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ABSTRACT
This paper presents a novel integrated statistical model to evaluate the diesel engine performance 
that is operating with duel fuel Jatropha and fish oil blend. Hence, a single cylinder, four stroke, 
direct Injection constant speed diesel engine was used. The experiments were taken from each 
category of the injection timing such as retardation, standard and advanced along with single 
proportion 100% biodiesel blend while other parameters’ injection pressure was maintained 
constant at 220 bar, respectively. The injection timing was changed during testing of the engine 
and the performance parameters were held for three different load conditions between 1, 50 
and 100% at the rated power of 4.4 kW and a speed of 1500 rpm. From the experimental results, 
it was observed that BSFC tends to decrease from no load to full load. The maximum BTE for 
JF100 was found in retardation injection timing of 18° at full load. DEA a multi-response linear 
programming statistical optimisation tool was used to measure the performance and efficiency 
of a Biodiesel blend in the DI diesel engine. It was formulated by taking fuel blends relative 
performance efficiency in relation to input and output variables. Both Frontier and Ranking 
methods in DEA indicated nearly a good convergence with experimental results.

Nomenclature

DI 		   direct injection
DEA 		   data envelopment analysis
CI 		   compression ignition
DEAF 		  data envelopment analysis frontier
CIE 		   compression ignition engine
DMU 		  decision-making unit
D100 		   pure diesel fuel
DEAR 	  data envelopment analysis ranking
JF100 		  50% jatropha Oil + 50% fish oil
CRS 		   constant return to scale
IT 		   injection timing
Ac 		   actual
IP 		   injection pressure
Tr 		   target
MFR 		   mass flow rate
AEDS 		  all experimental data samples
Cc 		   cubic capacity
MRPI 		  multi-response performance index
deg 		   degree
W 		   response weight
CA 		   crank angle

AOWM 	  assignment of weight method
MGP 		   maximum gas cylinder pressure
S/N 		   noise to sound ratio
BSFC 		   brake-specific fuel consumption
DEA 		   data envelopment analysis
BTE 		   brake thermal efficiency
DMU 		  decision-making unit
bTDC 		  before top dead centre
DEA 		   data envelopment analysis

1.  Introduction

Fossil Fuels have been recorded as the highest global 
consumption, due to this there is a rapid depletion of 
fossil fuels, especially petroleum products. The surplus 
exhausts of fuel have bolstered in search of bio-fuels and 
the top petroleum companies are showing concern in 
alternative energy. British Petroleum is a British mul-
ti-national oil and gas company has invested eight billion 
dollars in alternative energy (Dudley 2013). So, bio-fu-
els have gathered great attention among the peoples all 
around the world. Compression Ignition Engines are 
more effective to operate than gasoline-powered engines, 
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partly because diesel fuel costs less and consume less 
fuel. A disadvantage of the diesel engine is the produc-
tion of sooty, smelly smoke and high exhaust emission 
which causes contamination and damage to the environ-
ment also diesel engine performance is also noisy and 
subject to a higher vibration. Diesel Engines are suitable 
mostly for the automotive, agricultural, shipping and 
locomotive industries. The renewable liquid or gaseous 
transport fuels made from organic waste have come 
forth as potential alternative fuels to satisfy the global 
energy needs. In this research work, we have used dual 
fuel half percent jatropha oil and fish oil blend (JF100) 
as an alternative bio-dual fuel for the DI diesel engine.

Jatropha curcas  belongs to the Euphorbiaceae fam-
ily.  Jatropha  is a multipurpose plant that originated in 
Central America, but can now be found throughout 
the tropics, including Africa and Asia. As a second-
generation (non-food supply) bio-fuel crop, it can afford 
and sustainable help to provide a portion of the cur-
rent fuel supply with minimal environmental impact. 
The goal of second-generation bio-fuel is to increase 
the bio-fuel supply with crops such as  Jatropha, cas-
tor and Camelina. Jatropha yields a considerable amount 
of inedible oil that can be converted to biodiesel. The oil 
can be used as a direct replacement for fuel in engines 
and machines, and it has other industrial and com-
mercial uses as well (Nahar and Hampton 2011). Fish 
oil  is  oil  derived from the  tissues  of  oily fish. Fish oils 
contain the  omega-3 fatty acids  eicosapentaenoic acid 
and docosahexaenoic acid, precursors of certain eicos-
anoids  that are known to reduce  inflammation  in the 
body, and have other health benefits (Moghadasian and 
Mohammed 2008). The fish used as sources do not actu-
ally produce omega-3 fatty acids, but instead accumulate 
them by consuming either microalgae or prey fish that 
have accumulated omega-3 fatty acids, together with a 
high quantity of antioxidants such as iodide and selenium, 
from microalgae, where these antioxidants are able to pro-
tect the fragile polyunsaturated lipids from peroxidation 
(Venturi and Venturi 2007; Venturi et al., 2000; 2007).

How et al. (2018) analysed the injection timing influ-
ence and examined the split injection strategies on the 
performance and combustion characteristics of diesel 
engine, which is operated with biodiesel blended fuels. 
Medium duty diesel engine was investigated with B20 and 
B50 blends, and the injection timing was changed during 
engine testing. Generally, in standard and advanced injec-
tion timing modes, the engine will emit high amount of 
nitrogen oxides (NOx). But in this case, it was observed 
that NOx level below 100 ppm can be achieved when a 
CI engine running on retardation injection timing mode. 
Therefore, the authors suggest that retardation timing is 
a good parameter for achieving good outcomes such as 
efficient combustion, high thermal and mechanical effi-
ciency, less fuel consumption and less emissions. Some 
research suggests that in addition to retardation injection 
timing, an injection pressure also plays a vital role in the 

production of higher biodiesel combustion rate in diesel 
engine (Shameer and Ramesh 2018).

