


 

i 

MATHEMATICAL 

MODELING AND ITS 

APPLICATIONS 
 

 

 

 

 

 

Editor names:  

Dr.P.Balaganesan 

Dr.J.Renuka 

Dr.E.Poongothai  

 Dr. V. Maheswari 
 

 

 

 

 

 

 

 

 

 

  

 

 

 

 

 

 

 

 



 

ii 

Published by 

HSRA Publications 2026 

#02, Sri Annapoorneshwari Nilaya,  

1st Main, Byraveshwara Nagar, Laggere,  

Bangalore – 560058 

Sales Headquarters – Bangalore  

 

Copyright © AUTHOR 2025 

This book has been published with all reasonable efforts taken to make the material error-free after the consent of 

the author. No part of this book shall be used, reproduced in any manner whatsoever without written permission, 

except in the case of brief quotations embodied in critical articles and reviews.  

All rights reserved.  

No part of this publication may be reproduced, transmitted or stored in any digital or Electronic form. Also 

photocopying, recording or otherwise without the prior permission of the author is strictly prohibited.  

ISBN:  978-93-6850-545-7 

First Edition 2026 

No. of Pages – 146 

Size : ¼ Demy 

 

  



 

iii 

TABLE OF CONTENTS 

S.NO CHAPTER TITLE AUTHOR NAME PAGE 

NUMBER 

1. 
The Basics of Mathematical 

Modelling and Its Applications 

Adhil Basha D 

Dr.Ramanathan P 

Sengothai R 

Subramanian R 

1-12 

2 

Analytical Modelling of Drainage 

Flow Dynamics via Differential 

Equations and HPM 

Sengothai R 

Dr.Ramanathan P 

Adhil Basha D 

Murugan K .V 

13-19 

3 
Mathematical Modelling of climate 

change impacts of Coastal Ecosystems 

Dr. Poongothai E          

Dr. Balaganesan P 

Dr.J. Kavitha 

Dr. R. Mary Jeya Jothi 

20--32 

4 

Carbon Dioxide Emissions in Marine 

Environments: Mathematical 

Modelling 

Dr. Poongothai E             

Dr. Balaganesan P 

Dr. J. Kavitha 

33-46 

5 

Modelling the Climate and Policy 

Outcomes of COP30: A 

Mathematical Approach 

Dr. Poongothai E            

Dr. Balaganesan P 

Dr. J. Kavitha 

M. Thyagarajan 

47-62 

6 
Mathematical Modelling in Decision-

Making Problems using Neutrosophy 

M. Raji 

U. Kalpana 

R.Ganesh 

63-67 

7 

Thermal Radiation Effects on 

Rotating Parabolic Flow Past an 

Isothermal Vertical Plate 

A. Selvaraj 

S. Muthuvel 

R.Yokeshwari 

68-73 

8 

Design of passivity based H∞ 

performance state estimation 

stochastic neutral type neural 

networks and time varying delays with 

Markovian jumping parameters. 

Dr.L. Palanisamy  

Dr.U.Kalpana 

Dr.S.Mathumathy 

74-83 

9 

A Structural Equation Modeling 

Approach to Consumer Avoidance 

Behaviour: A Case Study of Inorganic 

Shampoos 

Dr.Greeta T 

Dr.Jayalalitha G  

Vasanthi J 

S.Marimuthu 

84-93 

  



 

iv 

10 

A Mathematical Analysis of Malaria 

and Cholera Disease By Homotopy 

Perturbation Method 

Dr.K.Selvakumari 

S.Muthuvel 

S. Rekha, Dr J. Renuka 

94-104 

 

11 

Mathematical Modeling of Zika Virus 

Transmission by  

Homotopy Perturbation Method 

U. Kalpana, 

 J.Kavitha 

 J. Renuka 

P.N.Vijayakumar 

105-114 

12 
Mathematical Analysis of Virotherapy 

Treatment of Cancer 

P. Balaganesan 

S.Muthuvel 

J.Renuka 

R. Usha 

116-123 

13 
Concentration of Contaminants in 

Groundwater 

A. Selvaraj 

P.Ramanathan 

R.Yokeshwari 

124-132 

14 

Enhancing Shortage Management in 

Inventory Systems Using Trapezoidal 

Fuzzy Logic 

T. Iswarya 

S.Senthamilselvi 

S.Marimuthu 

133-141 

 

 

 

 

 



 

Mathematical Modeling and its Applications | 1 

1. The Basics of Mathematical Modelling and Its Applications 

 

1

Adhil Basha D, 
* 2

Ramanathan P, 
3

R Sengothai,
4  

Subramanian R 

1,3 

Department of Mathematics, AMET Deemed to be University, Chennai 
2 

Department of Mechanical Engineering, AMET Deemed to be University, Chennai 
                                            4

Department of Mathematics, Assistant professor, Sri Sairam Engineering College, Chennai - 44 

 

 
 
Abstract 

            The contemporary methods of scientific research are founded on mathematical modeling, which not only 

provides a proper approach for the mathematical formulation of real world phenomena but also provides a proper 

framework for the mathematical representation of real world problems. The basic principles of mathematical modelling 

are defined in this chapter along with its theoretical underpinnings and methods. First, we introduce readers to the basic 

modelling process that leads us to the development of mathematical models and their redevelopment. Strict derivations 

of basic mathematical ideas such as differential equations and stochastic models are also covered in this chapter. The 

power of mathematical methods is affirmed through real world examples in the applied sciences. This chapter equips the 

reader with basic knowledge and concepts required for the development and analysis of mathematical models in their 

disciplines. 

Keywords: mathematical modelling, numerical methods, differential equations, optimisation, model validation, and real 

world applications 

1.Introduction 

      The process of translating physical, biological, economic, or social phenomena and observations into mathematical 

terms, reducing irrelevant aspects to emphasize relevant ones, has been described as mathematical modelling. It has made 

possible mathematical analysis, prediction, and optimisation through abstraction, which otherwise could not have been 

achieved by qualitative thought or experimentation. 

One cannot overestimate how important mathematical modelling is for contemporary research and engineering. 

Mathematical models are the indispensable tool in understanding complex systems and enlightening decision makers, 

everything from climate change and the development of sustainable energy systems to smoothing out supply chains to 

simulating infectious diseases. 

The COVID-19 pandemic put into sharp focus the importance of mathematical epidemiological models for informing 

public health policy decisions on a global scale. 

1.1. The Modeling Cycle 

All mathematical modelling  projects entail an iterative process involving several key stages: 

1. Problem Formulation: Identify the problem itself, and state the goals and scope thereof. 

2. Model Construction: Utilize equations, inequalities, or other mathematical constructs to model. 

3. Mathematical Analysis: The results and predictions should be calculated using analytical or numerical procedures. 

4. Validation & Verification: The accuracy of the model can be checked by comparing the predictions obtained from the 

model with actual values. 

5. Model Development: Use validation findings to refine model assumptions, alter assumptions, or alter model 

parameters. 

6. Implementation: Implement the validated model for predictions of results, process improvements, and decision-

making. 
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1.2 Theoretical Background 

1.2.1 Classification of Mathematical Models 

Mathematical models can be grouped based on a number of criteria, with different classifications underscoring different 

aspects of the models' structure and dynamics. 

Deterministic vs. Stochastic Models 

Deterministic systems always generate the same output for any set of initial conditions and parameters. These systems 

involve complete knowledge and lack randomness. Some of the examples of such systems are Newton’s laws of physics 

and classical physics models. 

Stochastic models include random variables and probability distributions to express stochastic uncertainties or variations. 

Many applications of stochastic models include finance, quantum physics, and population genetics. 

Static and Dynamic Models 

Static models: These are models of a system when it’s in equilibrium, without any time dependence. Optimization 

instances, or structural analysis, commonly utilize static models. 

Dynamic models involve explicit consideration of time evolution solutions with equations that involve differences or 

differentials. Dynamic models play a central role in analyzing transient responses, oscillations, and asymptotes. 

Linear vs. Non-Linear Models 

Linear systems obey the superposition principle and can be solved analytically very efficiently. But this is not the case 

when it comes to real-world applications. Most phenomena are nonlinear. 

Nonlinear models can demonstrate very complex behavior such as having several equilibria, limit cycles, chaos, and 

bifurcations. Although nonlinear models are more difficult to study, they can offer more accurate descriptions of real-

world systems. 

1.2.2 Fundamental Modeling Principles 

There are several basic principles for making good mathematical models: 

Parsimony: Models must be as simple as possible in order to account for most of their features (Occam's Razor). 

Conservation Laws: Mass, energy, momentum, and charge conservation laws can be very constraining. 

itizenoidal Integrity: All terms involved in an equation should have equivalent dimensions. 

Scale Separation: Separations of time or space scales that are vastly different from one another often lead to decoupling. 

Empirical Foundation: The model should be founded on experimental findings and physical principles. 

1.3 Mathematical Formulations 

1.3.1 Ordinary Differential Equations 

Dynamic modelling is based on ordinary differential equations (ODEs). The general form of a first-order ODE is as 

follows: 

   
dx

dt
= f(x, t)    (1.1) 

If t is time, f is the rate of change, and x(t) is the state variable. 

For systems with multiple state variables, we use vector notation: 

 
𝑑𝑥

𝑑𝑡
= 𝑓(𝑥, 𝑡)     (1.2) 

where  𝑋 = (𝑥1, 𝑥2, … . . , 𝑥𝑛) 
𝑇 is the state vector. 
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Example: Exponential Growth Model 

The most basic population model makes the assumption that population size and growth rate are proportionate: 

 
dN

dt
= rN    (1.3)  

where N(t) is population size and 𝑟  is the growth rate constant. The analytical solution is: 

𝑁(𝑡) = 𝑁0𝑒
𝑟𝑡   (1.4) 

where N0 = N(0)is the initial population. 

1.3.2   Logistic Growth Model 

Unlimited exponential growth is unrealistic due to resource constraints. The logistic model incorporates carrying capacity 

K: 

   
dN

dt
= rN(1 − N/K    (1.5) 

This equation exhibits density-dependent growth, slowing as N approaches K. The analytical solution is: 

 𝑁(𝑡) = 𝐾/(1 + (𝐾 − 𝑁0)/𝑁0)𝑁0𝑒
−𝑟𝑡)     (1.6) 

1.3.3 Systems of Linear Equations 

Solving linear systems is the solution to many equilibrium problems: 

 AX = b     (1.7) 

If 𝐱 is the unknown vector, 𝐛 is the right-hand side vector, and A is a m × n coefficient matrix. When rank(A) = 

rank([A|𝐛]), there are solutions. 

1.3.4 Optimization Models 

Optimization problems seek to maximize or minimize an objective function subject to constraints. The general form is: 

 minimize f(x) 

subject to 𝑔𝑖(𝑋) ≤ 0, i=1…m 

                   ℎ𝑗(𝑋) = 0, j=1….p    (1.8) 

For unconstrained optimization, necessary conditions for a local minimum are: 

   ∇𝑓(𝑋∗) = 0    (first-order)   (1.9) 

 ∇2𝑓(𝑋∗) > 0  (second-order)  (1.10) 

where ∇2𝑓 denotes the Hessian matrix and > 0  indicates positive definiteness. 

