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Abstract. This paper defines the fuzzy congruence relation of GADFL (Generalized nearly 

distributive fuzzy lattices). The ideas of 𝜃 - ideal and 𝜃 - Prime ideal are introduced in GADFL, 

and the fuzzy congruence relation is used to explain these ideals. 
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1. Introduction 

G.C.Rao, Ravi Kumar, Banadaru, and N.Rafi proposed ithe iconcept iof iGeneralized iAlmost 

iDistributive iLattices (GADFL) ias ia generalisation of Almost iDistributive iLattices (ADLs), iwhich 

were ia icommon iabstraction of ialmost iall iexisting iring itheoretic generalisations of a iBoolean 

ialgebra on ithe ione ihand iand idistributive lattices ion thei other. However, L.A.Zadeh [7] 

iintroduced ithe iconcept iof ia ifuzzy iset in 1965. A ifuzzy iordering, iaccording to L.A. Zadeh [8, is 

a transitive fuzzy relation that is a generalisation of the concept of ordering. A fuzzy ipartial iordering 

is a ireflexive and antisymmetric ifuzzy iordering in particular. N.Ajmal and K.V.Thomas [1] 

established ia ifuzzy ilattice ias ia ifuzzy ialgebra in 1994 and defined ifuzzy isub ilattices in 1995. In 

2009, I.Chon [4] presented a novel inotion iof ifuzzy ilattices and examined ithe ilevel isets iof ifuzzy 

ilattices, based on Zadeh's fuzzy order concept. He also discussed the basic features of fuzzy lattices 

and presented the iconcepts iof distributive and modular ifuzzy ilattices. 

iIn ithis ipaper, ithe ifuzzy icongruence irelation of GADFL (iGeneralized nearly idistributive ifuzzy 

ilattices). The ideas of 𝜃 - iideal and 𝜃 - Prime ideal are introduced in iGADFL, and the fuzzy 

congruence relation is used to explain these ideals. 

2. Basic Definitions  

The basic definitions of GADFL ideals are offered in this section, which is helpful in developing the 

subsequent sections. 
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2.1 Definition 

Let 𝐿(𝑅,∨,∧ ,0) be a fuzzy poset and (2,2,0) be an algebra type. If 𝐿(𝑅, 𝐴) satisfies the following 

axioms, we icall 𝐿(𝑅, 𝐴) is a Generalized Almost Distributive Fuzzy Lattice. 

1. 𝐴((e𝑎 ∧ e𝑏) ∧ e𝑐, e𝑎 ∧ (e𝑏 ∧ e𝑐)) = 𝐴(e𝑎 ∧ (e𝑏 ∧ e𝑐), (e𝑎 ∧ e𝑏) ∧ e𝑐) = 1 

2. 𝐴(e𝑎 ∧ (e𝑏 ∨ e𝑐), (e𝑎 ∧ e𝑏) ∨ (e𝑎 ∧ 𝑐)) = 𝐴((e𝑎 ∧ e𝑏) ∨ (e𝑎 ∧ e𝑐), e𝑎 ∧ (e𝑏 ∨ e𝑐)) = 1 

3. 𝐴(e𝑎 ∨ (e𝑏 ∧ e𝑐), (e𝑎 ∨ e𝑏) ∧ (e𝑎 ∨ e𝑐)) =  𝐴((e𝑎 ∨ e𝑏) ∧ (e𝑎 ∨ e𝑐), e𝑎 ∨ (e𝑏 ∧ e𝑐)) = 1 

4. 𝐴(e𝑎 ∧ (e𝑎 ∨ e𝑏), e𝑎) = 𝐴(e𝑎, ie𝑎 ∧ (e𝑎 ∨ e𝑏)) = 1 

5. 𝐴((e𝑎 ∨ e𝑏) ∧ 𝑎, e𝑎) = 𝐴(e𝑎, (e𝑎 ∨ e𝑏) ∧ e𝑎) = 1 

6. 𝐴((e𝑎 ∧ e𝑏) ∨ e𝑏, e𝑏) = 𝐴(e𝑏, (e𝑎 ∧ e𝑏) ∨ e𝑏) = 1 ∀ 𝑎, 𝑏, 𝑐 ∈ 𝑅. 

2.2 Definition 

Let e𝐿(𝑅, 𝐴) be ea eGADFL eand e𝐼 be eany R set that is not empty. If 𝐼 meets the following 

echaracteristics, eit eis esaid eto ebe ean eideal eof ea GADFL 𝐿(𝑅, 𝐴).  