Ganapathy, Gakkhar, and Mutugesan (2011) investi-
gated the compression ignition engine performance and 
emission characteristics fuelled with jatropha biodiesel. 
Injection timing was altered during the experiment and 
it results showed that the optimal injection timing for 
Jatropha biodiesel with minimum BSFC, and maximum 
BTE is 340 CAD (crank angle degree). Pradhan, Raheman, 
and Padhee (2014) analysed the Combustion and perfor-
mance of a diesel engine with preheated Jatropha curcas 
oil using waste heat from exhaust gas Experiments were 
conducted to evaluate the combustion characteristics of 
a DI (direct injection) diesel engine using PJO (preheated 
Jatropha oil). It exhibited a marginally higher cylinder gas 
pressure, rate of pressure rise and heat release rate as com-
pared to HSD (high speed diesel) during the initial stages 
of combustion for all engine loadings. Ignition delay was 
shorter for PJO as compared to HSD. The results also 
indicated that BSFC (brake-specific fuel consumption) 
and EGT (exhaust gas temperature) increased while BTE 
(brake thermal efficiency) decreased with PJO as com-
pared to HSD for all engine loadings.

Mahalingam, Suresh Mohan Kumar, and Pranesh 
(2013) studied the performance and emission character-
istics of jatropha and rubber seed oil blend with diesel 
in compression ignition engine with variation of fuel 
injection pressures namely 200, 220 and 240 bar. From 
the results, it was observed that CO2, HC and CO emis-
sions were reduced about 5–10%, when the fuel injection 
pressure is increased with less amount of biodiesel blends. 
However, the smoke value and NOx is increased signifi-
cantly when the injection pressure is reduced to 200 bar. 
Jindal et al. (2010) experimentally investigated the effects 
of compression ratio and injection pressure in a DI diesel 
engine running on jatropha methyl ester. Results indicated 
that the compression ratio and injection pressure increases 
the BTE and reduces BSFC while having lower emissions.

Ushakov, Valland, and Aesoy (2013) tested pure 
and 50% fish oil blends with conventional low-sulphur 
marine gas oil in a direct injection heavy-duty diesel 
engine. Experiments were performed at various oper-
ating conditions under standard propulsion and gen-
erator mode marine cycles. Fish oil showed fairly good 
combustion and ignition properties, which were very 
similar to those of marine gas oil. Bhaskar, Nagarajan, 
and Sampath (2013) experimentally optimised the 
FOME (fish oil methyl esters) blend and EGR (exhaust 
gas recirculation) for simultaneous control of NOx 
and particulate matter emissions in diesel engines. In 
this work, performance and emission characteristics of 
FOME and its blends are evaluated in a direct-injection 
single-cylinder constant-speed diesel engine primarily 
used in the agricultural sector. It is seen that 20% FOME 
blend gives almost the same BTE with lower unburned 
hydrocarbons, carbon monoxide and soot emissions, but 
higher NOx emissions compared to diesel fuel.
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Sakthivel et al. (2014) analysed the performance, emis-
sion and combustion parameters of diesel engine fuelled 
with ethyl esters of fish oil and its diesel blends. Various 
properties such as viscosity, density, calorific value, flash 
point and cetane value of biodiesel and biodiesel–diesel 
blends of different proportions were investigated. Later, 
experimental tests were carried out to evaluate the per-
formance, emission and combustion characteristics of 
a single cylinder, constant speed, DI diesel engine using 
biodiesel–diesel blends, under variable load conditions. 
The BTE was found to be higher compared to diesel for 
the entire load. An analysis of the cylinder pressure rise, 
heat release and other combustion parameters such as 
peak pressure, rate of pressure rise, combustion duration 
and ignition delay was carried out. The ignition delay, 
maximum heat release rate and combustion duration 
were lower for biodiesel–diesel blends compared to die-
sel. Behcet, Yumrutas, and Oktag (2014) studied and 
compared the effects of fuel produced from fish and 
cooking oils on performance and emissions of a diesel 
engine. Two fuels called as FOME and COME (Cooking 
Oil Methyl Ester) were produced from waste fish and 
cooking oils using the transesterification method. An 
experimental study was performed for investigating 
the performance and exhaust emissions of the Diesel 
engine using the fuels. According to the test results, it 
was observed that the fish oil-based fuel indicated better 

performance and exhaust emission parameters than 
those of cooking oil. The Result clearly showed that the 
power and torque values were lower than those of the 
diesel and the BSFC for the produced fuels increased up 
to 5.69% compared to diesel fuel.  Agarwal et al. (2013), 
investigated the effects of fuel injection strategies and 
injection timings on engine combustion, performance 
and emission characteristics. The experiments were 
directed at constant speed (2500  rpm) with two FIPs 
(500 and 1000 Bars, respectively) and different start of 
injection (SOI) timings. For advanced SOI, BMEP, BSFC 
and EGT reduced significantly.