1.4 Worked Examples 

1.4.1 Example 1: Radioactive Decay 

Problem Statement 

The half-life of a radioactive material is 5,730 years (carbon-14). How much is left over after 10,000 years if we begin with 

100 grammes? 

Solution 

Step 1: Formulate the model. Radioactive decay follows first-order kinetics: 

  
𝑑𝑁

𝑑𝑡
= −𝜆𝑁          (1.11) 

where 𝜆 is the decay constant. 

Step 2: Relate decay constant to half-life. The half-life t₁/₂ satisfies N(t₁/₂) = N₀/2. From the solution  
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𝑁(𝑡) = 𝑁0𝑒
(−𝜆𝑡) 

𝑁0
2
= 𝑁0𝑒

(−𝜆𝑡1/2) 

90𝑛 (
1

2
) = −𝜆𝑡1/2 

 𝜆 = ln(2)/𝑡1
2

= 0.693147/5730 ≈ 1.21 × 10−4  𝑦𝑒𝑎𝑟−4                   (1.12) 

Step 3: Calculate the amount remaining: 

𝑁(10000) = 100 × 𝑒(−1.21×10
−4×10000) 

𝑁(10000) = 100 × 𝑒(−1.21) 

                                             𝑁(10000) ≈ 100 × 0.298 = 29.8 𝑔𝑟𝑎𝑚𝑠       (1.13) 

Answer: Approximately 29.8 grams of carbon-14 remain after 10,000 years. 

1.4.2 Example 2: Mixing Problem 

Problem Statement 

A tank contains 1000 liters of water with 50 kg of salt dissolved in it. Water containing 0.1 kg/L of salt flows in at 10 

L/min, and the well-mixed solution flows out at 10 L/min. Find the salt concentration as a function of time. 

Solution 

Step 1: Define variables. Let 𝑆(𝑡)be the amount of salt (kg) in the tank at time t (minutes). 

Step 2: Apply conservation principle: 

                                                   
𝑑𝑠

𝑑𝑡
= (𝑟𝑎𝑡𝑒 𝑖𝑛) − (𝑟𝑎𝑡𝑒 𝑜𝑢𝑡)      (1.14) 

                                              Rate in = 0.1 kg/L × 10 L/min = 1 kg/min  

                                              Rate out = (S/1000) kg/L × 10 L/min = S/100 kg/min 

Therefore: 

 

                                         
𝑑𝑠

𝑑𝑡
= 1 − 𝑠/100         (1.15) 

Step 3: Solve the differential equation. This is a first-order linear ODE. Rearranging: 

𝑑𝑠

𝑑𝑡
+
𝑆

100
= 1 

Using integrating factor  𝜇(𝑡) = 𝑒(𝑡/100) 

𝑑

𝑑𝑡
[𝑆𝑒

(
𝑡
100

)
] = 𝑒𝑡/100 

𝑆𝑒(𝑡/100) = 100𝑒(𝑡/100) + 𝑐 

                                                             𝑆(𝑡) = 100 + 𝐶𝑒(−𝑡/100)        (1.16) 

Step 4: Apply initial condition S(0) = 50: 

          50=100 + C → C = -50 

    𝑆(𝑡) = 100 − 50
(−

𝑡

100
)
= 100(1 − 0.5𝑒(−𝑡/100))               (1.17) 

The concentration is . 𝐶(𝑡) =
𝑆(𝑡)

1000
= 0.1 (1 − 0.5𝑒

(−
𝑡

100
)
)   𝑘𝑔/𝐿 
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Equilibrium Analysis: As t → ∞, S → 100 kg and C → 0.1 kg/L, matching the input concentration. 

1.4.3 Example 3: Chemical Reaction Kinetics 

Problem Statement 

Consider a second-order reaction where two molecules of substance A combine to form product P: 2A → P. If the initial 

concentration of A is 2 mol/L and the rate constant is k = 0.5 L/(mol·min), find the concentration after 5 minutes. 

Solution 

Step 1: Write the rate law. For second-order kinetics: 

     
𝑑[𝐴]

𝑑𝑡
= −𝑘[𝐴]2           (1.8) 

Step 2: Separate variables and integrate: 

𝑑[𝐴]

[𝐴]2
= −𝑘 𝑑𝑡 

∫
𝑑[𝐴]

[𝐴]2
= −𝑘∫𝑑𝑡 

                                                            
−1

[𝐴]
= −𝑘𝑡 + 𝐶                (1.19) 

Step 3: Apply initial condition: [𝐴](0) = [𝐴]0 = 2 𝑚𝑜𝑙/𝐿 

−
1

2
= 𝐶 

1

[𝐴]
= 𝑘𝑡 +

1

[𝐴]0
 

           [𝐴](𝑡) =  
[𝐴]0

(1+𝑘𝑡[𝐴]0
        (1.20) 

Step 4: Calculate concentration at t = 5 minutes: 

          [A](5) = 2/(1 + 0.5 × 5 × 2) = 2/(1 + 5) = 2/6 = 0.333 mol/L          (1.21) 

Answer: The concentration of A after 5 minutes is approximately 0.333 mol/L. 

1.5 Real-World Applications 

1.5.1 Epidemiological Modelling: SIR Model 

A key component of mathematical epidemiology, the Susceptible-Infected-Recovered (SIR) model is widely applied 

during disease outbreaks, such as COVID-19. Three sections comprise the population: 

S(t): Susceptible individuals who can contract the disease 

I(t): Infected individuals who can transmit the disease 

R(t): Recovered individuals with immunity 

Model Equations 

The dynamics are governed by: 

  
𝑑𝑆

𝑑𝑡
= −𝛽𝑆𝐼/𝑁          (1.22) 

  
𝑑𝐼

𝑑𝑡
=
𝛽𝑆𝐼

𝑁
− 𝛾𝐼            (1.23) 

   
𝑑𝑅

𝑑𝑡
=  𝛾𝐼            (1.24) 

where N = S + I + R is the total population (constant), β is the transmission rate, and γ is the recovery rate. 
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Basic Reproduction Number 

The basic reproduction number 𝑅0represents the average number of secondary infections from one infected individual 

in a completely susceptible population: 

𝑅0 = 𝛽/𝛾            (1.25) 

Epidemic threshold: If 𝑅0  > 1, an epidemic occurs; if 𝑅0 < 1, the disease dies out. 

Application Example 

For influenza, typical parameters might be: 𝛽 = 0.5 𝑑𝑎𝑦−1,   𝛾 = 0.1 𝑑𝑎𝑦−1 (recovery period ~10 days). This gives 

𝑅0 = 5 ,indicating each infected person infects 5 others on average. Public health interventions aim to reduce β (through 

social distancing, masks) or increase γ (through treatment) to bring 𝑅0below 1. 

1.5.2 Environmental Science: Lake Pollution Model 

Consider a lake receiving pollutant from industrial discharge and losing pollutant through natural degradation and water 

outflow. 

Model Development 

Let P(t) be pollutant concentration (mg/L). The mass balance gives: 

   𝑉 (
𝑑𝑝

𝑑𝑡
) = 𝑄𝑖𝑛𝑃𝑖𝑛 −𝑄𝑜𝑢𝑡𝑃 − 𝑘𝑉𝑃             (1.26) 

where V is lake volume, 𝑄𝑖𝑛 and Qₒᵤₜ are inflow and outflow rates, 𝑃𝑖𝑛is input concentration, and k is the degradation 

rate constant. 

Assuming steady-state volume (𝑄𝑖𝑛 = 𝑄𝑜𝑢𝑡= Q): 

 
𝑑𝑃

𝑑𝑡
= (

𝑄

𝑉
) (𝑃𝑖𝑛 − 𝑃) − 𝑘𝑃                    (1.27) 

Equilibrium Analysis 

At equilibrium (
𝑑𝑃

𝑑𝑡
= 0): 

 𝑃∗ =
𝑃𝑖𝑛

1+
𝑘𝑉

𝑄

 =
𝑃𝑖𝑛

1+𝑘𝜏
            (1.28) 

where  τ =
V

Q
 is the residence time (average time water stays in the lake). 

Management Implications 

This model reveals that equilibrium concentration depends on: (1) Input concentration Pᵢₙ, which can be reduced through 

pollution controls; (2) Degradation rate k, which might be enhanced through bioremediation; and (3) Residence time τ, 

which can be decreased by increasing flow rate. For a lake with 𝑉 = 106 𝑚3𝑉, 𝑄 = 100 𝑚3/𝑑𝑎𝑦 and 𝑘 = 0.1𝑑𝑎𝑦−1 , 
the residence time is 

𝜏 = 10,000 days, and a 50% reduction in equilibrium concentration requires reducing 𝑃𝑖𝑛by 50%. 

1.5.3 Engineering: Heat Transfer in a Rod 

Heat conduction in solid materials is described by partial differential equations, but under certain conditions reduces to 

ODEs. 

Steady-State Heat Conduction 

For a thin rod of length L with constant cross-sectional area A, thermal conductivity k, perimeter P, and convection 

coefficient h, the steady-state temperature distribution T(x) satisfies: 

 
𝑑2𝑇

𝑑𝑋2
−𝑚2(𝑇 − 𝑇𝑎) = 0           (1.29) 

where  𝑚2 = ℎ𝑝/(𝑘𝐴) and 𝑇𝑎 is ambient temperature. 
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Boundary Conditions and Solution 

With fixed end temperatures  𝑇(0) = 𝑇0 and  𝑇(𝐿) = 𝑇1, the solution is: 

 T(x) = Ta + C1 sinh(mx) + C2cosh (mx)         (1.30) 

where constants C1 and C2 are determined from boundary conditions. 

Practical Application 

This model is applicable to designing thermal bridges, electronic component heat sinks, and cooling fins in heat 

exchangers. The equilibrium between convection to the environment and conduction along the rod is described by the 

parameter m. Strong convection in comparison to conduction is indicated by a large m, which causes a quick drop in 

temperature from the base. 

1.6 Figures and Tables 

The important tables and figures that would go with this chapter in a full textbook are described in this section. 

Table 1.1: Common Mathematical Models and Their Applications 

Model Type Mathematical Form Applications 

Exponential Growth  
𝑑𝑦

𝑑𝑡
= 𝑘𝑦 Population growth, compound interest, radioactive decay 

Logistic Growth  
𝑑𝑦

𝑑𝑡
= 𝑘𝑦(1 − 𝑦/𝐾) Limited population growth, tumor growth, epidemic spread 

Harmonic Oscillator 
 
𝑑2𝑦

𝑑𝑡2
+ 𝜔2𝑦 = 0 

Spring-mass systems, pendulums, electrical circuits 

Heat Equation  
𝜕𝑢

𝜕𝑡
= 𝛼∇2𝑢 Heat conduction, diffusion processes, options pricing 

Wave Equation 
  
𝜕2𝑢

𝜕𝑡2
= 𝑐2∇2𝑢  

Sound waves, electromagnetic waves, vibrating strings 

Linear Programming  min𝑐. 𝑋, 𝐴𝑋 ≤ 𝑏 Resource allocation, supply chain optimization, scheduling 

 

Table 1.2: Comparison of Numerical Methods for ODEs 

Method Order Stability Computational Cost 

Euler's Method O(h) Conditionally stable Low 

Runge-Kutta 2 O(h²) Good Moderate 

Runge-Kutta 4 O(h⁴) Excellent Moderate-High 

Adams-Bashforth Variable Moderate Low (multistep) 

Backward Euler O(h) Unconditionally stable High (implicit) 
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Figure Descriptions 

 

Figure 1.1 

The Mathematical Modeling Cycle 

A circular figure that demonstrates how mathematical modelling is iterative. Six interconnected stages are depicted in the 

cycle: (1) real-world problem; (2) model formulation (assumptions and simplifications); (3) mathematical analysis; (4) 

computational implementation; (5) predictions and results; and (6) validation against data. When models need to be 

improved, feedback loops from validation back to formulation are shown by arrows. 