1. i𝑎, 𝑏 ∈ i𝐼 ⇒  𝑎 ∨  𝑏 ∈ i𝐼 
2. i𝑎 ∈ i𝐼, 𝑏 ∈ i𝑅 ⇒  i𝑎 ∧  𝑏 ∈ i𝐼 

2.3 Definition 

An equivalence relation θ on an ADL, 𝐿(𝑅, 𝐴) is called a congruence relation on 𝐿 if 

 (𝑎 ∧ 𝑐 , 𝑏 ∧ 𝑑) , (𝑎 ∨ 𝑐, 𝑏 ∨ 𝑑) ∈ 𝜃 ∀ (𝑎, 𝑏), (𝑐, 𝑑) ∈ 𝜃. 

2.4 Definition 

For any congruence relation θ on an ADL and 𝑎 ∈ 𝐿 , we define [𝑎]𝜃 = {𝑏 ∈ 𝐿 | (𝑎, 𝑏) ∈ 𝜃} and it 

called the congruence class containing 𝑎.  

2.5 Definition 

Let (𝑅, 𝐴) be a GADFL. An equivalent relation θ on (𝑅, 𝐴) is called a congruence on (𝑅, 𝐴)if, 

for 𝑎, 𝑏, 𝑐, 𝑑 ∈  𝑅, holds (𝑎, 𝑏), (𝑐, 𝑑) ∈ 𝜃 ⇒  ( 𝑎 ∨ 𝑐, 𝑏 ∨ 𝑑) , (𝑎 ∧ 𝑐, 𝑏 ∧ 𝑑) ∈ 𝜃. 

3. Fuzzy Congruence relations in GADFL 

3.1 Definition 

A fuzzy icongruence relations in GADFL '𝐴' is idefined as a fuzzy relation that meets the following 

requirements. 

1. 𝜃(i𝑎, i𝑎)  =  i1 𝑓𝑜𝑟 𝑎𝑙𝑙 i𝑎 ∈  i𝐴 
2. 𝜃(i𝑎, 𝑏)  =  𝜃(𝑏, 𝑦) 𝑓𝑜𝑟 𝑎𝑙𝑙 𝑎, 𝑏 ∈  𝐴 
3. 𝜃(ii𝑎, i𝑏)  ≥  𝜃(i𝑎, i𝑏)  ∧  𝜃(i𝑏, 𝑐), 𝑓𝑜𝑟 𝑎𝑙𝑙 i𝑎, 𝑏, 𝑐 ∈  𝐴 
4. 𝜃(i𝑎 ∨  i𝑐, 𝑏 ∨  i𝑑) ∧  𝜃 (i𝑎 ∧  i𝑐, i𝑏 ∧  i𝑑) ≥  𝜃 (i𝑎, 𝑏) ∧   𝜃(i𝑐, i𝑑)𝑓𝑜𝑟 𝑎𝑙𝑙 𝑎, 𝑏, 𝑐, 𝑑 ∈  𝐴 

3.2 Definition 

For all  𝑎 ∈ 𝐴 is a fuzzy ideal of 𝐴, the fuzzy subset 𝜇𝜃(𝑎) is defined by 𝜇𝜃(𝑎 n)=(𝑎, 0).. 

3.3 Definition   

In GADFL 𝐴, let 𝜃 be a ifuzzy icongruence irelation. The fuzzy congruence class that includes i𝑎 ∈ i𝐴 

is defined as follows: [𝑎]𝜃 = { 𝑏 ∈ 𝐴 | (𝑎, 𝑏)  ∈ 𝜃 }. 

3.4 Example 

Let 𝑅 = {𝑎, 𝑏, 𝑐} On GADFL, define the two binary operations ∨ and ∧ follows. 

∨ ia b Ic 

a a b a 

b ib ib b 
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Cayley’s tables 1 & 2 

And let 𝑅 = {0′, 𝑎′} be a discrete GADFL with the Hasse diagram shown in the diagram. 

 
Figure 1 Hasse diagram, discrete GADFL R = {0′, a′} 

Define the following ifuzzy relation i𝐴: i𝑅 × i𝑅 → [0, 1]: 
𝐿(𝑅, i𝐴) = {(i0′, i0), (i0′, i𝑎), (i0′, i𝑏), (i0′, i𝑐), (0′, 1), (i𝑎′, i0), (i𝑎′, i𝑎), (𝑎′, i𝑏), (𝑎′, ii𝑐), (i𝑎′, 1)} is 

GADFL under point-wise operations. 