Zhou et al. (2018) conducted investigations in the 
sustainability of applying DEA in applications. The 
authors suggest that DEA technique is used in the appli-
cation or resource optimisation since 1980 and almost 
all industries employed this method to optimise their 
resources. They reported that an innovative method in 
the DEA is still undeveloped and no new method has 
come into practice. The authors pointed out that this 
technique could be old, but it’s very efficient and reliable 
to find the best parameter, which is affecting an engi-
neering system. But, in our paper, we have employed 
a new technique in DEA – that is we have combined 
the frontier and ranking methods to evaluate an engine 
efficiency. Usually, frontier method is widely applied in 
all systems and ranking method is used rarely since it 

Table 1. Properties of fuels.

Property Unit Diesel Jatropha oil Fish oil Biodiesel (JF100)
Density gm/cc 0.745 0.826 0.854 0.9
Kinematic viscosity at 40 °C mm2/s 3.4 4.4 15.2 4.3
Flash point °C 68 132 154 42
Calorific value (kJ/kg) 42000 38500 39670 39948
Specific gravity – 0.74 0.96 0.85 0.91
Carbon residue % 0.12 0.61 0.18 0.24
Iodine value – 0.067 120.5 132.42 135.17

Figure 1. Schematic diagram of tested engine layout.
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contains lots of experimental design constrains. Recent 
reporting indicates that by combining DEA with ranking 
efficient decision-making units (DMU) can yield good 
results. Additionally, few algorithms were developed to 
effectively apply this combined technique in complex 
applications (Blas, Martin, and Gonzalez 2018). Seiford 
and Thrall (1990) examined the effect of model orien-
tation on the efficient frontier and the effect of convex-
ity requirements on returns to scale. Transformations 
between models are provided. Methodological 

Table 2. Kirloskar engine specifications.

Specifications Values
Bore 87.5 mm
Stroke 110.0 mm
Speed 1500 (constant speed)
Compression ratio 17.5:1
Rated power 4.4 KW
Number of cylinder 1
Type of cooling Air cooled-eddy current dynamometer
Injection opening 24° (BTDC)
Pressure 220 bar
Number of stroke 4 stroke

Figure 2. Variation of heat release with respect to crank angle.

Figure 3. Variation of in-cylinder pressure with respect to crank angle.
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compared the relative performance efficiency of various 
departments based on source data from the hospital. 
From the report, it is clearly inferred that DEA can be 
utilised to assist in resource allocation decision, such 
as beds relocation, staff appointment and medication 
process improvement [20].

Lin, Lo, and Chein (2003) evaluated the overall effi-
ciency, technical efficiency and Scale efficiency in Taiwan 
Power Company service centre in China by using DEA. 
The sources studied the number of Staff, General equip-
ment as input parameters and number of Customer, 
Distribution network transformer capacity as output 
parameters. Khodabakhsi and Aryavash (2012) studied 
an equitable method for ranking DMUs based on the 
DEA concept. Author used the minimum and maxi-
mum efficiency values of each DMU to compute under 

extensions and alternate models that have proposed are 
reviewed and the advantages and limitations of a DEA 
approach are quantified by developing a mathematical 
programming approach to frontier estimation. Vessal 
(2007) evaluated the comparative efficiencies of several 
universities in two different time periods. Using this 
technique, it is potential to identify which schools are 
relatively inefficient compared to the composite school 
efficiency ratings change could be attributed to altera-
tions in their inputs and outputs. Yu and Wang (2006) 
evaluated the relative performance efficiency in peoples’ 
hospital of Perking University, China. Data Envelopment 
Analysis (DEA is a linear programming-based tech-
nique for assessing the relative performance efficiency 
of organisational units where the presence of multi-
ple inputs and outputs) was applied. They set up and 

Figure 4. BSFC for various engine load conditions at 18°, 24° and 27°.

Figure 5. BTE for various engine load conditions at 18°, 24° and 27°.
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the linear programming problems. Sadjadi et al. (2011) 
presented a new method which incorporates the robust 
counterpart of super-efficiency DEA. The perturbation 
and uncertainty in data are assumed an ellipsoidal set 
and the robust super-efficiency DEA model is extended 
and the author implemented this method to rank dif-
ferent gas companies in Iran. Shanling, Jahanshahloo, 
and Khodabakhshi (2007) analysed the ranking DEA 
efficient units has become the pursuit of many DEA 
researchers and a variety of models were developed to 
rank DEA efficient units. The authors studied the tradi-
tional DEA ranking methods and found that some mod-
els have the disadvantages of being impossible, for that 
author researched to develop a super-efficient model to 
overcome some deficiencies in the earlier models.

In brief summary of literature study, the important 
findings were critically reviewed; it can be understood 
that the various ranges of injection timing have an effect 
on fuels. DEAF and DEAR techniques are widely applied 
in many applications and to our author’s knowledge this 
is the first paper to implement this both techniques in a 
diesel engine to evaluate its performance and efficiency. 
Generally, all analytical modelling and optimisation tool 
does not exactly emphasise the application and it only 
signifies the modelling tool that is the main reason why 
an author’s unable to find relevant literature studies on 
the DEAF and DEAR technique in engine applications. 
The modelling methodology is first carried out for the 
frontier and then followed by ranking; by doing this, it is 
easy to identify specifically the best DMU in the frontier. 
This theory of DEA comparing was executed success-
fully in the application. Subsequently, this technique 
will promote the DEA researcher’s a novel approach for 
evaluating the performance and efficiency of any system. 
Please note that the emissions were not considered. This 
paper only focuses on the sections of combustion, per-
formance characteristics and their optimisations.

