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Abstract. This paper explains about the molecular graph of Benzene. The distance between any pair of points in a
graph is the number of lines in a shortest path. Measure of the distance is given by metric space. This metric space
gives total measure of Linear Benzenoid Compounds which can be proved by theorems and it leads to complete metric
space. This is covered by fractals.
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INTRODUCTION

Graph theory is a model to demonstrate many relations in real life applications [1]. A molecular graph can be a
mathematical structure which provides a picturing of a molecule, taking under consideration the interior connectivity
of atoms within the molecule through bonds. Consider Molecular Graph whose atoms and bonds are specified by
vertices and edges respectively. The molecular graph of linear benzenoid compounds is a set of hexagons arranged
on a horizontal line where each pair of adjacent hexagons shares a vertical edge [3, 4 and 5]. In Graph Theory,
Points and lines are considered as vertices and edges respectively. A graph is connected if there is a path between
any two points. A walk can be a sequence of vertices and edges of a graph. A walk is said to be a closed walk if the
starting and ending vertices are identical [2].

A metric space is a pair (M, p) where M is a non-empty set and p: M x M — R is a real valued function called a
metric on M, with the following properties (i) Positive Definite, (i) Symmetric, (iii) Triangle inequality. Theorem
states that A metric space M is compact if and only if any family of closed sets with finite intersection property has
non-empty intersection. In a metric space M ,the following are equivalent : M is compact&Any infinite subset of
M has a limit point<M is sequentially compact<M is totally bounded and complete and states that given a metric
space M, with metric p, a mapping T : M — M is a contraction if p(T (x), T (y)) < ¢ p(x,y) for some ¢ < 1 and for
all x, y € X. If equality holds everywhere, then we call S a contracting similarity [9].

In 1975, the mathematician Benoit Mandelbrot minted the word fractal. This word was drawn from the Latin
word fractus which means broken or fractured. Fractal Geometry gives a general structure for the study of nature
shapes. Many fractals have a fine structure which is made up of small pieces that resemble the whole part. If the
replication is comparably an equivalent at every scale, then it is called a self-similar pattern. Self-similarities are not
only properties of the fractals which will be used to define them. The important mechanism of fractal geometry is
dimension in its many forms. Iterated function systems show a method of finding dimensions. The attractors of an
iterated function system may represent Organic Compounds. Fractal concepts are used on various branches of
science as Biology, Chemistry, Physics and Computer graphics [6, 7and 8].
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METHODS AND DISCUSSION

In this paper, Consider the graph Gu are finite, connected, and simple. We denote by V the vertex set of Gu and
by E the edge set of Gum. The well Known one is such that this distance p can form a metric on V (Gm). FIGURE 1,
FIGURE 2 and FIGURE 3 can be represented by the molecular graph of Benzene, Naphthalene and Anthracene
respectively [10, 11].
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FIGURE 1. Molecular graph of Benzene

The following computations give the distance between each and every vertices of Benzene (FIGURE 1)

P (viv) =0:p (viv) =1, p (viovy)= 2, p (vi,v) =3 ;p (vi,vs)=2:p (vi,ve) =L;p (v2,v1) =1;p (v2,v2) = 0;
P (v2v3) = Lip (vavy)= 2; p (vavs) = 3, p (vave) =2:p (vav) = 2:p (v3v2) = Lip (v3,v3) =0,p (vivy)=I;
P (v3vs) = 2:p (v3,ve) = 3; p (vvy) = 3, p (vev) = 25p (v v3) = Lp (vive) = 0,p (v vs) =15p (V4 ve)= 2;
p (vsv) = 2:p (vsva) = 3 p (vsvs) =2, p (vsvy) = Lip (vs,vs) = 0ip (vsve) = 1.