Take 𝜃 = {((0′, 0), (0′, 0)), ((0′, 𝑎), (0′, 𝑎)), ((0′, 𝑏), (0′, 𝑏)), ((0′, 𝑐), (0′, 𝑐)), ((0′, 1), (0′, 1)), 

((𝑎′, 0), (𝑎′, 0)), ((𝑎′, 𝑎), (𝑎′, 𝑎)), ((𝑎′, 𝑏), (𝑎′, 𝑏)), ((𝑎′, 𝑐), (𝑎′, 𝑐)), ((𝑎′, 1), (𝑎′, 1)), ((0′, 𝑐), (0′, 1)), 

((0′, 1), (0′, 𝑐))}. 

Clearly, 𝜃 is a fuzzy congruence relation on 𝐿(𝑅, 𝐴).  

3.5 Theorem 

In GADFL ‘𝐴', let 𝜃ibe ia ifuzzy icongruence relation. Then μ𝜃 is a fuzzy ideal of 𝐴. 

Proof 

 Let 𝜃iis ai fuzzy icongruence irelation in GADFL ‘𝐴’. The iμ𝜃 is ithe imapping defined by 𝜃: 𝐴 →
 𝐵and μ𝜃(𝑎) is defined by μ𝜃(i𝑎) = 𝜃(i𝑎, i0)  for all i𝑎 𝜖 𝐴. Therefore, we get μ𝜃(0) = 𝜃(0, 0) = 1.  

For any 𝑥, 𝑦 𝜖 𝜃this implies 

μ𝜃(i𝑥 ∨  i𝑦) = 𝜃((𝑥 ∨ 𝑦), i0) 

=  𝑠𝑢𝑝{ 𝜃(i𝑥, i𝑎) ∧  𝜃(𝑦, i𝑏) | i𝑎, i𝑏 𝜖 𝐴}   
  μ𝜃(i𝑥 ∨ i𝑦) ≥ { 𝜃(𝑥, i𝑎) ∧  𝜃(i𝑦, i𝑏) | i𝑎, 𝑏 𝜖 𝐴} 

Assume 𝑏 =  0, we get 

μ𝜃(𝑥 ∨ 𝑦) ≥ {𝜃(𝑥, 𝑎) ∧ 𝜃(i𝑦, i0)} 

μ𝜃(i𝑥 ∨ i𝑦) ≥ 1∧ μ𝜃(i𝑦 ) 

μ𝜃(i𝑥 ∨ i𝑦) ≥ μ𝜃(i𝑦 ) 

Similarly, we find 

μ𝜃(𝑥 ∧ 𝑦)  =  𝜃((𝑥 ∨ i𝑦), 0) 
                    =  𝑠𝑢𝑝{𝜃(𝑥, 𝑎)  ∧  𝜃(ii𝑦, ii𝑏)| i𝑎, i𝑏 ∈ 𝐴}  
μ𝜃(i𝑥 ∧ i𝑦)  ≥  {𝜃(i𝑥, ii𝑎) ∧ 𝜃(i𝑦, i𝑏)| i𝑎, 𝑏 ∈ 𝐴} 

i Assume i𝑎 = 0, i we i get 

μ𝜃(i𝑥 ∧ i𝑦) ≥ 𝜃{(i𝑥 ∨ 0) ∧ 𝜃(i𝑦, 𝑏)} 

μ𝜃(i𝑥 ∧ i𝑦) ≥ μ𝜃(𝑥, i0) ∧ 1 

μ𝜃(i𝑥 ∧ i𝑦) ≥ μ𝜃(𝑥, i0) 

μ𝜃(i𝑥 ∧ i𝑦) ≥ μ𝜃(𝑥)  
Therefore, we get μ𝜃(𝑥 ∧ 𝑦) ≥ μ𝜃(𝑥)∧ μ𝜃(𝑦). This implies μ𝜃(𝑎) is a fuzzy ideal of GADFL ‘𝐴’.  

Hence Proved. 

 

 

∧ ia b ic 

a ia ia c 

ib a ib c 

ic ia a ic 
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3.6 Theorem 

In GADFL ‘𝐴', let 𝜃ibe ia fuzzy congruence relation. iThen 𝑉𝜃iis ia fuzzy iideal of 𝐴. 𝑉𝜃(𝑥) is defined 

as follows: 𝑉𝜃(i𝑥) = 𝐼𝑛𝑓{θ(𝑎 ∧ 𝑥, 𝑥) ∀ 𝑎 ∈ 𝐴}. 
Proof 

Let 𝜃iis ia ifuzzy icongruence irelation iin iGADFL ‘𝐴’. iThen 𝑉𝜃iis ia ifuzzy iideal of i𝐴. Here 𝑉𝜃(𝑥) 

is defined by 𝑉𝜃(i𝑥) = 𝐼𝑛𝑓{θ(i𝑎 ∧ i𝑥, i𝑥) ∀ i𝑎 ∈ 𝐴}. 
Consider 𝑉𝜃(𝑥)  =  𝐼𝑛𝑓{θ(i𝑎 ∧ i𝑥, i𝑥) ∀ i𝑎 ∈ 𝐴}. = 𝜃(i0, i0) = i1 