2.  Experimental methods

In this work, the transesterified dual biodiesel was used 
for obtaining the performance and emission charac-
teristics of a single cylinder, constant speed DI diesel 
engine running at 1500 rpm and at a constant injection 
pressure of 220 bar as per engine’s designed pressure. 
The injection timing 18°, 24° and 27° were changed. The 
diesel engine was performed the change of rated power 
to measure the carrying out performance and emission 
characteristics with some engine modification, the injec-
tion pressure was varied by changing the spring tension 

the assumptions that the sum of efficiency values of all 
DMU’s is equal to unity, the rank of each DMU is deter-
mined in proportion to a combination of its minimum 
and maximum efficiency values. Washio and Yamada 
(2013) proposed a model called rank-based measure 
(RBM) to evaluate DMU from a different standpoint. 
The author suggested a method to obtain a weight which 
gives the best rank, and estimated a weight between 
maximising the efficiency score and continuing the best 
rank; this can be possible if user continuously solves 

Figure 6.  Methodology for CI Engine performance evaluation 
process.

Table 3. SIPOC diagram for diesel engine.

Suppliers Inputs Process Output Customer
Bio-fuel agencies IP Running the engine with biodiesel at 

different IT and LD
Engine performance Universities

Laboratory IT   Analytical modelling Industries
LD Other organisations

Figure 7. Proposed DEAF network model for CIE in relation to 
input and output.
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fuels considered for the experimental work and Figure 
1 shows the engine setup line diagram.

A single cylinder, constant speed DI engine was 
employed to evaluate the engine operation and emission 
characteristics with biodiesel. The diesel engine operates 
under different load conditions at a constant speed of 
1500 rpm with the different biodiesel proportions. The 
diesel engine of Kirloskar model was instantly attached 
to an eddy current dynamometer for changing the dif-
ferent loads (1, 50 and 100%). The different types of 
measuring devices were mounted in the test engine such 
as an orifice meter with U tube manometer for measur-
ing air consumption, the one litre burette for fuel con-
sumption and the separate bio-fuel tank. A Hartridge 
smoke meter was provided for measuring the smoke 
opacity and exhaust temperatures. The test rig was set 
up with AVL software for obtaining various curves and 
effects during operation. A delta 1600S exhaust gas ana-
lyzer was used to quantify the emission characteristics 
such as CO2, CO, UHC, NOx and O2 values from the 
exhaust gas; however, the emissions are not discussed 
in this paper. The performance and emission test was 
taken for the compression ratio of 17.5 at a constant 
injection pressure 220 bar at rated power of 4.4 kW. The 
injection timing was changed during the engine opera-
tion and the trial was held out at full proportion 100% 
biodiesel. The performance analysis of the engine at dif-
ferent rated power was measured in terms of BSFC and 
BTE. The combustion analysis was measured in terms of 
heat release and in-cylinder pressure. The specifications 
of the test engine are described in Table 2. The uncer-
tainty analysis associated with this research project is 
presented in Appendix 1.

3.  Combustion analysis

This section analyses the combustion outcomes of a die-
sel engine that ran with duel fuel of different species.

of the injector needle with setting screw. One lower 
and one higher injection pressure were selected to 
identify the trend. Table 1 gives the properties of the 

Table 4. DMU’s inputs and outputs factors.

Fuel 
name

DMU 
name IP (bar)

IT 
(Deg) LD (%)

BSFC 
(g/

kW-h)
BTE 
(%)

JF100 1 220 18 1 22.12 15.46
JF100 2 220 24 50 13.29 28.82
JF100 3 220 27 100 11.31 29.87
JF100 4 220 18 1 27.64 11.5
JF100 5 220 24 50 20.17 23.48
JF100 6 220 27 100 15.22 28.77
JF100 7 220 18 1 24.77 13.91
JF100 8 220 24 50 16.58 27.62
JF100 9 220 27 100 14.3 28.74

Table 5. CRS efficiency.

Note: The bold values indicates a change in the input and output DEA system.

Fuel name DMU name
Input-oriented 
CRS efficiency

Sum of 
lambdas RTS

JF100 1 1.00000 1.000 Constant
JF100 2 1.00000 1.000 Constant
JF100 3 1.00000 1.000 Constant
JF100 4 1.00000 1.000 Constant
JF100 5 1.00000 1.000 Constant
JF100 6 1.00000 1.000 Constant
JF100 7 1.00000 1.000 Constant
JF100 8 1.00000 1.000 Constant
JF100 9 0.99126 0.991 Increasing

Table 6. DMU’s target inputs.

Note: The bold values indicates a change in the input and output DEA system.