In the Molecular graph of Benzene , all its vertices belong to the Vertex set of the molecular graph of Benzene
satisfying the properties here V = { v|,v,,v3,V4,Vs,Ve}.A walk starts from v; to v, through their edges ,then v, — v;
—Vvy — Vs— Vg — Vv through their edges. Here a walk starts from v, and ends with v,. Hence the Molecular graph
of Benzene contains a closed walk. The Molecular graph of Benzene is a metric under distance function p (u, v).

LY

Ya “10

FIGURE 2. Molecular graph of Naphthalene

The following computations give the distance between each and every vertices of Naphthalene (FIGURE 2)
pv) = Oip(vyv) =Lip(vi,v)= 2ip(viv)= 3 ;p (vi,vs) =2 ip (vve)=Lip (vi,v7) =2 p (vyve) = 3, p(vi,ve) = 4;
POLVII= 3p(vav) =Lp(vav)= 0 ip(vavy) =Lip (vav)= 2ip (vav9)=3ip (vave) =2; p (vavy) = 3ip (vave) = 4
pOave) = Sip(vavie) = 4ip(vav)=2ip(vava) = Lip (vive) = 0;p (vavs) =Lip (vavs) =2ip (vave) = 3ip (va,vy) = 4;
POV = Sip(vsve) = 4ip(vs,vin)= 3p(vavy) =3ip(vav)= 2:p (vavs) = Lip (vav) = Op (vyvs) =Lip (vyve) = 2;
P(Vavy) = 3;p(vavs) = 4:p(vavy)=3,p(vavig)=2;p (vsvi) = 2;p (vs,v2) = 3;p (vsvs) =2;p (vsvy) =1 ; p (vsvs) = 0;
pvsve) = 1;p(vsvy) = 2;p(vs,ve) =3,p(vs,ve) =2;p (vsvi))=Lp (vevy) =1p (vev) =2;p (vavs) = 3 p (vevy) = 2;
Pvsvs) = Lip (veve)= 0;p (vsv)=1;p(vsvs) =2,p (vsve) =3;p (Vsvig) =2;p (vivi) = 2;p(vyv) =3 p (viv3)= 4;
Pvivy) = 3:p(vvs) = 2;p (vive) =1ip(vyvy) =0;p(vivs) =1ip (vive) = 2;p (vivig) = 3:p(vevi) =3:p (vsv)) = 4;
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Pvsvs) = 3;p (Vs vy)= 4;p (vs,vs)=3,p(Veve)=2;p(vs,v7) = Lp (vsvs) =0;p(vs,ve) = Lip(vsvig) = 2, p (vovy) = 4,
P(Vova) = 5;p (vo,v3) = 4;p (vovy)=3;p (Vo v5)=2;p (Vo,vs) =3;p(Vov7)= 2;p (vo,vs) =I1;p (vo,ve)= 0 ; p (vo,vig) = I;
P(VJ(),VJ): 3;P(V10,V2) :4;P(V10,V3)23;P(V10,V4) = 2;P(V10,V5) :1,‘p(v10,V6):2,'p(V10,V7):3;p(V10,V8) =2;p (Vipvy) = 1;
P(Viovio) = 0.

Hence the Molecular graph of Naphthalene is a metric under distance function p(u,v) and is a closed walk.
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FIGURE 3. Molecular graph of Anthracene