For any 𝑥, 𝑦 ∈ 𝐴, this implies 

𝑉𝜃(i𝑥 ∨ i𝑦) = 𝐼𝑛𝑓{θ( i𝑎 ∧ (i𝑥 ∨ i𝑦), i𝑥 ∨ i𝑦)| ∀ i𝑎 ∈ i𝐴} 
                    = 𝐼𝑛𝑓{θ(i𝑎 ∧ (ii𝑥 ∨ i𝑦), 𝑥 ∨ 𝑦)| ∀ i𝑎 ∈ 𝐴} 
                    ≥ 𝐼𝑛𝑓{θ(i𝑎 ∧ ii𝑥, i𝑥) ∧ 𝜃(i𝑎 ∧ 𝑦, 𝑦)| ∀i 𝑎 ∈ i𝐴} 
                    = 𝐼𝑛𝑓{θ(i𝑎 ∧ iii𝑥, i𝑥)| ∀ i𝑎 ∈ 𝐴} ∧  𝐼𝑛𝑓{𝜃(i𝑎 ∧ i𝑦, i𝑦)| ∀ i𝑎 ∈ 𝐴} 
                 = 𝑉𝜃(i𝑥)∧𝑉𝜃(i𝑦) 

Therefore 𝑉𝜃(i𝑥 ∨ i𝑦)  ≥ 𝑉𝜃(i𝑥)∧𝑉𝜃(i𝑦) 

𝑉𝜃(i𝑥 ∨ i𝑦) = 𝐼𝑛𝑓{θ(i𝑎 ∧ (i𝑥 ∧ 𝑦), i𝑥 ∧ i𝑦)| ∀ 𝑎 ∈ 𝐴} 
                   = 𝐼𝑛𝑓{θ(i𝑎 ∧ i𝑥, i𝑥) ∧ 𝜃(i𝑦 ∨ i𝑦)| ∀ i𝑎 ∈ 𝐴} 
                   ≥ 𝐼𝑛𝑓{θ(i𝑎 ∧ i𝑥), i𝑥)| ∀ i𝑎 ∈ 𝐴} 
                   = 𝐼𝑛𝑓{θ(i𝑎 ∧ i𝑥, i𝑥)| ∀ i𝑎 ∈ 𝐴} 
                =𝑉𝜃(ii𝑥) 

𝑉𝜃(i𝑥 ∨ i𝑦) ≥ 𝑉𝜃(i𝑥)  
iSimilarly, iwe iget 𝑉𝜃(𝑥 ∨ 𝑦) ≥ 𝑉𝜃(𝑦). iTherefore, iwe iget 𝑉𝜃(𝑥 ∨ 𝑦) ≥ 𝑉𝜃(𝑦)∧𝑉𝜃(𝑦). Hence v𝜃 is a 

fuzzy ideal of GADFL ‘𝐴’. 

3.7 Definition 

If there θ is ia ifuzzy congruence irelation in i𝐴 that iimplies [𝑎]θ⊆I., then an ideal ‘i𝐼' of iGADFL ‘i𝐴' 

is isaid ito be a θ - iideal of 𝐴. 

3.8 Theorem 

The following criteria are identical if θiis ia ifuzzy icongruence relation iin iGADFL ‘𝐴' and 𝐼 is ian 

iideal of 𝐴. 

1. iIiis ia θ –iIdeal  

2. iFor iany i𝑎, 𝑏 ∈ i𝐴(i𝑎, i𝑏) ∈ 𝜃 andi𝑎 ∈ i𝐼 ⟹ 𝑏 ∈ i𝐼. 
3. I = ⋃i𝑎∈𝐼[i𝑎]θ. 

Proof 

iLet θiis ia GADFL ‘𝐴' ifuzzy icongruence irelation, iand 𝐼 is ian iideal of 𝐴. iAssume i𝐼iis ia θ –Ideal, 

which means that if there is a fuzzy congruence relation in A for each 𝑎 ∈ 𝐼, it entails [𝑎]θ⊆I. 