Fuel name DMU name IP (bar) IT (Deg) LD (%)
JF100 1 220.00000 18.00000 1.00000
JF100 2 220.00000 24.00000 50.00000
JF100 3 220.00000 27.00000 100.00000
JF100 4 220.00000 18.00000 1.00000
JF100 5 220.00000 24.00000 50.00000
JF100 6 220.00000 27.00000 100.00000
JF100 7 220.00000 18.00000 1.00000
JF100 8 220.00000 24.00000 50.00000
JF100 9 218.07753 22.58260 99.12615

Figure 8. Actual and target inputs in frontier analysis.
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at the advanced injection timing of 27° bTDC for D100 
and JF100 it gave 69 and 70 bar. This may be due to the 
longer ignition delay period since more fuel accumu-
lates resulting in an increase in peak pressure (Puhan 
et al. 2009). Ignition delay reduces in retardation fuel 
injection timing as it is evident from HRR curve. At 18° 
the ICP is recorded as 64 bar for JF100 and 65 bar for 
diesel fuel. Apart from ignition delay the fuel properties 
are playing a major role in accessing cylinder pressure. 
On the other hand the maximum in-cylinder pressure 
rises with an increase in load as the engine gains more 
heat (Velmurugan, Loganathan, and Gunasekaran 2014). 
After pressure rate rises at a highest point and drops 
heavily. Lakshmanan, Avinash, and Nagarajan (2017) 
explain that this phenomenon is due to chemical delay. 
High chemical delay of fuel reduces the peak pressure, 
which ultimately leads to temperature drop in the engine.

4.  Performance analysis

4.1.  Brake-specific fuel consumption

The BSFC for various power output of the engine fuelled 
by JF100 bio-dual fuel blend and diesel is presented in 
Figure 4.

The compression ignition engine was operating in a 
synergistic effect on fuel consumption when fuelled with 
dual fuel (JF100), the blending of two different biomass 
sources that leads biodiesel to increase in enthalpy and 
exergy. From the figure, it can be seen that the BSFC 
starts to deteriorate from a single load to full load. 
Initially at 1% load the BSFC for both D100 and JF100 
are higher this is due to insufficient combustion temper-
ature. The high amount of fuel needs to burn at single 
load and consequently the emissions will be higher, by 
gradually varying the load the cylinder temperature and 
pressure starts to rise and conversely the BSFC tends 
to decrease. The minimum BSFC was reported in 18° 
retarded injection timing; it was 22.12  g/kW-h at 1% 

3.1.  Heat release rate

The heat release rate for JF100 and D100 at fuel injection 
timings of 18°, 24° and 27° are shown in Figure 2. It can 
be found that the heat release rate for JF100 at almost 
all three injection timings is closer to that of standard 
diesel. When the injection timing is altered from stand-
ard timing the ignition delay period reduces and thereby 
producing higher heat release subsequently this enhances 
the combustion process. The ignition delay period is 
more sensitive to injection timing than fuel injection 
pressure. The heat release rate (HRR) for JF100 at 18°, 24° 
and 27° are 78, 70 and 74/°CA while the diesel gave 79, 75 
and 77 J/°CA at the same levels of injection timings. In 
18° BTDC only the best HRR can be obtained this may 
be due to the energy content per unit mass is closer to 
diesel fuel. This signifies the higher burning rate owing 
to improvements in diffusion burning phase on account 
of fuel-bound oxygen content in biodiesel (Velmurugan, 
Loganathan, and Gunasekaran 2014). Normally, higher 
ignition delay reduced the heat release rate (Geo et al. 
2017), but in this case a moderate result is obtained.

3.2.  Peak pressure

Figure 3 shows the variation of in-cylinder pressure 
with respect to engine load. From the graph it is obvi-
ous that the maximum cylinder pressure was recorded 

Table 7. DMU’s target outputs.

Note: The bold values indicates a change in the input and output DEA system.

Fuel name DMU name BSFC (g/KW-h) BTE (%)
JF100 1 22.12000 15.46000
JF100 2 13.29000 28.82000
JF100 3 11.31000 29.87000
JF100 4 27.64000 11.50000
JF100 5 20.17000 23.48000
JF100 6 15.22000 28.77000
JF100 7 24.77000 13.91000
JF100 8 16.58000 27.62000
JF100 9 14.300000 28.74000

Figure 9. Actual and target outputs in frontier analysis.
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4.2.  Brake thermal efficiency

The BTE for various power output of the engine fuelled 
with JF100 and D100 is presented in Figure 5.

The purpose of evaluating the BTE is to find the 
amount of fuel burned and converted into a mechanical 
output. The BTE of an engine increases significantly with 
load up to the rated load (Velmurugan, Loganathan, and 
Gunasekaran 2014). It can be observed from the figure 
that at 1% load the BTE for both D100 and JF100 was 
found to be higher than 10%, this is due to esteemed 
fuel properties of jatropha and fish oil blend. However, 
the fuel calorific value and atomisation rate determines 
the rate of BTE (Geo et al. 2017). The diesel fuel gave 
the best result at full load for all the three categories of 
injection timing 18°, 24° and 27° the values are 32.36, 
29.84 and 30.19%. The BTE for the JF100 jatropha and 
fish oil blend at 18° was better than that of other 24° and 
27° injection timings; it gave 29.87% providing the finest 
result for BTE in the case of dual biodiesel, this may be 
due at full load and high in-cylinder temperature the 
less quantity of fuel being injected into the engine equals 
energy input to the engine. Therefore, the blending of 
two different fuels in equal proportion will stimulate the 
thermal efficiency.

5.  Optimisational modelling: a statistical-
based approach

DEAF and DEAR methodology is mentioned in  
Figure 6.

The foundation and implementation of analytical 
modelling consists of three major components, they 
are data interpretation, multi-response model and result. 
The first component is about understanding and defin-
ing the problem and then to the selection of appropriate 
inputs and outputs. The second component is to design 
the model, in this stage is to design the optimal model 
according to the problem structure and the third compo-
nent consists of designing optimisation model’s output 
assessment analysis and conclusion. This same analytical 
modelling procedure is followed for DEAF and DEAR 
methods in this paper.