The following computations give the distance between each and every vertices of Anthracene (FIGURE 3)
pviv) = 0;p(vi,vy) =Lp(vivy)= 2;p(vi,vy)= 3,p (vi,vs) =2 ,;p (vive)=Lp (vi,vy) =2, p (vi,vy) = 3, p(vi,vg) = 4;
POVLVI)=3p(vivi) =4 p(vivi) =5,p(vi,vis) =6,p(vi,vi) =5,p(va,v) = Lp(vav) =0,p(vavs) =1,p(va,vy) =2, p(vy,vs)=3;
PV, ve)=2;p(v2,v7)=3; p(va,ve)=4; p(vo,ve)=3,p(V2,v10)=4,p(V2,v1)=5;p(Vs,v12)=0,p(V2,v13)=7;p(V2,V14)=6,p(v3,v;)=2;
p(v3v)=1p(v3,v3)=0; p(vs,v)=1; p(vs,vs)=2; p(v3,ve)=3; p(v3,v1)=4; p(vs,vg)=5; p(v3,ve)=4,p(v3,v10)=3;p(v31)=06;
PV3Vi)=7:p(v3,v13)=0,p(V3, Vi) =5,p(Vv1)=3,p(V,v2) =2;p(V, v3)=1; p(v,vy)=0; p(vy,vs)=1; p(vyve)=2,; p(v4yvy)=3;
POVaV)=4,p(Veve) =3:p(vievi)) =2, p (v Vi) =5,p (Vv i) =6,p(Vv13) =3, p(v Vi) =4:p(vs,v ) =2;p(vs,v))=3;p (V5 v3)=2;
PV v)=1p(vs,vs)=0;p(vs,ve) =1;p(vs,v) =2;p(vs, V) =3,p(V5,ve) =2;p(vs,vi)) = L p(vs,vi)=4;p (Vs vi)=5,p(vsviz)= 4;
Pvsvi)=3;p(vev)=1,p(vsvy) =2,p(vsv3)=3;p(vsve) =2;p(vsvs)=1,p(vsve)= 0;p (vsv)=1;p(vsvs) =2,p(vsve) =3;
PVs Vi) =2;p(vev11)=3,p(Vevi2) =4,p (Ve Vi) =5,p(Ve Vi) =4;p(vrv ) =2,p(v1 v ) =3,p(v7,v3) =4, p (v, v) =3,p(v7,vs) = 2;
Pvive)=Lp(viv)=0;p(vi,v) =1 p(vive) =2;p(v7,vi)) =3, p(vivi) =2,p(Vivi2) =3;p(vivi3) =4;p(vi,vi) =3,p(Vvs, Vi) =3,
P(Vs V) =4:p(vsv3)=5,p(vs, V) =4;p(vs,vs)=3,p(vs,ve) =2,p(Ve,v7) =1;p (Vs vsy) =0;p(vs,ve) =1,p(vs,vig)=2;p(vs,viy) = I;
Pvs V1) =2,p(Vevi3)=3,p(Vs, Vi =2,p(vo,v)=4; p(vov)=5; p(vo,v3) =4, p(ve,vy)=3; p(ve,vs)=2;p(ve,ve) =3, p(ve,v7)=2;
POVove)=1p(vo,v))=0; p(vovig)=1; p(vovi)=2; p(ve12)=3; p(vovi3)=2; p(vovig)=I; p(viov)=3; p(vioviy)=4;
POV =3 p(viov)=2; p(vio,vs)=1; p(viove)=2; p(viov)=3; p(viove)=2: p(viove)=1; p(vio.vie)=0; p(vie.vi)=3;
POViIVI)=4 p(viovid) =3 pOviovigd=2; p(viev)=4; p(vinva)=5; p(viv3)=6; p(vi,v)=5; p(vi,vs)=4; p(vi1,ve)=3;
p(v”,v7):2; P(VII,VS):3,' p(Vn,Vo):Z,' p(VII’VIO):3,' P(VIJ,VH):O; p(V/bV/z):I; p(Vll,V13):2; p(V/bV14):3; P(VJZ,VI):i'
P(Vi2v)=06; p(vio,vi)=7; p(viav) =6, p(viavs)=5; p(viave)=4; p(viov)=3; p(viove)=2; p(viave)=3; p(viavi))=4;
POVVi)=L p(vinvi)=0; p(viavis)=1; p(viavig) =2; p(visv)=6; p(visv)=7; p(vi3v3)=6; p(vi3vy)=3; p(vi3,vs)=4;
P(Vi3Ve) =3 p(visv) =4, p(vizve) =3 p(vizve)=2; p(vizvie) =3, p(vizvi)=2; p(vizvi)=1; p(vizsvi3)=0; p(visvi)=1;
POViV) =3 p(vigva)=6; p(vigv3) =53 p(vigvy)=4:p(visvs)=3, p(vigve)=4, p(visvi)=3; p(visvs) =2;p (Vigve) =1,
POVisVie) = 2, p (Viavi) =3 p (Vievid) =2, p (Vigviz) =1 p (vigvig)= 0.

