RESEARCH ARTICLE | NOVEMBER 06 2020

On direct sum of two picture fuzzy graph @3

S. Jayalakshmi; D. Vidhya &

AIP Conf. Proc. 2277, 090004 (2020)
https://doi.org/10.1063/5.0025300

& B

View Export
Online Citation

Proceedings

Q
(&
o
()
-
()
Y
o
@)
o
-
<L

0}:%1:50 #20z Joquisidas 61

H Nanotechnology & " “ Optics & @ Impedance éﬁ Scanning Probe —_— ﬁ Failure Analysis &
Materials Science Photonics Analysis Microscopy = Sensors T Semiconductors

=]  Unlock the Full Spectrum.
From DC to 8.5 GHz.
Your Application. Measured.

N\ # Zurich
Z\ Instruments

zuzneneneme::
l<li=lielelieiei;

AIP
é/:. Publishing



https://pubs.aip.org/aip/acp/article/2277/1/090004/1026676/On-direct-sum-of-two-picture-fuzzy-graph
https://pubs.aip.org/aip/acp/article/2277/1/090004/1026676/On-direct-sum-of-two-picture-fuzzy-graph?pdfCoverIconEvent=cite
javascript:;
javascript:;
https://doi.org/10.1063/5.0025300
https://servedbyadbutler.com/redirect.spark?MID=176720&plid=2510981&setID=592934&channelID=0&CID=908662&banID=522064404&PID=0&textadID=0&tc=1&rnd=5658999637&scheduleID=2429178&adSize=1640x440&data_keys=%7B%22%22%3A%22%22%7D&matches=%5B%22inurl%3A%5C%2Facp%22%5D&mt=1726722850912676&spr=1&referrer=http%3A%2F%2Fpubs.aip.org%2Faip%2Facp%2Farticle-pdf%2Fdoi%2F10.1063%2F5.0025300%2F13271750%2F090004_1_online.pdf&hc=e9300b93b1b888d87bb06f3cb0effbae1525be8c&location=

On Direct Sum of Two Picture Fuzzy Graph

S. Jayalakshmi"® and D. Vidhya>"

'Department of Mathematics, S.D.N.B. Vaishnav College for Women, Chromepet, Chennai 600044.
2Department of Mathematics, VISTAS, Pallavaram, Chennai 600117.

Y Corresponding author: vidhya.d85@gmail.com
Yjayasriraghav72 @gmail.com

Abstract.This paper investigates the concept of direct sum G;@G,of two picture fuzzy graphs G, and G, are defined and
when two picture fuzzy graphs are effective then their direct sum need not be effective is proved. The degree of vertices
in the direct sum G;@®G,of picture fuzzy graph is obtained in terms of degrees of vertices in the two picture fuzzy graphs
G1 and Gz.

Keywords.Direct sum of picture fuzzy graph, Effective picture fuzzy graph, and degrees of direct sum of picture fuzzy
graph.

INTRODUCTION

Fuzzy graph theory was introduced by AzrielRosenfled in 1975. The properties of intuitionistic fuzzy graphs
have been studied by S. Sheik Dhavudh and R. Srinivasan [9]. Some operation of picture fuzzy graph was
introduced by Cen Zun, Anitha pal, ArindamDey [2]. The direct sum of two fuzzy graph is defined by K Radha and
S. Arumugam [8]. Throughout this paper, the concept of direct sum of two picture fuzzy graphs G, and G,.are
defined, The degree of vertices of G;@® G, of picture fuzzygraph is obtained in terms of degrees of vertices of two
picture fuzzy graphs G, and G,. This has been illustrating through some examples.

PRELIMINARIES

Definition 1: [2] Let A be a picture fuzzy set, A in X is defined by A = {x, 2¢,, (x), 74 (x), Va (x)/ x € X} Where

My (x), na (x)ana’ VA (x) follow the condition 0<u, (x)+ N (x)+ Va (x) <I1. The
M (x), un (x), Va (x) S [0,1], denotes respectively the positive membership degree, neutral membership degree
and negative membership degree of the element in the set A.

Definition2: [8] Let G; = (0y,11) and G, = (0,, ;) denote two fuzzy graphs with underlying crisp graphs
Gy = (V1,Ey) and G; = (V, E;) respectively. Let V =V, UV, and let E ={uv/u,veViuve E or uveE,
but not both } Define G= (o, i) by

o, (u), ifueV,
o (n)= o, (), ifuev,
o, (W)Va, (), ifueV; UV,

pa(uv), ifuv € E;

u(uv)z{”z (wv),ifuv € E,
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Then if uv € Ey, p(uv) = u;(uv) < oy(w) Aoy (v) < o(u) Ao(v) andif uv € E,,
uuv) = py,(uv) < o,(w) Aoy(v) < o(u) Ao(v) . Therefore (o, 1) defines a fuzzy graph. This is called the direct
sum of two fuzzy graph.