5.1.  DEA frontier

DEA is a non-parametric technique in operation 
research and economics for estimation of production 
frontiers. It is used to empirically measure productive 
efficiency of DMU. Non-parametric approaches have the 
benefit of not considering a particular functional form/
pattern for the frontier; even so they do not offer a gen-
eral relationship (equation) relating output and input 
(Ramanathan 2003).

5.1.1.  SIPOC diagram
SIPOC Stands for Suppliers Inputs Process Outputs 
Customer Diagram; it is a boundary condition of DEA 

load to 11.31 g/kW-h at 100% load. Whereas for diesel 
in same injection timing, it was at 20 g/kW-h in a sin-
gle load of 8.5 in full load. More fuel consumption was 
found in standard IT (24°), it was 27.64 g/kW-h at single 
load to 15.22 g/kW-h at full load. Typically, it was ren-
dered that the retardation injection timing has a supe-
rior effect on BSFC instead of standard and advanced 
injection timing. Another reason being that at full load, 
due to maximum gas cylinder pressure (MGP), there 
will be a less fuel consumption. This is the process by 
which the lesser amount of fuel gets easily and rapidly 
vaporised, thereby producing higher thermal efficiency 
and reduced fuel consumption.

Figure 10. Proposed DEAR network model for CIE in relation to 
components and response.

Table 8. Factors and levels for CIE combustion process.

Factors

Levels

1 2 3
Injection pressure (A) 220 220 220
Injection timing (B) 18 24 27
Load (C) 1 50 100

Table 9. All experimental data for CI engine performance 
measurement.

Trial No.

Factors

BSFC BTEA B C
1 1 1 1 22.12 15.46
2 1 2 2 13.29 28.82
3 1 3 3 11.31 29.87
4 2 1 2 27.64 11.5
5 2 2 3 20.17 23.48
6 2 3 1 15.22 28.77
7 3 1 3 24.77 13.91
8 3 2 1 16.58 27.62
9 3 3 2 14.3 28.74
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• � Where θ is the designated unit for an optimisation 
run and n is the total number of the units in the 
study. That is, in each optimisation run the effi-
ciency of a specific unit is maximised and it is then 
repeated for all the units.

• � Instead of solving the problem as stated above an 
equivalent model is usually solved since it requires 
lesser computation and easier to implement. The 
equivalent representation is obtained by first con-
verting the optimisation problem into a linear 
programming (LP) problem and then using the 
duality principle, which gives the following model: 
Minimise θ Subject to

Xij – the amount of input i used by DMU j, Yrj – the 
amount of output r used by DMU j, S−i  – non zero input 
slack, S−r  – non zero output slack, n – number of DMUs, 
m – number of inputs, DMU is efficient when the fol-
lowing two conditions are satisfied.

(1) � θ0 = 1
(2) � S−i , S+r  = 0

(3)
v
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Model. SIPOC diagram is a tool applied by a team to 
identify all relevant of a process improvement of the 
project before starting employment. SIPOC (Suppliers, 
Inputs, Process, Output and Customers) analysis applied 
to interpret the central components of the process and 
defined the limit of the process. The accompanying Table 
3 shows the SIPOC diagram for diesel engine.

5.1.2.  Mathematical formulation
5.1.2.1.  Efficiency measure.  Efficiency for the purpose 
of DEA is defined as the ratio of weighted output to 
weighted input. Therefore, if X1j, X2j, X3j …. Xmi are the m 
inputs and Y1j, Y2j, Y3j …. Yni are the n inputs of the unit j 
then its efficiency ө, are defined V

1
,V

2
,V

3
… .Vn ≥ 0 as

 

PUT Where, V1,V2,V3 …. Vn are weights for the outputs 
and U1, U2, U3 … Um are weights for the inputs.

5.1.2.2.  DEA model.   
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Figure 11. AEDS for various trial conditions.

Table 10. Weights values and response weights.

Trial. no BSFC WBSFC BTE WBTE

1 22.12 0.1337 15.46 0.0743
2 13.29 0.0804 28.82 0.1384
3 11.31 0.0684 29.87 0.1435
4 27.64 0.1671 11.5 0.0552
5 20.17 0.1219 23.48 0.1128
6 15.22 0.0920 28.77 0.1382
7 24.77 0.1498 13.91 0.0668
8 16.58 0.1002 27.62 0.1327
9 14.3 0.0865 28.74 0.1381
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With the help of Linear Programming software DEA 
FRONTIER the result of each DMU can be well counted. 
As shown in Table 5, DEA identified DMU1 to DMU8 
are technical and scale efficient and reaming DMU9 is 
technical scale inefficient (non zero input slack and non 
zero output slack are zero). DMU9 λj/ө = (j = 1 ……. 
n) lesser than 1 so, this one DMU is said to be scale 
inefficient.

Table 6 establishes that the DMU9 Target inputs are 
very less compared to current input data; it shows the 
diesel engine with its fuel blends will reduce this much 
of input parameters. For example, the DMU9’s injection 
timing (IP) is 27°, but Target IT is 22.58°, can be rounded 
off to 23°. This target input 23 deg is less than 4 deg from 
current input data of IT (27 deg). This actual input (Ac) 
and frontier CRS target input (Tr) is diagrammatically 
presented in Figure 8.

The Table 7 shows that there is no change in target 
outputs. Even though DMU9 is scale inefficient and no 
modifications were indicated by frontier analysis. Figure 
9 shows the scatter diagram of actual and target outputs, 
it can be seen from the graph that the outputs (Ac &Tr) 
are located in the same place without any deviation.