Hence (1) ⇒ (2). 

iAssume ifor iany i𝑎, i𝑏 ∈ 𝐴, (𝑎, 𝑏) ∈θ and i𝑎 ∈ i𝐼 ⇒ i𝑏 ∈ i𝐼. Let i𝑎 ∈ i𝐼, this iimpliesi𝑎 ∈[i𝑎]θ. 

itherefore                iwe iget iiI = ⋃i𝑎∈𝐼[i𝑎]θ. iConversely, iwe iassume i𝑏 ∈⋃i𝑎∈𝐼[i𝑎]θ,Then, 

(ii𝑎, i𝑏)∈θ for isome i𝑏 ∈ i𝐼. iUsing icondition (2) iwe iget i𝑎∈iIithis iimplies iI = ⋃i𝑎∈𝐼[i𝑎]θ.  iHence, 

iwe iget (2) ⇒ (3). 

Assume iI = ⋃𝑎∈𝐼[i𝑎]θ. Let i𝑏 ∈ i𝐼, this iimplies (i𝑎, 𝑏)∈θ, ifor isome i𝑎 ∈  i𝐼. Let i𝑥 ∈[i𝑎]θ this 

iimplies iwe iget (i𝑥, i𝑎) ∈θ. iTherefore, iwe iget (i𝑥, i𝑎)∈θ⊆I. iThis iimplies iI iis ia θ –iIdeal iof 𝐴.  

iHence (3) ⇒ (1). 

3.8. Definition 

In GADFL ‘𝐴', let θ be a fuzzy congruence relation. If any 𝑎, 𝑏 ∈ 𝐼, such that 𝑎 ∧ 𝑏∈[𝑎]θ implies 

either 𝑎 ∈ 𝑃 or 𝑏 ∈ 𝑃, then a proper θ –Ideal P of a GADFL ‘𝐴' is said to be a θ –Prime ideal of 𝐴. 

3.9. Theorem 

In GADFL ‘𝐴', let θibe ia ifuzzy icongruence irelation. Then, in 𝐴, ievery iprime iideal iis a θ –Prime 

ideal of 𝐴. 

 

Proof 
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iLet θ iis a ifuzzy icongruence irelation in iGADFL ‘𝐴’ iand iPibe ia iprime iideal iin i𝐴.  

iTherefore, ifor any i𝑎, 𝑏 ∈ 𝐼, isuch ithat 𝑎 ∧ 𝑏∈[𝑎]θ this iimplies ieither i𝑎 ∈ 𝑃 or i𝑏 ∈ i𝑃.  

iThis iimplies [i𝑎]θ⊆iP.  

iTherefore, iPiis a iθ –Ideal iiof 𝐴. iLet 𝑎, 𝑏 ∈ 𝐼, isuch ithat i𝑎 ∧ i𝑏∈[i𝑎]θithis iimplies ieither 

 [i𝑎 ∧ i𝑏]θ∈[i0]θisince θ ibe a ifuzzy icongruence  iirelation in GADFL ‘𝐴’.  

iTherefore, iwe iget i𝑎 ∧  i𝑏 = 0 ∈iP.  

iHence, iwe iget P is a θ –iPrime iideal iof i𝐴. 

3.10. Theorem 

Let 𝐴 be a θ– ideal of θiand ibe ia ifuzzy congruence relation in GADFL ‘A'. iThen the statements that 

follow are equivalent. 

1. Piis a θ – Prime ideal of 𝐴. 

2. iAny iideals iI, iJ∈i𝐴iwith iI ∩ iJ⊆[i0]θ⇒iI⊆iP or iJ⊆P. 

3. Any 𝑎, 𝑏∈𝐴, [i𝑎]θ ∩ [i𝑏]θ = [0]θ⇒i𝑎 ∈ 𝑃 or 𝑏 ∈ 𝑃 

Proof 

iAssume 𝜃ibe ia fuzzy icongruence irelation in GADFL ‘i𝐴’ iand iP ibe ia 𝜃 – iPrime iideal iof 𝐴. iLet 

iany iideals i𝐼, 𝐽 ∈ 𝐴 with i𝐼 ∩ 𝐽 ⊆ [0]𝜃. iFor iany 𝑎 ∈ 𝐼 𝑜𝑟 𝑏 ∈ 𝐽, isuch ithat 𝑎 ∧ 𝑏 ∈ i𝐼 ∩ 𝐽 ⊆
[i0]𝜃ithis iimplies ieither i𝑎 ∈  i𝑃ior 𝑏 ∈ i𝑃. iHence i𝐼 ⊆ i𝑃 𝑜𝑟 i𝐽 ⊆ i𝑃.  (1) ⇒ (2). 

iAssume iany iideals i𝐼, 𝐽 ∈ 𝐴 with 𝐼 ∩ 𝐽 ⊆ [0]𝜃 ⇒ i𝐼 ⊆ 𝑃 𝑜𝑟 𝐽 ⊆ 𝑃. iSuppose ithat [𝑎]θ ∩ [𝑏]θ for 

any i𝑎, i𝑏 ∈ i𝐴, therefore we get i𝑎 ∧ i𝑏 ∈ [𝑎]θ this iimplies i𝑎 ∈ 𝑃 𝑜𝑟 i𝑏 ∈ 𝑃. 