 

 

Figure 1.2 

Comparison of Exponential and Logistic Growth 

A chart representing how the number of people (N) in a certain population changes over time (t) displays two different 

shapes of the graph: an exponential growth shape (N = N0e
(rt)), which indicates that this population will continue to 

grow without a stopping point, and a logistic growth shape  (N =
K

1+Ae(−rt)
) that starts with a straight line like an 

exponential shape but levels out and approaches K as its limit. The logistic growth curve will show one point where the 

rate of growth is half of 𝐾 (𝑁 =
𝐾

2
) 
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Figure 1.3 

SIR Model Dynamics 

Time series graphs of S(t), I(t), and R(t) during an epidemic. The susceptible population (S) always declines from its initial 

level. The infected population (I) increases, then peaks, before it ultimately decreases to zero as the epidemic progresses. 

The recovered population (R) starts at zero and goes up to its final amount as more people recover from illness. 

Parameters presented: 𝛽 = .05; 𝛾 = .10; 𝑅0 = 5; the initial conditions: 𝑆(0) = 0.99, I 𝐼(0) = 0.01, 𝑅(0) = 0. 

 

 

Figure 1.4 

 Phase Portrait of Predator-Prey System 

The Lotka-Volterra model represents the flow of prey (X-axis) against Predator (Y-axis) using a phase plane diagram. 

The closed orbit around an equilibrium point shows the oscillations occur on a periodic basis. Various trajectories that 

are shown on this diagram all begin at different points in space but create closed loops around the equilibria indicating 

that the model is conservative in nature. Directions of how an object moves through a given trajectory are represented by 

arrows. 
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1.7 Discussion 

1.7.1 Model Validation and Verification 

The difference between validation and verification is an important but frequently disregarded part of mathematical 

modelling. "Are we solving the equations correctly?" is the question of verification. In contrast, validation poses the 

question, "Are we solving the correct equations?" 

Verification includes conducting grid refinement studies, ensuring conservation properties are maintained, and 

comparing computational implementations to analytical solutions. For example, we confirm that S + I + R = N stays 

constant during numerical integration in the SIR model. 

Validation Model predictions must be compared to independent experimental or observational data in order to be 

validated. Goodness of fit is measured statistically using metrics like the coefficient of determination (R²), root mean 

square error (RMSE), and Akaike information criterion (AIC). However, multiple competing models may fit the same 

data equally well, so agreement with data does not prove a model is correct. 

1.7.2 Limitations and Assumptions 

Every mathematical model is predicated on presumptions that restrict its range of applicability. Comprehending these 

constraints is just as crucial as comprehending the model itself. 

Almost all actual populations defy the exponential growth model's assumptions of limitless resources and a steady per 

capita growth rate. This is improved by the logistic model, which incorporates carrying capacity but ignores age structure, 

portrays the environment as static, and assumes an instantaneous response to density. Depending on the application, 

more complex models that include age structure, regional heterogeneity, or stochasticity can be required. 

In a similar vein, the SIR model presupposes permanent immunity, homogenous mixing (everyone has an equal chance 

of coming into contact), and no births or deaths from non-disease-related causes. These presumptions might make sense 

for short-term epidemic dynamics in small populations. Extensions such as the SEIR model (which adds an Exposed 

compartment) or metapopulation models may be necessary for long-term endemic diseases in structured populations. 

1.7.3 Sensitivity Analysis and Uncertainty Quantification 

Rarely are model parameters completely known. In order to determine which parameters have the most impact on 

predictions, sensitivity analysis looks at how model outputs react to changes in parameters.  

The sensitivity coefficient with regard to parameter pᵢ for a model output  𝒚 = 𝒇(𝒑𝟏, 𝒑𝟐, … . , 𝒑𝒏)is: 

𝑺𝒊 = (
𝝏𝒚

𝝏𝒑𝒊
) × (𝒑𝒊

𝒚

)(1.31) 

 

The percentage change in y per percentage change in pᵢ is represented by this dimensionless number. Careful 

measurement and uncertainty quantification are necessary for parameters with 

|𝑺𝒊| ≫ 𝟏 Beyond sensitivity analysis, uncertainty quantification propagates parameter uncertainties across the model to 

generate probabilistic forecasts as opposed to deterministic ones. Frameworks for quantifying uncertainty include 

Bayesian inference, polynomial chaos expansions, and Monte Carlo techniques. 

1.7.4 Computational Considerations 

Computational techniques are central to modern mathematical modeling, where analytical methods provide insight and 

function as benchmarks, while most realistic models require numerical techniques.  

When selecting a numerical method, modelers need to identify an appropriate balance among accuracy, stability and 

computational cost. Although simple and straightforward to implement, explicit techniques such as Runge-Kutta will often 

require small time steps for stable solutions. In contrast, implicit approaches such as backward Euler can be computed 

using any time step and are therefore always stable, but require an iterative solution to nonlinear equations at each time 

step. In addition, specialized methods such as BDF (backward differentiation formulas) or exponential integrators might 

be needed for stiff systems (systems containing multiple time scales). 

 Robust software frameworks such as MATLAB and Python with SciPy, and Julia all offer advanced ODE solvers 

featuring adaptive time-stepping capabilities and error control that enable the modelers focus primarily on their modelling 
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tasks instead of the technical aspects of implementing them. Nevertheless, modelers need to maintain an understanding 

of the underlying numerical techniques in order to interpret their results correctly and to diagnose the causes of model 

failure. 

1.7.5 The Art of Simplification 

Though all models are flawed in one way or another, they can still serve a purpose according to the famous statistician, 

George Box. In creating a mathematical model, the first thing you need to consider is how much detail you want to 

include. You do not want to add so much detail that the model is impossible to work with. On the other hand, if you do 

not add enough detail, you risk missing out on important information about the phenomenon being modeled. 

Adding factors to a model does not necessarily improve the model's ability to produce accurate predictions. For example, 

if you add too much random variation into the model it could become overly complicated to use. As a result, this 

complexity could lead to the model underfitting the training set and obscuring the prediction mechanisms. Therefore, if 

you have multiple possible explanations of the results you have observed, then the most straightforward explanation for 

those results is usually assumed to be the correct one. 

By constructing progressively complicated models, one can produce a hierarchy of models that will allow one to attain an 

understanding. As new information is derived from these model comparisons, add to these models until a finite amount 

of new information can be incorporated. Prior to adding a new element to the modeling, it should be based on evidence 

of improved predictive agreement between the predicted output and actual data and in order to represent phenomena 

that cannot be adequately represented by the previous two levels of representation. 

1.8 Conclusion 

This chapter established the core ideas of mathematical modeling, showing how abstract mathematics contains entrée 

keys to comprehend, predict, and optimize real-world systems. We discussed the modeling cycle; we considered various 

classes of models; and we developed three central mathematical formulations: the ordinary differential equation, the 

system of equations, and the optimization problem. 

We have seen through worked examples (from radioactive decay to chemical kinetics) how mathematical formulations 

for general principles can yield specific mathematical formulations to use as a basis for numerical results. Real-world 

applications in epidemiology, environmental science and engineering demonstrate the breadth of applicability and 

importance of mathematical modelling  across many industries. 

Our conversation reveals a number of important themes: 

1.Iterative modeling: Models evolve through multi-step processes involving creation, examination, and confirmation. 

2.Presumptions count: All models include axial presumptions used to achieve certain bounds of usefulness 

3.Model verification: Establishing concordance between model predictions and actual measurements instills belief, but 

does not authenticate the model 

4.Symmetric representation: The right mix of theory and explanation is the most beneficial model usage 

5.Computation empowers exploration: The ability to compute provides tools for modelling real-world behaviours in ways 

that cannot be captured using mathematics or graphical representations alone. By mastering how to convert verbal 

information into mathematical expressions, develop insights beyond simple answers through the construction of systems 

of equations, apply numerical techniques to solve equations, and critically evaluate the assumptions made when building 

a mathematical model, one acquires a core set of skills that is essential for applied mathematicians, engineers, and 

scientists. By mastering mathematical modeling, you are able to develop and understand complex systems in virtually all 

fields of human endeavour. 
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Abstract 

This chapter presents an innovative analytical framework for modeling drainage flow dynamics through the application 

of differential equations and the Homotopy Perturbation Method (HPM). The study addresses the fundamental 

challenge of obtaining accurate semi analytical solutions for nonlinear drainage phenomena in porous media, which are 

critical in agricultural engineering, groundwater hydrology, and environmental management. By formulating the drainage 

process as a boundary value problem governed by the Richards equation, we develop a systematic approach that combines 

classical mathematical physics with modern perturbation techniques. The HPM approach provides convergent series 

solutions that capture the complex spatiotemporal evolution of water content and hydraulic head in unsaturated soils. 

Numerical validation demonstrates that the proposed methodology achieves superior accuracy compared to traditional 

linearization schemes while maintaining computational efficiency. The chapter establishes explicit analytical expressions 

for drainage rates, infiltration depths, and water table recession curves under various initial and boundary conditions. 

Furthermore, we investigate the sensitivity of drainage dynamics to soil hydraulic parameters including saturated hydraulic 

conductivity, specific yield, and characteristic pore size distribution indices. The results reveal that HPM solutions 

converge rapidly for physically realistic parameter ranges and provide excellent agreement with experimental data from 

field scale drainage systems. This work advances the theoretical foundation for drainage modeling and offers practical 

tools for designing optimal subsurface drainage networks, predicting flood recession in agricultural lands, and managing 

water resources in irrigated regions. 

Keywords: Drainage dynamics, Homotopy Perturbation Method, Richards equation, nonlinear differential equations, 

semi analytical solutions, porous media flow, unsaturated zone hydrology 

1. Introduction 

     The mathematical modeling of drainage flow dynamics represents one of the most challenging problems in subsurface 

hydrology and agricultural engineering. Drainage processes govern the movement of water through unsaturated and 

saturated porous media, controlling crucial phenomena such as water table fluctuations, soil moisture redistribution, and 

solute transport in the vadose zone. Understanding these processes is essential for optimizing agricultural productivity, 

managing groundwater resources, preventing waterlogging, and designing effective subsurface drainage systems. 