5.2.  DEA ranking

Data Envelopment Analysis-based Ranking is a mul-
ti-response linear programming optimisation tool; 
this is mostly done to optimise the multi-responses 
in Taguchi experiments. In this method, a set of orig-
inal responses is mapped into a ratio (weighted sum of 
responses with larger-the better is divided by a weighted 
sum of responses with smaller-the better of nominal-the 
best) so that the optimal levels can be formed on this 
ratio (Krishnaiah and Shahabudeen 2012). This ratio 
can be treated as equivalent to MRPI (multi response 

If suppose one DMU is inefficient, the modification of 
inputs and outputs can be calculated as follows to change 
and calculate target efficiency.

X∗

i0, Y
∗

i0 are target inputs and outputs of an inefficient 
DMU0

5.1.3.  Input and output factors
The diesel engine system is counted only for measurable 
input parameters like IT, IP and LD and output proposed 
in this model includes BSFC and BTE. The proposed 
input and output network model for DEA frontier are 
mentioned in Figure 7. Table 4 shows the simplified DEA 
model with overall inputs and outputs.

The above output values are taken from all the exper-
imental data samples (AEDS) recorded at each load (1, 
50 and 100%).

5.1.4.  CRS efficiency table
The below table shows the DEA-Frontier software output 
for CRS Efficiency: Diesel Engine system progress.

X∗

i0 = �
0
Xi0−S

−

i i = 1…m;

Y ∗

r0 = Yi0 + S+r r = 1 … m

Figure 12. Response Weights for various trial conditions.

Table 11. Weighted responses and MRPI

Note: The bold values indicates a change in the input and output DEA 
system.

Trial. no BSFC × WBSFC (P) BTE × WBTE (Q) MRPI = P/Q × 103

1 2.9574 1.1487 2574.56
2 1.0685 3.9887 267.88
3 0.7736 4.2863 180.48
4 4.6186 0.6348 7275.68
5 2.4587 2.6485 928.34
6 1.4002 3.9760 352.16
7 3.7105 0.9292 3993.22
8 1.6613 3.6652 453.26
9 1.2370 3.9690 311.67
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Assignment of Weights method has been used; in this 
method, the multi-response problem is converted into a 
single response problem. Let W1 be the weight assigned 
to, say the first response R1 and W2 be the weight assigned 
to the second response R2. The total of the weighted 
response (W) will be the single response, where

 

This (W) is termed Multi Response Performance Index 
(MRPI). Using this MRPI, the problem is solved as a 
single response problem. In the multi-response problem, 
each response can be the original observed data or its 
transformation such as S/N ratio. In this approach, the 
major issue is the method of determining the weights. 
The following factors and levels (in Table 8) were selected 
for study of the performance assessment.

Where, injection pressure is in bar, injection timing 
in deg/CA and load in percentage. Other parameters like 
mass flow rate (10 cc) has been kept constant, so that this 
one parameter is not counted in this optimisation work. 
However, the injection pressure is also kept constant, but 
it was taken into an account since IP is a major factor 
which affects the CI engine’s performance.

The all experimental data samples are presented in 
Table 9. There are two possible responses to this engine’s 
performance assessment problem. One is the BCFC and 
the second is the BTE. It is to be noted that mathemat-
ically, BSFC and BTE varies alternatively in terms of 
magnitude, so here it is difficult to determine the larger 
and the better the type of quality characteristic. Figure 
11 diagrammatically represents the all experimental data 
samples with respect to trial. Theoretically speaking, in 
optimisation problems the user determines the parame-
ter values of a system for extreme mathematical analysis 
and obtaining best output.

Totally 9 trials have been conducted by taking 3 fac-
tors and 3 levels. An Orthogonal Array Ls

(4)W = W
1
R
1
+ W

2
R
2

performance index). Figure 10 presents the proposed 
network model for DEAR method in relation to its com-
ponents (factors and levels) to responses (output).

Krishnaiah and Shahabudeen (2012) describe about 
DEAR process as below:

• � Step 1: Determine the weights associated with each 
response for all experiments using an appropriate 
weighting technique.

• � Step 2: Transform the observed data of each 
response into weighted data by multiplying the 
observed data with its own weight.

• � Step 3: Divide the weighted data of large-the better 
type with weighted data on smaller the better type 
or nominal-the best type.

• � Step 4: Treat the value obtained in Step 3 as MRPI 
and obtain the solution.

As shown in the first step; we need to calculate the 
weights of each variable in order to proceed further in the 
data envelopment analysis rank-based method. For that 

Figure 13. MRPI for various trial conditions.

Table 13. Optimum performance parameter value of DEA 
ranking method.

Note: The bold values indicates a change in the input and output DEA 
system.

Factors
DEA ranking of 

MRPI
Predicted combi-

nation DMU name
A 8556.18 220 bar DMU-2
B 13843.46 18 deg/CA
C 7855.23 50%

Table 12. Level totals of MRPI for weights ranking.

Factors

Levels

1 2 3
Injection pressure (A) 3022.92 8556.18 4758.15
Injection timing (B) 13843.46 1649.48 844.31
Load (C) 3379.98 7855.23 5102.04
Note: The bold values indicates a change in the input and output DEA 

system.
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here the injection timing is the dominant factor in this 
work. Based on the experimental and statistical optimi-
sation results, the following conclusions can be drawn.

