1(z) =21 X 29 — 3 [zl (a3 +a3) + 22(a) + a%)} + ~(aja3 + ajai) + 8

1 1
Bao(z) = 2% = 21 (a} + a}) + 2 ((a])? + (a])?) + Sala.

Definition 3. Generalized Bernoulli numbers B, .. .. are the values of the Bernoulli polyno-
mials at the origin

BUl,m,Un = BUI)"'7U'7L (O’ s 0)'
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For instance, for n = 2 we obtain next values of Bernoulli numbers:

1
12, 12 11, 22
ajas + ayaf) + 6(a1a2 +ata3),

1
3270 ZBQ)()(O, 0) = ((a%)Q + (a%)Q) + ia%a%

2. Properties of Bernoulli numbers and Bernoulli
polynomials

Property 1. Hypercomplex Bernoulli polynomials and generalized Bernoulli numbers satisfy the
exTpression

Bal ..... an(17~'~71) = (_1)‘0‘B01 ..... On. (7)

Proof. Making use of the definition of hypercomplex Bernoulli polynomials by generating
function

L 1
F(t, Z) = Z ;Bo-l,.u,an (Zla ERE ZN) t({l te tf;"7

where

and taking (z1,...,2,) = (0,...,0) and (21,...,2,) = (1,...,1) we get

- 1
F([,0) = Y —Boy,ontitee 5
|o|=0
and -
F(LT) = Y =Boy, on(Lo ) 1705,
|o|=0
respectively.

Moreover F(i,1)= F(<t,0), that is,

o0 o0

1
> =Boron (Lo, DT = > =By, o (—11)7 () =
loj=0 "~ lo|=0
o]
1 lo| ro1 on
=y —Bor o, (DTt
lo|=0

Hence,

The equality (7) generalizes the property B, (1) = (—1)"B,, n € Ny, already known in the
classical case.
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Property 2. Hypercomplex Bernoulli polynomials can be expressed by generalized Bernoulli
numbers as

g1 On
_ § : E 01 On o1—J1 On—Jn
BUly---ﬁn(zl""vzn) - : : Bj17~--7jnzl X Xz, . (8)
£ : N In
J1=0 Jn=0

Proof. Using the definitions of hypercomplex Bernoulli polynomials and the Bernoulli
numbers, we can write

e k1 k., oo

B AIX o XEt N o, Bo'la--wo'n(zl""’Zn)tUl__,t”n
IZI A ,+Zk A TIRRRY M PR Ty A " ZI . o1!l...op! ! "
ol= g =0 o=

which yields

I17J01 Ll x zgn_Jn

o on
_ ol .oplz]

J1=0 Jn=0

that is,

g1 On
g1 On o1—j1 On—7
Bfflwu,ffn(zla"'vzn): E E ( 1 )( j )th-u,jnzl X Xz, . O
n

J1=0 Jn=0

With (8) we found a generalization for another property of the classical Bernoulli polynomials

Ba(2) : )
Bu(2) =Y ( Z > Byz"F, neN,.

k=0

Proposition 2 still allows to introduce a new type of Bernoulli numbers, where one of the ar-
guments is equal to one and the others are equal to zero, which is a situation different from

that one in Proposition 1, which describes the symmetry relation between By, .., (1,...,1) and
BUlaﬂ-yan .

Property 3. Let us call k-Bernoulli numbers, B§17'~~70'n’ those that are obtained by calculating
the hypercomplex Bernoulli polynomials in (0,..., 1 ,...,0), k=1,...,n, ie.,

k
k
By, 6. =B 0,0,..., 1 ,...,0).
k

Then these k-Bernoulli numbers can be represented as linear combinations of the generalized

Bernoulli numbers,
ok
k _ O
Bal7---,0n - E < jk; >B01,...,jk7...,o'n.