Hence the Molecular graph of Anthracene is a metric under distance function p (u,v) and is a closed walk.
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FIGURE 4. Molecular graph of Linear Benzenoid Compounds

There are 44+2 vertices in the molecular graph of Linear Benzenoid Compounds Gu.From FIGURE 4,we can
say that for all vertices u, v, w belong to the Vertex set of the molecular graph of Linear Benzenoid Compounds
satisfying the properties (i)p(u , v) > 0;(i))p(u ,v)=p(v, u) ;(iii)p(u, w) < p(u ,v) +p(v ,w).Hence the Molecular graph
of Linear Benzenoid Compounds Gum is a metric under distance function p(u ,v).The distance between points in Gu
is less than some finite constant. By Metric criteria, it can be bounded. So Gm is bounded. In such a Molecular
Graph, Interaction between cycles sharing some vertices and cycles linked by a path. This Molecular graph is a
closed cycle. The molecular graph of Linear Benzenoid Compounds Gu is a closed walk. Hence the structure of
Linear Benzenoid Compounds Gw is closed and bounded. Therefore, it is a compact. By equivalent properties, the
molecular graph of Linear Benzenoid Compounds G is totally bounded and complete. So we may consider this as a
Complete Metric Space [9].

Iterated Function Systems in Linear Benzenoid Compounds

Fractals preserve Self-similarity. These self-similarities are not only properties of the fractals which are used to
define them. Iterated function systems can give this in a unified way. The axiom of an iterated function system (IFS)
is that it finds a unique attractor, which is generally fractal [6, 12, and 13]. Here Molecular Graph of Linear
Benzenoid Compounds Gu is represented by b hexagons. Consider the molecular graph of Linear Benzenoid
Compounds Gu as an iterated function system. Take a finite family of contractions {Ty, T, , T3,....... ,T,,} with n>2
which is constructed by § hexagons, is called an iterated function system. If F= U}_; T; (F), then a non-empty
compact subset F of Gm is an attractor. Consider Gm is any non empty subset (sub graph) of n-dimensional
Euclidean space R".

Theorem

Consider the iterated function system given by the contractions {Ty,T,,T3,....,T,} on Gu < R"so that
|Ti (v) — Ti(vj) | <g¢ |17L- -y | (vi, V) € Gm with ¢; <1 for each i. Then there is a unique attractor F.

Proof. Define a transformation T on Gu by T (G) = UL, T; (G) for G € T. That is, the graphs in T are transformed
by T into other graphs of T. If G|,G, € T ,then p(T(G)), T(G) = p (UL, Ti(G), UL Ti(Gy)) <
max <<, P(Ti(Gy), T;(Gy)).If §-neighbourhood (T;(G;))s contains T;(G,) V ithen (Ul-;T;(G1))s contains
Ui Ti(Gy) and conversely. By assumption, p (T (G,), T (G,)) < maxc; p(G1, G,) . It may be concluded that d is a
complete metric on T. Then T is a contraction on Gu which is co;n_plete. By Contraction mapping theorem [9], T
has exactly one fixed point. So there is a unique set F € T such that T (F) =F. Hence proved.

CONCLUSION

In this paper, it obtains that the molecular graph of Linear Benzenoid Compounds Satisfies Metric properties.
Then it is a connected and closed. So its structure is a compact metric space as well as totally bounded and complete
metric. It describes that an Iterated function systems gives an attractor. This paper initiates a relationship between
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Graph Theory, Measures and Fractal Geometry that is discussed through distance function. It concludes that
molecular graph of Linear Benzenoid Compounds is a fractal using contraction mapping which is proved.

N =
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