(1) � BSFC tends to decrease from a single load to full 
load and the best result was observed for injec-
tion timing of 18°. The maximum BTE is found 
for JF100 18 deg/CA and its result is 29.87%. 
It is to be stated that the retardation injection 
timing is the best IT parameter to obtain max-
imum performance.

(2) � With an assistance of DEA Frontier the per-
formance and emission characteristics of diesel 
engine has been quantified. It was set up that 
the DMU 9 is a technical scale inefficient, with 
respect to its input and output parameters. 
The objectives of input have been indicated 
to develop the DMU’s to be technical scale 
efficient. A multiple response problem taken 
with three independent variables, and it was 
formulated by the DEA Rank-based method. 
This method can be used to predict the system’s 
performance within the experimental design. 
The experimental values have shown good 
correlation.

(3) � Finally, it was concluded that out of 9 DMU’s in 
DEA frontier, the DEAR evaluated the DMU2 
is the efficient fuel parameter. Finally, this 
novel technique will promote the industrial 
engineers, Economists and R&D (research and 
development) experts in automotive, renewa-
ble and fossil energy industries to optimise the 
energy resources for efficient production and 
utilisation.
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Where L = number of levels: L = 3, s = number of 
factors: L = 3, 33 = 27 trials

The factorial design combinations are taken from L9 
Orthogonal Array in Taguchi method. The weights are 
determined as follows. For BSFC and BTE (larger-the 
better characteristics), the individual response is divided 
by the total response value ∑BSFC and ∑BTE

For example, in the first test:

The weights values and response weights for all the tests 
are presented in Table 10 (Figure 12).

The above table shows the weights values and response 
weights which are useful for proceeding next step to DEA 
ranking. The weighted responses and MRPI are men-
tioned in Table 11 and figure 12 indicates the response 
weightages for various trial conditions. Figure 13 rep-
resents the scatter diagram for variation of response 
weights with regard to the trial and the Figure 10 shows 
the multi response performance index (MRPI) variation 
with respect to trial. The optimal levels are identified by 
treating MRPI as a single response as it is mentioned in 
Table 11. The level totals of MRPI for weights are given 
in Table 13. So by this process the ranking and optimal 
level can be determined.

The above Table 12 shows the optimal levels based on 
maximum MRPI. They are A2, B1 and C2: this specific 
optimal level rank or rate of trial (experiments) is known 
as ranking in data envelopment analysis. Therefore, the 
DEA ranking process has been successfully optimised 
for dual fuel, biodiesel (JF100) in compression ignition 
engine.

The above Table 13 indicates the optimum perfor-
mance parameters and predicted combination of 3 fac-
tors, which is obtained from data envelopment analysis 
rank-based method. As per the DEA ranking the pre-
dicted combination of the combustion process is 220 bar 
(IP), 18° (IT) and 50% (LD). The combination A2, B1, 
C2 obtained through DEAR method helps to make engi-
neering judgment in frontier to determine the best and 
optimised DMU. Therefore, this DEAR combination 
made a solution that the DMU2 is the most excellent 
fuel parameter of this type of problem.

6.  Conclusion

In this research work, it was found that initially the 
engine was able to run successfully with JF100. The 
injection pressure was maintained constant and only the 
injection timing was changed during testing of engine; 

∑
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∑
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Appendix 1: uncertainty analysis
Uncertainty analysis is nothing but the analysis of errors in the experiment. It is mandatory for a researcher to calculate the 
percentage of errors in particular experiment. These errors are due to machine calibration, room temperature and surrounding 
environment, observation, experiment readings, etc. this is unavoidable and there can be no experiment with zero error. An 
accompanying Table 3 presents the uncertainties and accuracy of measuring instruments used in this experiment.
Table A1: Percentage uncertainties and accuracy of instrument measurements

Measurement Accuracy Percentage uncertainties
Load +0.1 to −0.1 kg +0.2 to −0.2
Speed +10 to −10 rpm +0.1 to −0.1
Smoke +1 to −1 +1 to −1
Burette fuel measurement +0.1 to −0.1 cc +1 to −1
Pressure pickup +0.1 to −0.1 kg +0.1 to −0.1
Crank angle encoder +1° to −1° +0.2 to −0.2
EGT +1 to −1 °C +0.15 to −0.15
HC +30 to −30 ppm +2 to −2
CO +0.2 to −0.2% +0.2 to −0.2
CO2 +1 to −1% +0.15 to −0.15
NOx +10 to −10 ppm +0.1 to −0.1

The percentage uncertainties of various parameters like brake power and BTE were calculated using the percentage uncer-
tainties of Table A1.

Total percentage uncertainty of this experiment is  =  square root of {(uncertainty of load)2 + (uncertainty of speed)2 + 
(uncertainty of BSFC)2 + (uncertainty of BTE)2 + (uncertainty of CO)2 + (uncertainty of UHC)2 + (uncertainty of NOx)2 + 
(uncertainty of CO2)

2 + (uncertainty of smoke number)2 + (uncertainty of EGT)2 + (uncertainty of pressure pickup)2 + (burette 
fuel measurement)2}

= square root of {(0.2)2 + (1)2 + (1)2 + (1)2 + (0.2)2 + (2)2 + (0.1)2 + (0.15)2 + (0.1)2 + (0.15)2 + (0.1)2 + (1)2}
=  ± 2.86%
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