Hence (2) ⇒ (3). 

Assume for any i𝑎, ii𝑏 ∈ 𝐴, [𝑎]θ ∩ [𝑏]θ = [0]θ⇒𝑎 ∈ 𝑃 or 𝑏 ∈ 𝑃 . Therefore, we get 𝑎 ∧ 𝑏 ∈ [0]θ. This 

implies [𝑎]θ ∩ [𝑏]θ = [𝑎 ∧ 𝑏]𝜃  = [0]θ.  Hence, we get 𝑎 ∈ 𝑃 𝑜𝑟 𝑏 ∈ 𝑃. iThis iimplies Piis ia  

𝜃 –Prime iideal iof i𝐴. 

Hence (3) ⇒ (1).  

3.11. Definition 

iLet θ is ia ifuzzy icongruence irelation iin iGADFL ‘𝐴’ and𝑉𝜃be a fuzzy iideal iof i𝐴. iThe isubset 

𝑉𝜃(𝑥)iis idefined by 𝑉𝜃(𝑥) = 𝐼𝑛𝑓{θ(𝑎 ∧ 𝑥, 𝑥) ∀ 𝑎 ∈ 𝐴}.    
3.12. Theorem 

In GADFL ‘𝐴', let θibe ia ifuzzy icongruence irelation. iThen 𝑉𝜃be a fuzzy iideal iof i𝐴. 

Proof 

iLet θ iis ia ifuzzy icongruence irelation in GADFL ‘i𝐴’. iBy ithe idefinition i of i0 ∈ 𝑉𝜃. 
iLeti𝑥, 𝑦 ∈ 𝐴 such ithat (i𝑥, i𝑎) ∈ 𝜃 & (𝑦, 𝑏) ∈ 𝜃ifor isome 𝑎, 𝑏 ∈ 𝜃.  

iTherefore, iwe iget ((i𝑥 ∨ 𝑦), (i𝑎 ∨ 𝑏)) ∈ 𝜃. iSince θ is ifuzzy icongruence irelation iin iGADFL ‘i𝐴’. 

iThis iimplies iwe iget (i𝑥 ∨ 𝑦) ∈ 𝑉𝜃 Now assume 𝑥 ∈ 𝑉𝜃iand 𝑦 ∈ 𝐴. iThis iimplies (i𝑥, i𝑎) ∈ 𝜃ifor 

isome 𝑎 ∈ 𝜃. iHence, iwe iget ((i𝑥 ∧ 𝑦), (i𝑎 ∧  𝑦)) ∈ 𝜃.  

iSince θiis ifuzzy icongruence irelation iin iGADFL ‘i𝐴’. iThis iimplies  (i𝑥 ∧ 𝑦) ∈ 𝑉𝜃. iTherefore 

𝑉𝜃is a fuzzy iideal iof 𝐴.              

3.13. Theorem 

iLet θ iis ia fuzzy icongruence irelation iin iGADFL ‘i𝐴’ iand m ibe ia imaximal ielement iin i𝐴, ithen 

ievery imaximal iideal Misuch ithat M ∩ [i𝑚]θ= ∅, iis ia θ – iideal iof 𝐴.  

Proof   

iLet θ is ia ifuzzy icongruence irelation iin iGADFL ‘𝐴’ and m ibe a imaximal ielement iin i𝐴. iLet 

Mibe ia imaximal iideal iin A isuch ithat M ∩ [i𝑚]θ= ∅. iLet i𝑥, 𝑦∈iA isuch ithat (i𝑥, 𝑦)∈θ iand 

i𝑥∈iM. iAssume    y ∉iM, itherefore iwe iget 𝑀 ∩  (𝑦] = i𝐴⇒i𝑎 ∨ 𝑦 is a imaximal ielement iof iA ifor 

isome ii𝑥 ∈ 𝑀. 
iLet (i𝑥, 𝑦)∈θ itherefore iwe iget ((i𝑎 ∨  i𝑥), (𝑎 ∨  i𝑦))  ∈  𝜃ithis iimplies (i𝑎 ∨ i𝑥) ∈ [i𝑎 ∨ 𝑦]θisince 

(i𝑎 ∨ i𝑥) ∈ 𝑀iwe iget  𝑀 ∩ [i𝑎 ∨ 𝑦] = ∅. This iis contradicting ito iour iassumption. iTherefore, iwe 

iget 𝑦 ∉ 𝑀 . Hence iMiis ia θ – iideal iof iA.  