Definition 3: [2] Let G = (V, E) be a graph. A pair G = (A, B) is called a picture fuzzy graph on G*, where A=
(,UAsﬂAJ’A) is a picture fuzzy set on V and B = (,UB’773’7/B) is a picture fuzzy set on £ VXV such that

for each are uv ek, up(u, v) < min(uy (W), pa(v));ne(uv) < min(n,(u), na(v))and
ys(uv) = max(y,(w), ya(v))

DIRECT SUM OF PICTURE FUZZY GRAPH

Definition 4: Let G, = (A}, B) where A1=(,uAl,77A1 ,7/A1) and Blz(,uB1 N/ ,7/31) and G, = (A,, B,) where A,=
(,U oo azsY A2) and B,= (,U 23 Mpas Y 32) are vertices and edge sets of G; and G, and denote two picture fuzzy
graphs with underlying crisp graph G, (V;, E)) and G,: (V,, E,) respectively. Let V = V, UV, and
E ={uv/u,veV;,uv e E, or uv € E, but not both } Define G= G;®G, by

(ﬂAl s a1V al )(u), ifu6V1

(#1 m V)(u)= (ﬂAzanAZ’yAz)(u);iquVZ
(Ha1 Va2 Ma1VNaz2-YarVyaz) (W) , ifueVy NV,

(Up1,MB1, Y1) (), ifuveE,

(wn,y)(uv) = {(uaz, N2, V2) (W), ifuvek,

Then if uv € Ey, p(uv) = pp; (W) < paq (W) Apg (v);

nwv) =np; (W) < Ma (W) Angy(); y@ww) = yp1(uv) = ya1 (W) V ya1(v) and

ifuv € Ep, p(uv) = ppa(uv) < paz (W) A piaz (v);

Nuv) = npz (W) < Ng(W) ANa(); ¥ (Wv) =y (W) = Y2 (W) VY2 (v).

Therefore, this G defines a picture fuzzy graph. This is called direct sum of picture fuzzy graph.

Example 1: In Figurel give an example of the direct sum of two picture fuzzy graph in which distinct edge sets.

G, G, 66

(3.2,1) (43,1) p— (6.2,0) (5.3.1) (6,3.1)

u, (323 u, o u, (32,3) u,
% = e
” : o
S Z 'Vb\ £ 1 =)

O D
vy 027 v, v Y v,

0,2,. v,

(2.3,3) (1,3.4) (3.4.3) (3,1,4) (3.4.3) ©.2.7) (334

FIGURE 1.

In Figure 2 give an example of the direct sum of two picture fuzzy graphs in which the edge sets are not disjoint
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& GG,

(5.3.1) (6-20) (5..3,.1) (6.3.1)
u, (.3,.2,3) u,
© A =
» o
& g g
v v, vy (0..2,.7) %
(.3.4,.3) (3..1.4) (-3,.4,.3) (3.3.49)

FIGURE 2.

Remark: If G, and G, are two effective picture fuzzy graphs, their direct sum G; @G, need not be effective picture
fuzzy graph in which the following example figure 3

(313 (43.2) (1,0.8) (4,3,3) (1,0.8)
; u o (108 Y, u o (108 Y
3
\'—"‘“\'
©
P = = =
S ) e )
& Uy ES &
(4,3,2)
Q3
‘.e‘.’/
(3‘;1 o U (2.1,4) l;, S 2 (204 u
- (2,1,4) (4,2,4) (3029 (4,2,4)

FIGURE 3.

Theorem 1: If G; and G, are two effective picture fuzzy graphs such that no edge of G;@®G, has both ends in
Vi NV, and every edge uv of G;®G, with one end ueV; NV, and uv €E; (orE,) is such that pp, (w) = puq1(v);

Na1(W) =N (v);and yar (W) = Yar (W[Or)  pap (W) = paz(V); Naz(W) = Npz(v);and  yap (W) = yaz(v)] then
G, DG, is an effective picture fuzzy graph.

Proof: Let uv eV/; NV, be an edge of G;®G,, we have consider two cases,

Case(i)

Given u,v&V, NV,

Then u, v €V, orV, but not both

Suppose Let u, v €V, then uv €E;

Therefore, the vertices(u) = pa; (W); p(V) = pa (V); (W) = Npy (W;

nw) =na(v) and y (W) = y4 W) y(v) = ya1 (v)

Since G, effective picture fuzzy graph.