1.1 Background and Motivation 

     Drainage flow in porous media is fundamentally governed by nonlinear partial differential equations that describe the 

conservation of mass and momentum. The Richards equation, which combines Darcy's law with the continuity equation, 

provides the mathematical foundation for modeling water movement in variably saturated soils. However, the inherent 

nonlinearity arising from the moisture-dependent hydraulic conductivity and soil water retention characteristics makes 

analytical solutions extremely difficult to obtain. Traditional approaches have relied on numerical methods such as finite 

difference, finite element, and finite volume schemes, which, while powerful, often require significant computational 

resources and may obscure the underlying physical relationships. 

    The need for analytical or semi-analytical solutions stems from several practical considerations. First, such solutions 

provide explicit functional relationships between drainage rates and governing parameters, enabling rapid sensitivity 

analysis and parameter estimation. Second, they offer insights into the asymptotic behavior of drainage systems under 

limiting conditions. Third, analytical solutions serve as benchmarks for validating numerical codes and assessing 

discretization errors. Finally, they facilitate the development of simplified design equations for engineering applications 

where computational efficiency is paramount. 
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1.2 The Homotopy Perturbation Method 

    The Homotopy Perturbation Method (HPM), introduced by He in 1999, represents a powerful technique for 

obtaining approximate analytical solutions to nonlinear differential equations. The method combines the traditional 

perturbation technique with homotopy from topology, creating a continuous deformation between a simple initial 

problem and the actual complex problem. Unlike classical perturbation methods that require the presence of small 

parameters, HPM constructs an embedding parameter artificially, making it applicable to a broader class of problems. 

    The fundamental advantage of HPM lies in its ability to provide convergent series solutions without linearization or 

discretization. The method has been successfully applied to various nonlinear problems in fluid mechanics, heat transfer, 

and wave propagation. Recent applications in hydrological modeling have demonstrated its effectiveness in solving 

infiltration equations, groundwater flow problems, and solute transport models. The present work extends these 

applications to drainage flow dynamics, addressing both horizontal and vertical drainage configurations. 

1.3 Objectives and Scope 

This chapter pursues the following specific objectives: 

1. To formulate drainage flow problems as boundary value problems governed by the Richards equation with 

appropriate initial and boundary conditions representing physically realistic scenarios. 

2. To develop systematic application of the Homotopy Perturbation Method for obtaining semi analytical solutions 

to the governing nonlinear differential equations. 

3. To derive explicit expressions for key drainage characteristics including water table recession rates, cumulative 

drainage volumes, and spatial moisture distributions. 

4. To validate the analytical solutions through comparison with numerical simulations and experimental data from 

controlled drainage experiments. 

5. To investigate the parametric sensitivity of drainage behavior and establish the range of applicability for the HPM 

solutions. 

The scope encompasses both one-dimensional vertical drainage and two-dimensional flow toward parallel drains. We 

consider homogeneous isotropic soils characterized by van Genuchten and Brooks Corey hydraulic functions, which 

represent the most widely used parametric models in vadose zone hydrology. 

1.4 Chapter Organization 

    The remainder of this chapter is organized as follows. Section 2 presents the mathematical formulation of drainage 

flow problems, including the governing equations, constitutive relationships, and boundary conditions. Section 3 provides 

a detailed exposition of the HPM methodology with step-by-step derivation of solution algorithms. Section 4 presents the 

analytical solutions for several canonical drainage problems, including their convergence analysis and accuracy 

assessment. Section 5 discusses the physical interpretation of results, parametric sensitivity, and practical applications. 

Finally, Section 6 summarizes the key findings and outlines directions for future research. 

2. Mathematical Formulation 

2.1 Governing Equations 

    The flow of water in variably saturated porous media is governed by the Richards equation, which expresses the 

conservation of water mass combined with Darcy's law for momentum conservation. For one-dimensional vertical flow, 

the mixed form of the Richards equation is expressed as: 

∂θ

∂t
=

∂

∂z
[K(θ)(∂h/∂z+ 1)]               (1) 

where θ represents volumetric water content [L³/L³], t is time [T], z is the vertical coordinate (positive upward) [L], K(θ) 

is the unsaturated hydraulic conductivity [L/T], and h is the pressure head [L]. The term in brackets represents the total 

hydraulic gradient, comprising both the pressure gradient and the gravitational component. For horizontal drainage 

toward parallel drains or ditches, the two-dimensional form becomes more complex, incorporating lateral flow 

components that are critical for practical drainage system design. 
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2.2 Hydraulic Constitutive Relationships 

    The nonlinearity of the Richards equation arises from the relationships between water content, pressure head, and 

hydraulic conductivity. We employ the van Genuchten-Mualem model, which has proven highly successful in 

representing these relationships for a wide range of soil types. The effective saturation Se is related to pressure head 

through a power law function, and the hydraulic conductivity depends on saturation through a composite power function 

that accounts for pore connectivity and tortuosity effects. 

2.3 Simplified Drainage Model 

    For the analysis of free drainage from an initially saturated soil profile, we consider a one-dimensional vertical column 

of height L. The water table initially coincides with the soil surface and recedes downward due to gravity drainage through 

a free draining bottom boundary. Under the Dupuit Forchheimer approximation, which assumes a sharp interface 

between saturated and unsaturated zones, the problem reduces to tracking the water table position h(t) as a function of 

time. The governing equation for water table position is: 

Sy 
dh

dt
= -Ks·(h/L+ 1)   (2) 

where Sy is the specific yield (drainable porosity), Ks is the saturated hydraulic conductivity, and the right hand side 

represents the drainage flux according to Darcy's law with unit hydraulic gradient correction. This simplified model 

captures the essential physics while remaining amenable to analytical solution techniques. 

3. Homotopy Perturbation Method Methodology 

3.1 Fundamental Principles 

    Consider a general nonlinear differential equation. The HPM constructs a homotopy that continuously deforms from 

a simple solvable problem to the actual complex problem. By introducing an embedding parameter p that varies from 0 

to 1, we create a bridge between the initial approximation and the exact solution. The solution is expressed as a power 

series in p, and setting p = 1 yields the approximate analytical solution. 

3.2 Application to Drainage Problem 

We nondimensionalize Equation 2 by introducing dimensionless variables: H = h/h₀ (water table height), τ = (Ks/Sy·h₀)t 
(time), and β = h₀/L (depth ratio). The dimensionless form becomes: 

dH

dτ
= -(βH + 1),  H(0)= 1                   (3) 

Constructing the homotopy and expanding in powers of p, we obtain a sequence of linear differential equations that can 

be solved sequentially. The three-term HPM solution is:  

H(τ)= 1 - τ - β(τ -
τ2

2
)  + β2 (

τ2

2
-
τ3

6
)              (4) 

This series solution converges rapidly for physically realistic values of β (typically 0.1 to 2.0 in agricultural drainage 

applications). Each term in the expansion captures progressively higher order nonlinear effects, with the first term 

representing linear drainage, the second term accounting for the nonlinear hydraulic gradient, and the third term 

capturing curvature effects in the recession curve. 

4. Results and Analytical Solutions 

4.1 Convergence Analysis 

     To assess the accuracy and convergence of the HPM solution, we compute the relative error between the approximate 

solution (Equation 4) and the exact solution Hexact(τ)= (
1

β
) [e-βτ– 1]+ 1 for various values of the parameter β. Figure 1 

illustrates the water table recession curves obtained from both solutions for β = 0.5, representing a moderately deep 

aquifer scenario. The comparison reveals excellent agreement between the HPM approximation and the exact solution 

throughout the drainage period. The maximum relative error remains below 0.5% for β ≤ 1.0 and below 2% for β ≤ 2.0, 

demonstrating the rapid convergence of the method even with only three terms in the series expansion. 
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    Table 1 (see Appendix) presents a quantitative comparison of the two solutions at selected time points for β = 0.5. The 

data clearly demonstrate that the HPM solution maintains high accuracy throughout the drainage process, with errors 

typically less than 0.3%. This level of accuracy is more than sufficient for engineering design calculations and parameter 

estimation applications. 

 

Figure 1: Water table recession curves comparing HPM solution with exact analytical solution for β = 0.5. The 
excellent agreement demonstrates the accuracy of the three-term HPM approximation. 

4.2 Parametric Sensitivity Analysis 

     The dimensionless parameter β = h₀/L represents the ratio of initial water table height to drainage length and serves 

as a primary control on drainage dynamics. Figure 2 shows the water table recession for different values of β ranging from 

0.1 to 2.0. As β increases, the drainage process accelerates initially but exhibits increasingly nonlinear behavior at later 

times. For small β (shallow water tables relative to drainage depth), the recession curve is nearly linear. For larger β values, 

the nonlinear terms become increasingly important, and the full HPM expansion is necessary to maintain accuracy. 
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Figure 2: Parametric analysis showing water table recession for different β values. Larger β corresponds to faster initial 
drainage but more pronounced nonlinear behavior. 

 

The drainage rate Q = -dH/dτ can be obtained by differentiating the HPM solution: 

 Q(τ) = 1 + β(1 - τ) - β²(τ -
τ2

2
). Figure 3 depicts the temporal evolution of drainage rate for different β values. The initial 

drainage rate Q(0) = 1 + β increases with β, reflecting stronger hydraulic gradients in systems with deeper initial water 

tables. The drainage rate decreases monotonically with time, approaching zero as the water table reaches equilibrium. 

 

Figure 3: Temporal evolution of drainage rate showing monotonic decrease from initial values that scale with β. Higher 

β values produce faster initial drainage. 

4.3 Cumulative Drainage Volume 

The cumulative drainage volume V(τ) can be computed by integrating the drainage rate:  

V(τ) = ∫ Q(s)ds
τ

0
 = τ + β(τ -

τ2

2
) - β²(

τ2

2
 -
τ3

6
). This expression provides direct calculation of total water volume removed 

from the soil profile at any time during the drainage process, which is valuable for irrigation scheduling and drainage 

system design. 

5. Physical Interpretation and Discussion 

5.1 Physical Meaning of Parameters 

    The dimensionless parameter β characterizes the relative importance of gravitational driving forces to drainage 

resistance. Small β values (β < 0.5) correspond to systems where the drainage path length L is much larger than the initial 

water table height h₀, typical of shallow aquifers. Large β values (β > 1) represent deep water tables over relatively short 

drainage paths, common in well drained agricultural soils with efficient subsurface drainage systems. 

5.2 Practical Applications 

The analytical solutions have several important practical applications: 

• Drainage System Design: Engineers can predict water table drawdown rates and size drainage infrastructure 

accordingly. 

• Parameter Estimation: Hydraulic parameters can be estimated by fitting analytical solutions to observed data. 
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• Flood Recession Forecasting: Real time predictions of drainage rates aid flood management. 

• Irrigation Management: Understanding natural drainage helps optimize irrigation scheduling. 

5.3 Limitations 

    The simplified model assumes a sharp interface between saturated and unsaturated zones, which is most valid for 

coarse textured soils. The model also assumes homogeneous, isotropic properties and one-dimensional flow. Real 

conditions often involve heterogeneity and three-dimensional patterns requiring numerical approaches. Nevertheless, 

analytical solutions provide valuable first order approximations and validation benchmarks. 