3.14. Theorem 

iLet θ ibe ifuzzy icongruence irelation GADFL (𝑅, 𝜃). iThen ithe ifollowing iare iequivalent 
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1. (i𝑅, 𝜃) is a iGADFL. 

2. For any fuzzy ideal 𝑉𝜃of (𝑅, 𝜃), 𝜑𝑉𝜃iis a ifuzzy icongruence irelation ion (R, θ). 

3. 𝜑𝑎𝜃is ia ifuzzy congruence irelation on (𝑅, 𝜃) ∀ 𝑎 ∈ 𝑅. 

 

Proof 

(1) ⇒ (2) 

Assume (1), Let 𝑉𝜃be ian iideal iof (iR, iθ). Clearly, 𝜑𝑉𝜃is ian equivalence relation 

(1) Let (𝑎, 𝑎) ∈ 𝜑𝑉𝜃.Then 𝜃(𝑎 ∨ i𝑥, i 𝑎 ∨ i𝑥) = 1 and (i𝑎 ∨ i𝑦, i 𝑎 ∨ i𝑦) = 1 for some , i𝑦 ∈ 𝑉𝜃. 
Let (i𝑎, i𝑏) ∈ 𝜑𝑉𝜃.Then 𝜃(𝑎 ∨ i𝑥, i𝑏 ∨ i𝑥) = i1 and 𝜃(i𝑎 ∨ 𝑦, i𝑏 ∨ i𝑦) = (i𝑏 ∨ 𝑦, i𝑎 ∨ i𝑦) = i1for 

some 𝑥, 𝑦 ∈ 𝑉𝜃 . Therefore 𝜃(i𝑎, i𝑏) = 𝜃(i𝑏, 𝑎) ∀ i𝑎, 𝑏 ∈ 𝜑𝑉𝜃. 
(2) Let (i𝑎, i𝑏, 𝑐) ∈ 𝜑𝑉𝜃Then 𝜃(i𝑎 ∨ i𝑥, i𝑐 ∨ i𝑥) ≥ 𝜃(i𝑎 ∨ i𝑥, i𝑏 ∨ i𝑥) ∧ 𝜃 (i𝑏 ∨ 𝑥, i𝑐 ∨ 𝑥) = 1 iand   

𝜃(i𝑎 ∨ i𝑦, i𝑐 ∨ ii𝑦) ≥ 𝜃(i𝑎 ∨ i𝑦, i𝑏 ∨ i𝑦) ∧ 𝜃(i𝑏 ∨ i𝑦, i𝑐 ∨ i𝑦) = 1 for some i𝑥, i𝑦, ∈ 𝑉𝜃  

Therefore 𝜃(i𝑎, i𝑐) ≥ (i𝑎, i𝑏) ∧ (i𝑏, i𝑐) ∀ i𝑎, i𝑏, i𝑐 ∈ 𝜑𝑉𝜃  

(3) Let (i𝑎, i𝑏), (i𝑐, i𝑑) ∈ 𝜑𝑉𝜃Then 𝜃(i𝑎 ∨ i𝑥, i𝑏 ∨ i𝑥) = 𝜃(i𝑏 ∨ i𝑥, i𝑎 ∨ i𝑥) = 1 and 

𝜃(i𝑐 ∨ i𝑦, i𝑑 ∨ i𝑦) = 𝜃(i𝑑 ∨ i𝑦, i𝑐 ∨ i𝑦) = 1 for some i𝑥, i𝑦, ∈ 𝑉𝜃  

Since 𝑉𝜃iis a ifuzzy iideal of (iR, θ), i𝑥, i𝑦, ∈ 𝑉𝜃  

Now, 𝜃(i𝑎 ∨ i𝑐 ∨ i𝑥 ∨ i𝑦, 𝑏 ∨ i𝑑 ∨ i𝑥 ∨ ii𝑦)  
       = 𝜃(ii𝑎 ∨ i𝑥 ∨ i𝑐 ∨ i𝑦, ii𝑏 ∨ 𝑑 ∨ 𝑥 ∨ ii𝑦) 
       = 𝜃(i𝑎 ∨ ii𝑥 ∨ i𝑑 ∨ i𝑦, i𝑏 ∨ i𝑑 ∨ 𝑥 ∨ i𝑦)   
       = 𝜃(i𝑏 ∨ i𝑥 ∨ ii𝑑 ∨ i𝑦, i𝑏 ∨ i𝑑 ∨ i𝑥 ∨ i𝑦) 
       = 𝜃(ii𝑏 ∨ i𝑑 ∨ ii𝑥 ∨ 𝑦, i𝑏 ∨ i𝑑 ∨ i𝑥 ∨ i𝑦) = 1 