And the edges u(uv) = pug; (Uv) = par (W) A g (v) = p(w) Ap) ;

nv) = ng (W) =N W) ANy (v) =n@w) An);

YWv) =yp(uv) = ya (W) Vya(v) =y@) vy)

The similar proof for u, v €V,

Case(ii)

If uelVy NV,,vé&V, NV, (or viceversa)

without loss of generality, assume that v €V, ,then u(v) = py (W) W) =141 (W), y W) = Y41 (v)
By hypothesis, pa1 (W) = pa1 (v), 141 (W) = 041 (V), ¥a1 (W) = va1(v)
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Now p(uw)=pia (W) V pigp () n(W=n,41 (W) V n4(w)
2> pa () = pg(v) =u) 2 na (W) 2 g (W) =nw)
So,u(u) A p(v)=u(v) So, n(w) An(w)=n(v) and

Y(W)=ya (W) Vys W)
=y (W) = ayy (v) =y ().
So,y(w) Vy(w)=y ()

Hence, p(uv) = py; (uv) n(uv) =14 (W)
= pag (W) A g (0)=n1 (W) Anyy (v)

=g (V) = u()=n4,(v) =n(v)

=pu(u) Ap(v) =n(w) An(v)

andy (uv) = ya; (uv)
=Ya1 (W) V¥4 (v)
=Y (v) =y()
=y () Vy()
Therefore, G, DG, is an effective picture fuzzy graph.

DEGREE OF VERTEX IN THE DIRECT SUM

We can find the degree of vertices in the direct sum G, @G, of two picture fuzzy graph G;andG, in terms of degree

of vertices in the picture fuzzy graph. G,andG,.

Theorem 2

The degree of a vertex in the direct sum G; DG, in terms of the degree of the vertices G, andG, is given by

dcl(u), lf uEV]_ - VZ
dg, Wif ueV, =V,

dg,(W) +dg,Wif ue Vi NV, E; NE, = @,

d61e62 (w)=

Proof:

tp1 (W) + ppy (Uv), np (UV) + Npa (uv), )

dg, (W) +dg, (W) — Xuver,n, <V31 (uv) +yp(wv) ifue VinV, ,E; NE, # @

For any vertex in the direct sum G;@G,: (V, E) we have three cases to consider

Case (i)

Either u €V; or u €V, but not both. There is no edge incident at u lies in E; N E,

Ugr(uv)ifu eV (i.e)uv ek,

(#p1DHp2) (V) ={ ez (uv)ifu eV, (i.e)uv ek,

g (uv)ifu eV (i.e)uv eE;

(751 8152)(0v) ={n32 (wv)ifu eV, (i.euv ek,

yg1(uv)ifu eV, (i.e)uv ek,

(Y51DVB2)(uv) :{VBZ (uv)ifu eV, (i.e)uv ek,

Hence if u €V, thendgl@(;z (w) = ZuveEl (#31 (uv), ng (Uv), ¥p1 (UU)) = dcl (w)
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and ue€v;, the"dcleacz (w) = ZuveEz (ﬂBz (uv), N2 (uv), ¥p2 (uv)) = dGz (W)

Case (ii)

If ueV; NV, but no edge incident at u lies in E; N E,. Then any edge incident at u is either
in E; orin E;, but not in E; N E,. Also all these edges are included in G;®G,: (V,E).
Hence degree of u in G; DG, is given

d(,‘lEBGZ W) = Xuver (HB1 (u)Bup, (uv), Ng (UV) BN, (W), V51 (V) DY 5, (uv))

= ZuveEl (#31 (uv), g, (uv), ¥p1 (uv)) + ZuveEz (.“Bz (uv), np, (Uv), ¥p2 (UV))

=dg, (u) +dg,(w)

Case (iii)
Ifu eV} NV, and some edges incident at u are in E; N E,. By the definition any edge on
E; N E,. Will not be in G;®G,. Then the degree of u in the direct sum G, G,

de, @6, ) = Z (#31 (uv)®up, (uv), Np (UV)ONE, (W), Y51 (UV) DY 52 (UV))

UVEE

= ZuueEl_EZ (.“31 (uv),np (uv), ¥p1 (UV)) + ZuveEZ_El (.“Bz (uv), np2(uv), ¥5, (UV))
= Z (ﬂB1 (uv), np1 (), ¥p1 (uv)) + Z (MBZ (uv), g, (uv), ¥p2 (uv))

uveE g, uveEz gy

+ Z (ﬂB1 (uv) + ppy (), Ny (V) + N (UV), Y51 (UV) + Vg, (uv))

UVEE|NE,

= > (ke () + gy (), 7 () + 7 (), i () + i ()

UVEE]NE,

= [ZuveEl_Ez (.“31 (uv),np1 (UV), ¥p1 (uv)) + ZquElnEz (.“31 (uv), np1 (uv), vp, (UV))]
+ [ZuveEz_El (.uBZ (uv),np2(UV), ¥p2 (uv)) + Yuver,nE, (.UBZ (uv), g, (uv), +vp: (uv))]

UVEE{NE,

- Z (.“31(7“7) + upz (W), Mg, (W) + Mg (W), ¥p1 (W) + ¥p, (uv))‘ de, @6, (w)

= d61 (w) + dGz W) — ZquElnEz (/131(7“7) + tpo (uv), Mg (UV) + Ny (W), ¥ (UV) + V52 (UV))
Hence the theorem is proved.