Jr=0

Proof. The proof follows immediately from (8) by taking z = 1 and z;, =0, i = 1,...,n,
i # k. ]
Example.
321’1 = 3271(170) = 13071 + 231’1 + ]_Bg’l

B§,2 = B32(1,0) = 1B +3B12 + 3B+ 183
Bi,?) = B473(1,0) = 1BQ’3 + 431’3 + 632)3 + 4Bg)3 + 1B4’3
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Blz,l = BM(O, 1) = 131’0 + 131,1

Bi,=B12(0,1) =1B1+2B11 + 1B,
B3 = B23(0,1) =1B20 + 3821 +3B22 + 1825

Property 4. We have

0 B o O-kBo'l,‘..,o'kfl,u.,an (Zh ey Zn) , Ok 7& 0 E—1
p) 017»--»Un(zlv"'azn)* =L...,n
Tk 0 o, =0,
where z = T — xpek, To,Tx ER, k=1,...,n

Proof. The proof follows directly by partial differentiation with respect to x; of both sides of
(8) together with (4). O

This proposition generalizes for the hypercomplex case the relations B/ (z) = nB,_1(z),
n € N, used for the differentiation of classical Bernoulli polynomials.

11—
Property 5. For the hypercomplex derivative of By(2) of §DBU (2) the next property holds true

n
§DBUIW’0"(21, ceeyZn) = — Z 0kBoy.....on—1...00 (Z15- -+ 3 Zn) €k
k=1

Proof. Considering that the hypercomplex Bernoulli polynomials are monogenic, i.e.,
DBy, o, (%1,...,20) =0,

we can write

0 "9
7301,...,071 (Zh e 7Zn) = - Z aiBal,...,an (21, ey Zn)ek;

that is .
1—
iDBﬂl,--~7an (Zla ey Zn) = - Z O-k,Bol,...,o‘k—l,...,on (Zlv DR Zn)ek-

Let 0 = (01,...,0n), ¢; is a shift operator 0, f(2) = f(z1,...,2; +1,...,2n).
To formulate the next property we have to 1ntroduce some notation. Denote by Q( ) =

H (5“] — 1), the linear operator where 5 = 5a1 5 . Denote by 8,, = < a’,0 > = Z Ok
j=1 k=1
the differential operator along the vector a’, and let 0, = 0y, ... 0, -

Property 6. Hypercomplex Bernoulli polynomials satisfy the equation
Q(0)Byy....on(Z1,y .o 2n) = 0zt X -+ X 200

Proof. Note that (64 — 1)e<#f> = (e<2":t> _1)e<%#> then

ﬁ(éaj _ 1)e<5,f> _ H(e<aj,t> o 1>e<2,5>_

j=1 j=1
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It means that operator Q(d) acts on e<#¥> by the formula

n .

H(e<a-7,t> - 1)6<Z’t>. (9)
j=1

Now we will show how the operator Q(d) acts on the generating function F(#,Z) of Bernoulli
polynomials.

Q) F(F,7) = H _Sab> o g)esEi,

e<ai t> _

Using (9) we obtain

. n i } B
QUFE) =] L”l T — 1)<,

As a result we have

Since J,, €< 2> = < gf t >e<FT> then
— n —
(9ae<z7t> _ H <alt S e<Ht>

j=1

Using the definition of Bernoulli polynomials and acting by operator () on each part, we obtain

n o0

aj t> <z,g> _ Bahm,ffn(zla-'-yzn) t7
1:[1 <al 25>—1 = Q) Z o1l op! '
j= |o|=0

Since Q(8)F(f, Z) = 0,e<%>, then
oo g
9 e<Z,f> _ Z Q(‘S) B01,~-’0n(217~~7zn) 3
“ e o1l...op! '

71 - X 28 o Z Q(6) Boy,....on(215- .y 2n) t7
] | | | :
o V..ol o o!...op!
Q(0)Boy,...on (21, -y 2n) = Og2]t X -+ X 207
O
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Ouapra A. IlIunikuua

NucturyT MaremMaTnku U pyHIAMEHTAJILHON HHHOPMATUKA
Cubupckuii peiepabHbIl YHUBEPCUTET

Cobomnnriit, 79, Kpacuosipck, 660041

Poccus

B pabome paccmampusaemcs 0606uwerue wuces u MHo204AeH08 Bephyaiu 0as cayuas eunepromnaerc-
HOL NEPEMEHHBLT. J[0KA3AHBL MHO2OMEPHDIE AHANO2U OCHOBHBIT CE0UCME KAACCUMECKUT YUCEA U MHO20-
wnenos Bepryaiu.

Karoueswie caosa: zunepkomnaexcrvie muozousens, Bepnyaiu, nmpoussodawyue dymnryuu, waugpgpopdos
AHAAUS.
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