Similarly, 𝜃(i𝑏 ∨ i𝑑 ∨ i𝑥 ∨ 𝑦, ii𝑎 ∨ i𝑐 ∨ 𝑥 ∨ i𝑦) = 1 and hence (i𝑎 ∨ i𝑐, i𝑏 ∨ i𝑑) ∈ 𝜑𝑉𝜃  

Also, 𝜃((i𝑎 ∧ i𝑐) ∨ i𝑥 ∨ i𝑦, (i𝑏 ∨ i𝑑) ∨ i𝑥 ∨ i𝑦) 
      = 𝜃((𝑎 ∨ i𝑥 ∨ i𝑦) ∧ (i𝑐 ∨ i𝑥 ∨ i𝑦), (i𝑏 ∧ i𝑑) ∨ i𝑥 ∨ i𝑦) 
      = 𝜃((ii𝑏 ∨ i𝑥 ∨ i𝑦) ∧ (i𝑥 ∨ 𝑐 ∨ i𝑦), (i𝑏 ∧ 𝑑) ∨ i𝑥 ∨ i𝑦) 

      = 𝜃([𝑏 ∨ (i𝑥 ∨ i𝑦)] ∧ [(𝑥 ∨ 𝑑 ∨ 𝑦], (𝑏 ∧ 𝑑) ∨ 𝑥 ∨ 𝑦) 
      = 𝜃([i𝑏 ∨ (i𝑥 ∨ i𝑦)] ∧ [(i𝑑 ∨ (i𝑥 ∨ 𝑦)], (ii𝑏 ∧ i𝑑) ∨ i𝑥 ∨ i𝑦) 

      = 𝜃((i𝑏 ∧ i𝑑) ∨ i𝑥 ∨ 𝑦, (i𝑏 ∧ 𝑑) ∨ i𝑥 ∨ i𝑦) = 1 

Similarly, 𝜃((i𝑏 ∧ i𝑑) ∨ 𝑥 ∨ i, (i𝑎 ∧ i𝑐) ∨ i𝑥 ∨ i𝑦) = 1 
Therefore (i𝑎 ∧ i𝑐, i𝑏 ∧ i𝑑) ∈ 𝜑𝑉𝜃  

Thus 𝜑𝑉𝜃is a fuzzy congruence relation on (𝑅, 𝜃) 
(2) ⇒ (3) It is obivious (3) ⇒ (1) 
Assume (3) Let 𝑎, 𝑏 ∈ 𝑅 
Since 𝜃(𝑎 ∨ 𝑏, (𝑎 ∨ 𝑏) ∨ 𝑏) = 𝜃((𝑎 ∨ 𝑏) ∨ 𝑏, 𝑎 ∨ 𝑏) = 1 
Then (𝑎, 𝑎 ∨ 𝑏) ∈ 𝜑𝑎𝜃. Also 𝜃(𝑏 ∨ 𝑏, 𝑏 ∨ 𝑑) = 1 
Hence (𝑏, 𝑏) ∈ 𝜑𝑎𝜃 

Since 𝜑𝑎𝜃is a congruence relation on (𝑅, 𝜃), (i𝑎 ∧ i𝑏, (ii𝑎 ∨ i𝑏) ∧ i𝑏) ∈ 𝜑𝑎𝜃 

Hence  𝜃((ii𝑎 ∧ i𝑏) ∨ i𝑏, [(i𝑎 ∨ i𝑏) ∧ i𝑏] ∨ i𝑏) 
 = 𝜃([(i𝑎 ∨ i𝑏) ∧ i𝑏] ∨ i𝑏, (i𝑎 ∧ i𝑏) ∨ i𝑏) = 1 
⇒𝜃((i𝑎 ∧ i𝑏) ∨ 𝑏i, i𝑏 ∨ i𝑏) = 𝜃(i𝑏 ∨ i𝑏, (i𝑎 ∧ i𝑏) ∨ i𝑏) = 1 
⇒𝜃((i𝑎 ∧ 𝑏) ∨ i𝑏, i𝑏) > 0 and 𝜃(i𝑏, (i𝑎 ∧ i𝑏) ∨ i𝑏) > 0 
Therefore (𝑅, 𝜃) is a GADFL.  

4. Conclusion 

The fuzzy congruence relation of iGeneralized Almost Distributive Fuzzy iLattices is defined in this 

study (GADFL). The ideas of 𝜃 - ideal and 𝜃 - Prime ideal are introduced in GADFL. with the fuzzy 

congruence relation used to characterize these ideals. We will also address the features and 

fundamental theorem of fuzzy homomorphism on Generalized Almost Distributive Fuzzy Lattices in 

the future paper 
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