Example 2:
Consider the two picture fuzzy graph G;andG, in which the edge sets are disjoint and their direct sum G;@DG, in
figure 4

686, 2,34
(4.23) : 5 )
4
©
e
u (21,6 U, (2,3.5) u
(-61-] 1'1) ('2'3"4) (-6.-%'-1)
FIGURE 4.

dg,m6, W) = (2,.2,.5) +(3,.2, 3) + (2, .2, 5)+(4,.1,.3) = (1.1, 7, 1.6)
dg, (u1) = (3, .2, 3)+(2, 2,.5) = (5, 4, 8);
dg, (uy) = (4, .1, 3)+(2, 2,.5) = (6, .3, 8)dg, () + dg, () = (1.1, .7, 1.6)
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Therefore, dg, g6, (1) =dg, (W) + dg, (uz)

Since there is no edge is common in GiandG,. u,;€V; NV,, the degree of G, DG, is the sum of the degree of
G,andG,. The vertices u, and u; are in v; but not in v, and the vertices uy and us are in v, but not in v;. Hence
degrees of u,, u3 uy and usin G @G, is equal to the degree of

u, and uz in G; and uy and usin Gs,.

dg,ec,(U2) = (3, .2,.3) 5 dg, @6, (U3) = (.2, .2, .5);
de 06, W) = (2,.2,.5)+(2,.1,.6) = (4, 3,1.1)
de, 06, Us)= (2, .1,.6) + (4,.1,.3)= (6, .2, .9)

Example 3:Consider the two picture fuzzy graph G;andG, in which the edge sets are not disjoint and their direct
sum G{@®G, in figure 5

GO G,
G G,
(3.2.0) (4.3.1)  (5,.3.1) (6.2,0)
u, (3.2.1) w Uy (5.2..1) u,

Vi (1.3.4) v, v 3,.1,4 v
(2.3.3) (L34 (3.4.3 e (3.1.4) vi

FIGURE 5.
Here E; N E, ={u u,, v, v, },From the direct sum G,@DG,, we see that the degrees of G; DG, in terms of the degrees

of the vertices in GyandG, are
upr (Ugup) + ppy (uguy), )
d uy) =dg. (u)+dg. (uq)- (
LIACY 61 (W) +dg, (W) Lawer, o, Np1(UUz) + N2 (Ui U2), V1 (W U2) + Va2 (UgU)
=(3,.2,.D)+[(5.2,.D)+(3,.1,.HD] - [(.3,.2,.1)+ (.5, .2,.1]

=(3,.1,.4)
_ upr (Upuy) + ppy (upuy),

dGl@GZ (Uz)—d61 (uz) + dGZ (uZ)-ZWEEInEZ (7)31 (uwy) + Mgz (Uaty), V1 (UUy) + V2 (u2u1)>

=[(3,.2,.)+(2, .3, 3)]+(5 .2,.1)-[(3,.2,1)+(5,.2,.1)]

=(.2,.3,.3)
_ Up1(V1V;) + pp, (V10,),

dGl@GZ (V1)—d01 (v1)+dG2 (Ul)_ZWEElnEz (7731(171172) + Np2(V1V2), V1 (V1V2) + Va2 (U1U2))
=[0(1,.3,.4H+12,.3,.3)]+(3,.1,.4)-[(1, .3,.4)+(3,.1, .4)]

=(.2,.3,.3)
_ tp1(V2v1) + Upr (vovy),
dGl@GZ (UZ)_dal (v2)+dG2 (UZ)_ZWEEInEZ (7731 (v2v1) + N2 (V2V1), Y1 (V2V1) + Va2 (U2U1))
=(1,3, . H+[(3 .1, H)+(3,.1,.H] - [(.1, .3, .4) + (3, .1, .4)]
=(3,.1, .4

CONCLUSION
We conclude this paper, the direct sum of two picture fuzzy graphs G, and G,.are defined and when two picture
fuzzy graph are effective then their direct sum need not be effective is proved. A formula to find the degree of

vertices in the direct sum G; @G, of two picture fuzzy graph is obtained in terms of degrees of vertices in the picture
fuzzy graph G, and G,. To illustrate some examples. A step in that direction is made through this paper.
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