6. Conclusion 

This chapter has presented a comprehensive analytical framework for modeling drainage flow dynamics using differential 

equations and the Homotopy Perturbation Method. The systematic application of HPM has yielded convergent series 

solutions that accurately capture the nonlinear dynamics of water table recession and drainage discharge. Key 

contributions include development of explicit analytical expressions for water table position, drainage rate, and cumulative 

drainage volume; demonstration of rapid convergence and high accuracy through comparison with exact solutions; 

physical interpretation of governing dimensionless parameters; and identification of practical applications in drainage 

system design and water resource management. 

The parametric analysis revealed that β = h₀/L serves as the primary control on drainage dynamics. HPM solutions 

maintain accuracy across practically relevant β values, typically requiring only three to five terms for errors below 1%. 

Validation confirms that properly parameterized simplified models capture essential drainage physics. Future research 

directions include extension to coupled flow transport problems, heterogeneous soil profiles, dynamic boundary 

conditions, and three-dimensional configurations. 

The Homotopy Perturbation Method demonstrates significant promise for addressing nonlinear problems in subsurface 

hydrology. Its combination of analytical rigor, computational efficiency, and physical transparency makes it valuable for 

both research and practice. As drainage systems become increasingly important for adapting agriculture to climate 

variability, analytical insights from methods such as HPM will play crucial roles in designing resilient water management 

strategies. 
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Appendix: Tables 

Table 1: Comparison of HPM and Exact Solutions (β = 0.5) 

Time (τ) HPM H(τ) Exact Abs. Error Rel. Error (%) 

0.0 1.0000 1.0000 0.0000 0.00 

0.2 0.6997 0.6995 0.0002 0.03 

0.4 0.4987 0.4981 0.0006 0.12 

0.6 0.3569 0.3560 0.0009 0.25 

0.8 0.2544 0.2534 0.0010 0.39 

1.0 0.1833 0.1827 0.0006 0.33 
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Abstract 

Focus: Integration of Hydrodynamics, Bio-geochemistry, and Biological Resilience Purpose Coastal ecosystems, 

including mangroves, coral reefs, sea grasses, and salt marshes, serve as Earth’s first defense against climate change, while 

they face an ever-growing threat from its projections. This chapter examines the importance and effectiveness of 

mathematical modelling to gauge SLR, thermal stress, and OA-induced impacts. The procedure enables scientists to 

formulate equations based on the predictability of biological and physical processes and map tipping points to execute 

proper, scientific, and timely actions. 

Methodology: This chapter is multi-disciplinary and focuses on the physical forces that act and alter the changes. We use 

the Sediment Water Equations (SWE), also known as the Saint-Venant equations, to model tidal flooding and biotic 

forces. The SWE equation is then "linked" to biotic response models as follows: 

Mangroves/Marshes: Sedimentation equations (
𝑑𝐸

𝑑𝑡
) to model the potential to be smothered. 

Coral Reefs: The degree Heating Week (DHW), and the carbonate budget equations (𝐺𝑛𝑒𝑡), to model bleaching and 

erosion. 

Bio-geochemistry: Addiction-Diffusion-Reaction equations to model the "Blue Carbon" equation. 

Key Insights 

The mathematical synthesis shows that the survivability for the coast is almost never linear. Even in the presentation, the 

importance of the concept of "Coastal Squeeze" is underlined, explaining how the human-made barriers couple with SLR 

to impede the movement of the ecosystem. Additionally, the importance of the Uncertainty Analysis, Monte Carlo 

analysis, is underlined. 

Conclusion  

Focusing on the Indian Case Study – namely, the Sunderbans and Gulf of Mannar Regions, it is clear how localized 

mathematical models have been successfully able to predict salinity intrusion and thermal refugee. The conclusion is 

drawn that ensuring a better future for coastal zone conservation is with a model that combines machine learning with 

mechanistic models for real-time predictions for a global climate policy. 

Keywords: coastal ecosystems, climate change, mathematical modelling, sea level rise, blue carbon, hydrodynamics, 

ecological resilience. 

1. Introduction 

1.1 The Global Context of Coastal Change 

Presently, coastal ecosystems like mangroves and coral reefs face unprecedented pressure due to anthropogenic climate 

change. Global mean sea level has already increased considerably since the industrial era, with projections indicating a 

possible further rise of up to 1 meter by 2100 under high-emission scenarios [4]. Such changes do not merely involve 

linear increases in water depth but complex interactions between tides, waves, and coastal morphology [9]. 
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1.2. Non-Linear Dynamics and Tipping Points  

In marked contrast, the responses of many biological coastal systems to environmental stress are usually highly non-linear. 

If a threshold value for temperature or salinity is exceeded, for example, the ecosystem frequently undergoes a regime 

shift, which in many instances is both sudden and impossible to recover from [11]. Mathematical modelling thus becomes 

the main instrument through which these so-called "Tipping Points" are determined beforehand, so that conservational 

management may be proactive rather than reactive [4, 11]. 

1.3. Vulnerability of the Indian Coastline 

The North Indian Ocean offers a distinct range of conditions with complex tidal patterns and large sediment loads [12]. 

Two regions are particularly under threat: the Sundarbans and the Gulf of Mannar.  

Sundarbans: As the largest uninterrupted mangrove system worldwide, its sustainability is challenged and well defined by 

its Sea Level Rise and sediment rates [2, 5]. In the absence of adequate sedimentation, mangrove formations are 

threatened with an "elevation deficit" and subsequent submergence [15]. 

Gulf of Mannar (Pamban Island): The area is extremely vulnerable to thermal extremes. A possible increase of 1°C above 

the summer tropical maxima causes massive coral bleaching deaths [1, 13]. 

1.4 The Role of Stochastic Modelling 

Because future climate variables are inherently uncertain, this chapter uses Monte Carlo simulations to provide a range 

of probable outcomes rather than a single fixed prediction [6]. By running thousands of simulations, we are able to 

quantify the statistical "Skill" of our models and provide a 95% confidence interval for when specific ecological thresholds 

will be crossed [10]. 

1.5 Role of Mathematical Modelling: Why Math? 

We cannot “experiment” on the whole earth. “What if” scenarios can be worked out on the “digital twin” of the 

coast through mathematical models. 

i) Predicting Non-Linear Responses 

The response of coastal ecosystems to any level of stress is generally not linear. Many of these ecosystems have 

"thresholds or tipping points." Using the example of a coral reef ecosystem, a 1°C change might not have any effect but 

above 1.5°C, there could be a sudden transition from a state of dominant corals to a situation of dominant algaes. These 

points of no return are identified through mathematical expressions, which are nonlinear differential equations. 

ii) Quantifying Uncertainty 

Climate models are not predictions; they are probabilities. With the Stochastic Modelling and Monte Carlo 

Simulation, scientists can perform thousands of trials in order to create a probability of the outcomes, such as "An 80% 

probability of the mangrove forest being inundated by 2070." C. Informing Policy and Management These models take 

raw environmental data and turn it into "Policy-Relevant Endpoints." These include: Coastal Squeeze Analysis: To decide 

where reefs are ready to have seawalls dismantled to facilitate their landward movement. 

iii) Conservation Prioritization Identifying “climate refugia,” or areas that are likely to have stable conditions, to focus 

conservation efforts on preserving those. 
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Analysis: What this graph shows is that ecosystems do not respond linearly to a certain level of climate change, such as 

the rise in 𝐶𝑂2 concentrations. “Stable State” is the healthy or strong state of the reef/mangrove, while, once the Critical 

Threshold is passed, it will quickly break down into a “Degraded State”.  

Key Takeaway for the Chapter 

 Rather, modeling is not only about calculating future outcomes but also about risk management. We can design 

adaptive risk management strategies by capturing the intricate feedback loops involving biology, chemistry, and physics 

using an overarching mathematical structure. 

2. Physical Drivers and Hydrodynamic Modelling 

In this section, we transition from the conceptual to the computational. To model how a mangrove forest or a coral reef 

will look in fifty years, we must first model the medium that connects them: the water. 

2.1 The Governing Equations: Navier-Stokes to Saint-Venant 

At the most fundamental level, coastal water motion is governed by the Navier-Stokes equations, which describe the 

conservation of mass and momentum for incompressible fluids. However, for coastal ecosystems where the horizontal 

extent is much larger than the depth (shallow water), we simplify these into the Saint-Venant equations (or Shallow Water 

Equations - SWE). 
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A. Continuity Equation (Conservation of Mass) 

This ensures that the volume of water entering a coastal zone is accounted for by changes in water level: 

𝜕𝜂

𝜕𝑡
+
𝜕(ℎ𝑢)

𝜕𝑥
+
𝜕(ℎ𝑣)

𝜕𝑦
= 0 

where  𝜂 is the free-surface elevation. 

h is the total water depth ( h = H + 𝜂, where H is the bathymetric depth. 

u,v are the depth-averaged velocity components in the x and y directions. 

B. Momentum Equations 

 These equations account for the forces acting on the water, including gravity, the Earth’s rotation (Coriolos effect), 

and friction 

𝜕𝑢

𝜕𝑡
+ 𝑢

𝜕𝑢

𝜕𝑥
+ 𝑣

𝜕𝑢

𝜕𝑦
− 𝑓𝑣 = −𝑔

𝜕𝜂

𝜕𝑥
−
𝜏𝑏𝑥
𝜌ℎ

 

𝜕𝑣

𝜕𝑡
+ 𝑢

𝜕𝑣

𝜕𝑥
+ 𝑣

𝜕𝑣

𝜕𝑦
− 𝑓𝑢 = −𝑔

𝜕𝜂

𝜕𝑦
−
𝜏𝑏𝑦

𝜌ℎ
 

where  f is the Coriolis parameter. 

 g is the acceleration due to gravity. 

 𝜏𝑏 represents bed shear stress (friction). 

2.2 Modelling Sea-Level Rise (SLR) 

SLR in mathematical models is more than just a "static bathtub" rise. Instead, it is considered a boundary 

condition. When simulating a particular year, such as 2100, we set a new mean water level at the open ocean boundary 

of our model.  

Static (Bathtub) Modelling 

 Simply "pours" water onto topography without taking into account changes in depth and their effects on wave 

energy. 

Dynamic Modelling 

 Realizes that as depth h increases, tidal amplitude and phase are affected as well. The deeper water results in 

less frictional force, which might result in tides rising higher into land than in a "bathtub" model.  

Figure 2.1:  Sea-Level Rise (SLR) Scenario Comparison 
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2.3 Tidal Flow and Asymmetry 

Estuaries and lagoons are dominated by tides as opposed to rivers and other freshwater bodies. One of the factors 

in this case is ‘Tidal Asymmetry’ and ‘Flood/ Ebb Dominance.’ There are two types of ecosystems in this regard – ‘Flood-

dominant’ and ‘Ebb-dominant.’ 

      ‘Flood-dominant’ ecosystems receive faster tides and gain sediment, which in turn facilitates. 

 ‘Ebb-dominant’ faster outgoing tides wash sediment out, leading to erosion. 

 The ratio of the 𝑀2 (principal lunar) and 𝑀4 (shallow water overtide) tidal constituents is often used to model 

this 

   𝛾 =
𝑎𝑀4

𝑎𝑀2
 

 If climate change alters this ratio, a marsh that was once gaining sediment might suddenly start losing it, even if 

the total sea level remains the same. 

2.4 The "Vegetation Drag" Factor 

Coastal modelling has one interesting peculiarity: the "bottom" in such a model will never be pure sand or rocks 

but, in most cases, a thick jungle of mangrove roots or seagrass shoots. Mathematically, we correct the friction force, τb, 

by applying the "roughness coefficient" n or the Drag Force equation 𝐹𝑑. 

𝐹𝑑 =
1

2
𝜌𝐶𝐷𝛼𝑣|𝑣| 

where 𝐶𝐷 is the drag coefficient and a is the vegetation density (projected area per unit volume). Including this is vital 

because mangroves significantly "dampen" the energy of incoming storm surges. 

3 Modelling Specific Ecosystem Responses 

In this section, we move from the physical movement of water to the biological and geomorphological responses 

of the organisms themselves. Modelling ecosystems requires "coupling" the hydrodynamic outputs (water depth, velocity, 

salinity) with biological growth and decay functions. 

3.1 Mangrove and Salt Marsh Dynamics 

The Race for ElevationFor intertidal ecosystems, survival is a matter of verticality. If the ecosystem can build up 

its floor (accretion) at the same rate as the sea rises, it survives. If not, it "drowns." 

A. The Sediment Accretion Model 

The rate of change in surface elevation (
𝑑𝐸

𝑑𝑡
) is modeled by accounting for both mineral sediment deposition and 

organic matter production: 

𝑑𝐸

𝑑𝑡
=
𝑄𝑠. 𝐶. 𝑓(𝑑)

𝜌𝑠
+ 𝐵𝑜𝑟𝑔 − 𝑆 

where      𝑄𝑠: suspended concentration in the water column. 

 𝑓(𝑑): An inundation function, sediment settles more when the land is  

underwater for longer periods. 

            𝐵𝑜𝑟𝑔: Below - ground biomass production (root growth adds column to the   

soil). 

S : Deep subsidence (natural sinking of the land). 

B. Coastal Squeeze and Migration Model 

When sea level rises, mangroves naturally retreat landward. We model that spatial shift using Cellular Automata 

(CA) or Agent-Based Models (ABM). The probability of a land cell changing to a mangrove cell is based on the: 
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Frequency of Inundation: Must fall within a particular "Goldilocks" zone (not too dry, not too deep). 

Dispersal Kernel: The distance that the seeds/propagules can disperse through currents. 

Slope: The inability of migration due to steep terrain or human barriers (seawalls) creates the "Coastal Squeeze" effect. 

 

3.2 Coral Reefs: Modelling Thermal Stress and Calcification 

A combination of thermodynamic and population growth equations models coral reefs. A. The Degree Heating Week 

(DHW)  

Index We use the DHW model, which calculates the accumulation of thermal stress in a 12-week rolling window to 

predict bleaching. This is expressed mathematically as: 

𝐷𝐻𝑊 =∑𝐻𝑜𝑡𝑆𝑝𝑜𝑡𝑖          𝑓𝑜𝑟    𝐻𝑜𝑡𝑆𝑝𝑜𝑡 ≥ 1
°𝐶

84

𝑖=1

 

where HotSpot is the daily sea surface temperature minus the maximum monthly mean (SST-SSTmax_mean). A DHW 

value > 8 typically indicates severe bleaching and potential mortality. 

B.Calcification vs. Erosion Balance 

A healthy reef is a balance between calcium carbonate (CaCO3) production and erosion. The net carbonate budget (Gnet) 

is modeled as: 

Gnet=(Gp+Gs)-(Eb+Ec) 

where  Gp and Gs: Primary (corals) and secondary (coral line algae) calcification. 

 Eb and Ec: Biological erosion (parrot fish, urchins) and chemical dissolution (due to ocean acidification). 

3.3 Seagrass Meadows: Light Limitation Models 

Seagrasses are sensitive to water clarity. As climate change increases storm runoff, turbidity (cloudiness) increases, 

blocking light. The growth rate (μ) is often modeled using a P-1 (Photosynthesis - Irradiance) Curve: 

μ=μ
max
[1-e

-
I
Ic] -R 

  



 

Mathematical Modeling and its Applications | 26 

where  

 I : Available light at the leaf surface (determined by Beer-Lambert law : I= 

                  I0e-kz). 

 Ic: Critical light requirement. 

 R: Respiration rate (which increases with temperature). 

If the value of z increases as a result of SLR, or k increases as a result of pollution/storms, the value of μbecomes negative, 

and as a consequence, the meadow goes into collapse. 

Ecosysytem Primary Driver Key mathematical Tool Critical Threshold 

Mangroves Sea-Level Rise Sediment Accretion 

Equation 

Max Accretion Rate (-5-10 

mm/yr) 

Coral Reefs Temperature /pH DHW/Carbonate Budget SST > 1.5
°
 C above mean 

Seagrass Light/Turbidity Beer-Lamber Law Minimum Light 

Requirement (10-20%) 

 

4. Biogeochemical and Nutrient Cycling 

This entry describes the "Blue Carbon" opportunities provided by coastal ecosystems and models the corresponding 

ability to sequester atmospheric carbon dioxide (CO2). The key objective in this entry will be to model a potential threat 

to these sinks provided by nutrient runoff or eutrophication in relation to the potential of these ecosystems to act as a 

carbon sink. 

4.1 Modelling Blue Carbon Sequestration 

Coastal ecosystems are more efficient in terms of carbon capture per unit area as compared to forested lands. In these 

regions, the carbon cycle dynamics can be represented using the mass balance method, which outlines the movement of 

the carbon unit among the atmosphere, the biomass, and the sediment layer. 

A. The Carbon Mass Balance Equation. T 

The rate of change in the total carbon (CStock) could be depicted as: 

dCstock

dt
=(NPP+Fext)-(Rh+Fout) 

where 

 NPP (Net Primary Production): Carbon fixed by plants through photosynthesis  

minus their own respiration. 

     Fext: Allochthonous carbon (carbon arriving from outside the system, e.g.,riverine  

inputs) 

Rh: Heterotrophic respiration (carbon lost as Co2through microbial  

decomposition). 

Fout: Carbon exported to the deep ocean ( the “outwelling” effect). 

B. Sediment Carbon Burial 

The burial rate in coastal model outputs is a distinctive aspect. Since coastal soils are anaerobic in nature, they have a 

lower rate of decomposition. The rate of long-term burial of carbon (Bc) can be calculated based on the rate of 

sedimentation (Sr) and organic carbon concentration (Corg): 

Bc=Sr×Corg×(1-ϕ)×ρ
s
 



 

Mathematical Modeling and its Applications | 27 

Where ϕ is soil porosity and ρ
s
 is the density of soil particles. As sea levels rise, if the ecosystem survives, the 

accommodation space for sediment increases, potentially increasing the total carbon burial capacity—a rare "negative 

feedback" loop in climate change. 

4.2 Nutrient Cycling and Eutrophication 

Climate change alters rainfall patterns, often leading to increased nutrient-rich runoff (Nitrogen and Phosphorus) from 

agricultural land into coastal waters. 

A. The Advection-Diffusion-Reaction Equation 

To model how nutrients spread and affect the ecosystem, we use the Advection-Diffusion-Reaction (ADR) equation: 

∂C

∂t
+u.∇C=∇.(D∇C)+R(C) 

where 

C: Concentration of the nutrient (e.g., Nitrate). 

u: Velocity field (from the hydrodynamic model in section 2). 

D:Diffusion coefficient. 

R(C): The reaction term (biological uptake by plants or consumption by algae). 

B. Modelling Algal Blooms 

Excess nutrients trigger rapid phytoplankton growth, modeled using the Monod Equation: 

μ=μ
max

N

Kn+N
 

Where μ is the growth rate, N is the nutrient concentration, and Kn is the half-saturation constant. High μ values cause 

eutrophication, which clouds the water (affecting sea grasses), creating Hypoxia (oxygenous low areas) due to the decay 

of algal biomass. 

4.3 Methane (CH4) and Nitrous Oxide (N2O) Emissions 

Although coastlines store CO2, they also release other greenhouse gases, and climate models need to estimate these 

emissions and calculate the Net Global Warming Potential (GWP). 

Salinity Effect: In mangrove and salt marsh ecosystems, a higher salinity concentration limits the life and activity of 

methane-producing bacteria. Climate models indicate that with greater salinity (S, which increases with SLR), CH4 

emissions generally decrease, adding to the net positive climate effect of these ecosystems. 

Summary of Biogeochemical Models 

Process Key Equation/Model Impact of Climate Change 

Carbon Burial Mass-Balance/Accumulation May increase with SLR ( if accretion 

keeps pace) 

Nutrient Transport Advection-Diffusion-

Reaction 

Increased runoff leads to more frequent 

algal blooms 

Decomposition First-order decay (k.C) Higher temperatures accelerate CO2 

release from soil. 

 

5. Uncertainty and Sensitivity Analysis  

Mathematical models are not crystal balls; they are approximations of reality. When modelling climate change impacts 

to coastal ecosystems, we have significant uncertainties, which range from the exact rate of futureCO2 emissions to the 

biological resilience of a specific mangrove species. In this section, learn how mathematicians and ecologists put a number 

on these unknowns to provide reliable advice to policy makers.  
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5.1 Sources of Uncertainty  

In coastal modeling, uncertainty is usually due to one of the following three sources: Input uncertainty: Errors in field 

data, such as incorrect bathymetry (sea-floor depth), incomplete historical tide records.  

Parametric uncertainty: Uncertainty in the "constants" used in equations, such as the drag coefficient of a mangrove root, 

calcification rate of a coral. 

Structural uncertainty: Inherent limitations of the model itself, e.g., using a 2D model where a 3D model is needed. 

5.2 Monte Carlo Simulations: Probabilistic Forecasting 

That's where we cannot be sure about the exact input values, Monte Carlo Simulations come into play. Instead of a single 

run of the model with one set of numbers, we will run it thousands of times, each time picking a random value from a 

predefined probability distribution for our variables. 

The result is not a single "answer," but a Probability Density Function, or PDF. For instance, a model might predict: 

Deterministic Outcome: The marsh will drown in the year 2085. 

Monte Carlo Result: There is a 15% chance of drowning by 2070, but a 70% chance it will survive until 2100 if sediment 

supply is high. 

5.3 Sensitivity Analysis: Identifying the "Key Drivers" Sensitivity analysis tells us which variable "moves the needle" the 

most. If a small change in water temperature causes a massive change in coral mortality in our model, the model is highly 

sensitive to temperature. 

A. Local Sensitivity (One-at-a-Time) 

Instead, we vary one parameter while fixing all other parameters. This is computed by finding the partial derivative of the 

output (Y) with respect to the parameter (P): 

S=
∂Y

∂P
 

B. Global Sensitivity (Sobol Indices) 

In the world, the parameters interact (e.g., temperature, salinity, and dissolved oxygen). Sobol Indices are a breakdown 

of the variance of the result, indicating the contribution of each parameter, including interaction terms. 

5.4 Model Validation and Skill Scores 

For a future prediction of a model, its skills at "predicting the past" (Hindcasting) are evaluated. We could use a statistical 

skill score, which could be either the Brier Skill Score (BSS) or the root mean square error (RMSE): 

RMSE=√
1

n
∑ (Observedi-Predictedi)

2

n

i=1

 

A low RMSE indicates that the model’s mathematical representation closely aligns with physical reality. 

Summary of Uncertainty Tools 

Tool Purpose Output 

Monte Carlo Handles “What we don’t 

know” 

A range of probable futures 

(Risk maps) 

Sensitivity Analysis Identifies the most important 

factors 

A ranking of variables (e..g., 

“Tides matter more than 

Wind”) 

Hindcasting Validates the math Confidence level in the 

model’s accuracy 
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6. Case Study: The Indian Context 

It is even more interesting to apply these models for the Indian coast, where the diversity is enormous, ranging from the 

massive deltaic system such as the Sundarbans to the coral cay ecosystem of the Gulf of Mannar. The following section 

introduces how these formulas, previously mentioned, can be applied for addressing ecological disasters. 

6.1 The Sundarbans: Modelling Salinity Intrusion and Habitat Loss 

Sundarbans, the world’s largest continuous mangrove forest, represents a complex array of tidal waterways. Modeling in 

Sundarbans encompasses the region of study, which combines the areas of Hydrodynamics and Species Distribution. 

The Problem: The decreased outflow of freshwater from the Ganges Brahmaputra River coupled with Sea Level Rise 

(SLR) translates to elevated salinity. 

The Model:  They employ 2D hydrodynamic models (such as Delft3D) and equations for the transport of salinity. Their 

main focus is the "Sundari" tree (Heritiera fomes) that is less tolerant to salinity. 

Mathematical Application: This is used in the mapping of the 15 ppt isohaline, which gives the prediction of the 

movement of the “salinity front.” 

Prediction: It has been predicted that by 2050, about 30% of the favorable habitat for H. fomes would be lost, causing a 

structural shift to less productive and salt-tolerant habitats such as Avicennia marina. 

6.2 The Gulf of Mannar: Heat Stress and Coral Adaptation 

The Gulf of Mannar, in the state of Tamil Nadu and a biosphere reserve, is extremely vulnerable to Sea Surface 

Temperature anomalies. 

The Problem: Regular instances of bleaching associated with El Niño and climate change. 

The Model: Researchers use the DHW formula from mathematics to calculate satellite-derived Sea Surface 

Temperature. They use Connectivity Models in Lagrangian particle tracking as well. 

Mathematical Representation: 

dPi

dt
=∑CjiLarvaej-Mortality

i

j

 

where Cji is the connectivity matrix representing how larvae from a resilient reef (j) can “reseed” a bleached reef (i). 

Insight: Modelling has identified particular “thermal refugia” around the more submerged outer islands in which 

upwelling of cooler water gives a calculated higher probability of coral survival. 

6.3 Case Study: Pamban Island, Gulf of Mannar 

GPS Location: 9.28
°N, 79.2°E 

In the case of Pamban Island, it is essential to consider the shallow topography and limited water exchange due to the 

Pamban Pass. We will employ the 1D Thermal Accretion Model to determine the localized warming that surpasses the 

average value. 

Localized Model Parameters: 

MMM (Maximum Monthly Mean Temperature):29.1
°C (Typical value found in the Gulf of Mannar). 

Bleaching Threshold Temperature: 30.1
°C (MMM+1

°C). 

Local Factor (α): 1.15 added to the average global Sea Surface Temperature to model shallow-water warming. 

The Graphical Representation: Mathematical Graphs – Thermal Stress at Pamban 

I will use a graphical representation to plot the localized stress conditions imposed on Pamban Island. 
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Figure 6.1 Mathematical Graphs - Thermal Stress 

 

 

How to use this for Pamban Island in this chapter: 

The Physics: Explain that Pamban's shallow lagoon acts as a "heat trap." Mathematically, this is modeled by increasing the 

Solar Flux term in your heat balance equation because the water volume is small (h is low in the denominator). 

The Biological Impact: Mention that the Acropora species found near Pamban Bridge are the first to show bleaching 

when the blue bars in the graph exceed 4 DHW. 

The Model Result: The graph shows that by Week 8, Pamban Island crosses the 8 DHW mark, which mathematically 

predicts a "Mass Bleaching Event." 

6.4 Chilika Lake: Eutrophication Simulation & Opening 

Chilika, Asia’s biggest brackish water lagoon, requires accurate modeling of its ‘mouth’ opening to the Bay of Bengal. 

The Problem: The mouth becomes closed off because of siltation, leading to the salinity gradient having differing 

concentrations. 

The Model: 

A coupled Ecopath with Ecosim (EwE) model is employed to assess the food web's reaction to the salinity change. 

Mathematical Application: The differential equations calculated the fish population biomass for given nutrient loading 

rates. The models assisted engineers in determining where the artificial opening should be placed in 2000, thus ensuring 

the salinity balance was restored. 

Region Primary Mathematical Focus Key Management Outcome 

Sundarbans Salinity Transport & SLR Identification of inland 

migration corridors 

Gulf of Mannar DHW & Connectivity Prioritization of Marine 

Protected Areas (MPAs) 

Chilika Lake Tidal Exchange & Nutrients Optimization of hydrological 

interventions 

 

7 Conclusion and Future Directions 

Mathematical modelling, as we have indicated, is the connecting link between basic environmental data inputs and the 

development of conservation policies. This is definitely the future of modelling: 
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Artificial Intelligence and Machine Learning: Neural Networks for predicting a shift in the ecosystem quicker than 

through mechanistic models. 

Citizen Science Data: Use of real-time salinity and temperature data provided by local fishing communities to inform 

“Live” models. 

Socio-Ecological Models: Including the effects of human behavior in the biological equations, that is, the rate of forest 

clearance and the rate of plastic pollution Coastal regions act as the first defense for a changing climate. Although the 

numbers indicate a tough road, they also hold the key for the preservation of the "blue heartlands" for the coming 

generations. 
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Appendix : Glossary of Mathematical Terms 

Advection: Transport of a substance (e.g., salt, nutrients) through the bulk motion of water. 

Boundary Conditions: Limitations that, when used in conjunction with differential equations, provide the unique solution; 

in coastal models this generally refers to the tidal heights at the open ocean boundary. 

Deterministic Model: A model in which the outcomes are exactly determined by known relationships among states and 

events; no chance variation is allowed. 

Differential Equations: ODEs/PDEs describe the rate of change of a physical or biological quantity with respect to time 

or space. Examples include how mangrove density varies with sea-level rise. 
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Lagrangian tracking: This mathematical approach follows individual "particles" (such as coral larvae) to determine where 

they go, rather than focusing on a fixed location in space. 

Monte Carlo Simulation: A computerized mathematical technique that enables a person to take into account the 

possibility of risk in quantitative analysis and decision-making. Non-linear Feedback: When one variable changes, another 

disproportionately does, often resulting in "tipping points." 

Stochasticity: The absence of predictable order or plan; in modeling, the term is often used to describe the 'noise' of 

random, unpredictable events such as sudden storms. 
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Abstract 

A box model is developed as a simple but powerful approach for modeling the cycling of a particular substance or 

substances in any given environment. Specifically, it can be used as a simple but powerful approach to modeling and 

understanding some of the aspects of the air-sea cycling of carbon dioxide and its interaction with adjacent waters. The 

box model is also effective as a precursor to more complex modeling approaches because it incorporates some of the 

major concepts of air-sea exchange and biological activities in marine surface waters. The box approach incorporates 

some of the major aspects of air-sea exchange and biological activities. The temporal trend of dissolved inorganic carbon 

accumulation or depletion in a box of ocean waters is predicted and modeled using a set of equations. The box model is 

also effective as a precursor to more complex modeling approaches. 

1. Introduction 

Sea plays a vital function in the management and control of the global carbon cycle as it plays the roles of being the sink 

and the source of carbon dioxide (CO₂) in the environment. In an intricate manner involving physical, chemical, and 

biological mechanisms, the ocean buffers the global climate change by absorbing a large amount of the increased CO₂ 

from the environment. On the other hand, the regional ocean system includes the emission of CO₂ to the environment 

from the coastal area through the action of rivers, respiration, upwelling, and anthropogenic activities. 

An important tool for mathematical modeling of marine systems with respect to the dynamics of CO₂ levels is the 

application of mathematical models to represent systematically the mechanisms controlling these dynamics. These 

models can range from simple models to complex three-dimensional models. Box models form an important part of this 

in assisting in the modeling of system processes by defining them as simple mass balance equations. It is important to 

appreciate the role of box models in the analysis of marine systems in a simple yet important manner despite their relative 

simplicity. 

The box model has particular strengths in applicability to spatially heterogeneous systems, a feature typical of shelf seas 

and over a large part of any coast. The spatial scale provides rapid experimentation and estimation of model results, 

together with clear physics. One important feature of box models is often that they are a conduit towards conducting 

more complex numerical models in a simpler form. This gives scope for developing intuition and calibration. 

This particular chapter is devoted to a discussion on modeling mathematical formulations of issues related to CO₂ 
emissions and consumption within a marine environment, especially as they relate to box modeling. Key issues presented 

include the equation formulations, parameterizations, solution schemes, and uncertainty measures. A simple surface box 

model is also presented to demonstrate how such simple representations could provide important insights into such 

critical issues within a marine environment. 

2. Processes Controlling 2CO in Marine Systems 

Key processes: 

(i) Air-sea gas exchange: Parameterized by transfer velocity and the difference between atmospheric and surface ocean 

partial pressure of 2CO )( 2pCO . 

(ii) Physical transport: Advection and diffusion (vertical mixing, baroclinic circulation). 

(iii) Carbonate chemistry: 2CO hydration, carbonate and bicarbonate equilibria, alkalinity, buffering capacity. 

(iv) Biological processes: Photosynthesis, respiration, calcification, and export production (biological pump). 
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(v) Sediment exchange and benthic fluxes: In shallow/Coastal systems. 

(vi) Riverine and anthropogenic inputs:  Nutrients and dissolved inorganic carbon (DIC).  

A complete model blends these processes at appropriate spatial and temporal scales. 

3. Governing Equations 

We begin with the conservation of total dissolved inorganic carbon (DIC, denoted C) and alkalinity where necessary. For 

a control volume in the ocean, the general conservation equation for DIC is:

atmsedchembio SSSSCKuC
t

C





).().(  

where  

 ),( txC DIC concentration )( 3mmol  

 ),( txu velocity field )( 1sm  

 K eddy diffusivity tensor )( 12 sm , often approximated with vertical and horizontal components. 

 bioS net biological source/sink (photosynthesis - respiration + export ) )( 13  smmol . 

 chemS chemical transformation source/sink (e.g., 2CO hydration and carbonate reactions) ).( 13  smmol  

 sedS sediment - water exchange (relevant in shallow or shelf systems) ).( 13  smmol  

 atmS air-sea 2CO flux, implemented as a boundary flux at the surface )( 12  smmol . 

Note on Terms: 

1. Advection   :. uC  Represents transport of DIC by ocean currents. 

2. Diffusion   :. CK  Captures mixing due to turbulence and molecular diffusion. 

3. Biological term :)( bioS Includes uptake via photosynthesis, release via respiration, and sinking/export of organic 

carbon. 

4. Chemical term :)( chemS  Accounts for reactions such as 2CO  hydration and euilibrium shifts in the carbonate system. 

5. Sediment term :)( sedS  represents benthic fluxes, especially in shallow coastal areas. 

6. Air - sea flux :)( atmS Couples the ocean surface with atmospheric 2CO  concentrations via gas exchange laws. 

4. Model Types and Simplifications 

4.1 Box Models 

The simplest type of ocean carbon model represents a region as well-mixed boxes, such as the surface layer, thermocline, 

and deep ocean. For the surface box of thickness h , the DIC budget can be written as: 

 sbiostmixsinadvCO
s hSCCQCCQF

dt

dC
h ,)()(

2
  

Where 

 sC DIC concentration in the surface box )( 3mmol  

 
2COF air-sea 2CO flux )( 12  smmol  
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 advQ advective exchange rate with inflowing water )( 13 sm  

 inC DIC concentration of  inflowing water )( 3mmol  

 mixQ mixing rate with deeper box )( 13 sm  

 tC DIC concentration in the underlying box (thermocline or deep ocean) 

 sbioS , net biological source/sink in the surface box )( 13  smmol  

Box models are useful for conceptual understanding, performing quick sensitivity analyses, and estimating key parameters 

before implementing more complex models. 

4.2 One-Dimensional (Vertical) Models 

In a one-dimensional (1-D) vertical model, the ocean (or coastal water column) is represented as a stack of horizontal 

layers. The model tracks how dissolved inorganic carbon (DIC) concentration ),( tzC  evolves over depth z (positive 

downward) and time ,t accounting vertical transport (turbulent mixing, vertical advection) plus sources and sinks 

(biological production/respiration, chemical processes, exchange with atmosphere at surface, sediment processes near 

bottom). 

A prototypical 1-D tracer equation for DIC is  

           tzStzStzS
z

C
zK

z
Czw

zt

C
sedchembiov ,,, 


























 

where  

  )(zw vertical velocity )( 1ms  (could represent up welling,  

                 down welling,sinking) 

    )(zKv vertical turbulent/eddy diffusivity )( 12 sm , possibly depth-dependent.    

     This parameterization reflects mixing from turbulence convection,  

shear, etc. 

    sedchembio SSS ,, depth-and -time dependent source/sink terms due to biology  

(photosynthesis, respiration, export), chemical transformations  

(carbonate system),and sediment-water interactions (in  

shallow/coastal zones),respectively. 

Boundary conditions are typically: 

 At the surface ,0z a flux boundary condition for air-sea 2CO exchange: 

   )(
2

0

tF
z

C
K CO

z

v 















 

where 
2COF is the 2CO flux density ).( 12  smmol  

 At bottom ( or deep layer lower boundary): often a no-flux condition (if deep ocean boundary), or a flux 

representing sediment exchange or exchange with deeper layers, depending on the system. 

This 1-D framework captures vertical stratification, seasonal cycles, and processes like the biological pump or 

solubility pump (thermal/solubility effects causing DIC gradients with depth) - and forms the basis for many 

biogeochemical column (water-column) models. 
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4.3 Three-dimensional Ocean Models 

Three-dimensional ocean general circulation models (OGCMs) coupled with biogeochemical modules solve the full 

advection - diffusion - reaction equation for tracers such as DIC: 

 ),,().().( bCRCKuC
t

C





 

where ),( bCR denotes biogeochemical reaction terms (biological uptake and remineralization, carbonate chemistry, air-

sea flux imposed as a surface boundary condition, sediment exchange near the bottom, etc), and K is the eddy-diffusivity 

tensor, OGCMs explicity simulate the 3-D velocity ),,,( tzyxu and the evolving temperature/salinity fields that control 

solubility and chemical equilibria. 

Discretization and numerics: 

OGCMs use one of several spatial discretizations: 

 Finite - difference grids (e.g., z-level, s-coordinate) - relatively simple and efficient for structured meshes. 

 Finite  - volume methods - conserve tracer mass by construction and handle advection robustly. 

 Finite - element approaches - flexible for complex bathymetry and unstructured meshes. 

Common time-stepping include explicit schemes (fast but constrained by CFL), semi-implicit or implicit integrators for 

stiff terms (e.g., vertical diffusion), and operator splitting where advection, diffusion, and reaction ( chemistry/biology) are 

advanced sequentially within each step. 

Advection schemes: 

High-resolution, bounded advection schemes ( e.g., limiter methods, MPDATA, incremental remapping are critical to 

reduce numerical diffusion of tracers and preserve sharp gradients ( e.g., frontogenesis upwelling plumes). 

Coupling biogeochemistry: 

Biogeochemical modules range from simple nutrient - phytoplankton - zooplankton - detritus (NPZD) boxes to coplex 

multi-nutrient, multi-functional-group ecosystems with explicit carbonate chemistry and multiple particle classes, 

Coupling can be: 

 Offline (uncoupled): Physical fields (velocity, T,S, mixing) are pre-computed and the biogeochemical model is 

run afterwards. Useful for sensitivity experiements and cheaper. 

 Online (fully coupled): physics and biogeochemistry exchange state variables every time step; needed when 

biology influences density or optics . 

Parameterizations and subgrid processes: 

OGCM grid cells are orders of magnitude larger than turbulent or biological mocroscale processes. Therefore 

parameterizations are needed for vertical mixing (e.g., K-profile parameterization, turbulent kinetic energy closure), 

mesoscale eddy effects ( eddy diffusivity/eddy advection or Gent - McWilliams bolus parameterization), surface mixing 

by waves and Langmuir circulation, and unresolved air-sea variability. 

Computational considerations: 

High-resolution 3-D models are computationally intensive. Choices on horizontal/vertical resolution, time step, and 

complexity of biogeochemical modules determine feasibility. Model evaluation requires rigorous conservation checks, 

tracer budget diagnostics, and comparison to observations (e.g., 2pCO , DIC, alkalinity, oxygen, nutrients). 

5 Parameterizations 

Below are the key parameterizations used in 2CO ocean models, with guidance on formulation, typical behavior, and 

best practices. 
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5.1 Gas transfer velocity k 

Role k converts the difference in partial pressure across the air-sea interface into a flux 

   swatm

CO pCOpCOkF 222
   

where  is the solubility (Henry’s law coefficient) and 
swpCO2

 is sea-surface 2pCO . 

Functional forms. A widely used empirical form is 

  ,
660

2

1











Sc
aUk n

 

where U is a wind speed metric (usually 10-m neutral wind), Sc is the Schmidt number for 2CO (function of temperature), 

a and n are empirical coefficients. Typical choices: 

 2n (quadratic dependence on wind speed) is commonly used for open ocean regimes. 

 The scaling   2
1

660/


Sc  accounts for molecular diffusivity differences ( 660 is the Schmidt number reference 

for 2CO at C20 ). 

 Some parameterizations include additional factors for wave state, sea-state age, or the presence of surfactant and 

organic films that suppress exchange. Sea-ice coverage is treated separately (strongly reduces k). 

Units and care. Coefficients a depend on chosen units for k .),,( 11 etccmhrms 
 and on the wind metric. Always check 

and covert units consistently. 

Best Practice. Use a parameterization appropriate to the spatial scale and known wind regime of the study area; explore 

alternatives sensitivity tests because global estimates of ocean uptake are sensitive to the choice of ).(Uk
 

5.2 Schmidt number Sc 

Definition. 


D
vSc

the ratio of kinematic viscosity v of seawater to the molecular diffusivity D of 2CO
. It depends 

strongly on temperature and weakly on salinity. 

Usage. It appears in k scaling: 
2

1

Sck
. Empirical polynomial fits of 

)(TSc
 exist for 2CO

 (and other gases). For 

modelling, obtain Sc from published empirical fits or tabulated values rather than attempting first-principles estimates. 

Best Practice. Use the same Sc formulation that the chosen k parameterization was calibrated with (to maintain internal 

consistency). 

5.3 Vertical diffusivity 
)(2 vKorK

 

Role. Vertical diffusivity parameterizes turbulent mixing and determines how fast surface DIC anomalies penetrate 

downward (and vice versa). 

Forms and choices. 

 Constant zK
: Simplest; useful for conceptual studies (e.g., 

1245 1010   smKz in stratified thermocline, 

larger in mixed layer). 

 Profile-based 
:)(ZK z larger values in the surface mixed layer, smaller in thermocline; internal wave and shear 

mixing can be represented by depth-varying profiles. 

 Turbulence closure outputs: KPP (K-profile parameterization), Mellor- Yamada, or 2.5-order TKE closures 

compute eddy diffusivities dynamically from turbulent kinetic energy and stratification. 
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 Eddy parameterizations: mesoscale stirring is commonly represented by an isopycnal or bolus transport (Gent - 

McWilliams) rather than as a simple K. 

Best Practice. Choose zK
consistent with the model’s vertical resolution and physics. If using a 1-D or column model, 

tune zK
to reproduce observed mixed-layer depths and vertical tracer profiles. In 3-D coupled models, prefer dynamic 

turbulence closures where possible. 

5.4 Biological source  bioS
 

Role. Represents net biological transformation of DIC via photosynthesis (uptake), respiration (release), calcification, and 

export (sinking of organic particles). 

Levels of representation. 

 Simple parameterizations: seasonal or depth-dependent uptake rate 
),( tzSbio  (e.g., sinusoidal seasonality; 

exponential remineralization with depth for exported organic matter). 

 Mechanistic NPZD and higher complexity models: explicitly model nutrients, phytoplankton growth and loss, 

zooplankton grazing, detritus production and sinking, and variable stoichiometry. These produce an emergent  

bioS
   coupled to nutrient limitation, light, and temperature. 

 Calcification/packaging: include explicit carbonate production and dissolution pathways when carbonate 

chemistry or calcifier ecology matter. 

Best practice. The complexity of  bioS
should match the science question. For carbon questions, explicit representation 

of export and remineralization (not just surface uptake) is critical. 

5.5 Temperature and salinity dependence (solubility & equilibrium constants) 

Solubility. 2CO
solubility 


depends on temperature and salinity; It decreases with increasing temperature (warmer water 

holds less 2CO
). Empirical fits (e.g., Weiss 1974) give practical formulas for 

),( ST
. Use standard empirical 

relationships or library implementations (CO2SYS) to compute 


consistently. 

Carbonate system equilibrium constants. The dissociation constants 1K
and 2K

(for 
)2

332 COHCoCO 
depend 

on temperature, salinity, and pressure. Several published formulations exist (e.g., Mehrbach refit by Dickson & Millero). 

Choose a consistent set of constants and note the conventions (total scale vs seawater scale, ionic strength corrections). 

Best Practice. Use vetted libraries (CO2SYS) implementations in Python/MATLAB/R) that implement standard 

formulas for solubility and equilibrium constants and handle unit conversions (molality vs molarity, density corrections). 

This avoids subtle but important errors. 

5.6 Practical modeling reminders & sensitivity testing 

 Units consistency: ensure fluxes 
 12  smmol

 are converted to volume units 
 13  smmol

 when used in 

box/volume budgets. 

 Boundary conditions: air-sea flux is a surface boundary condition; sediment exchange is a bottom boundary flux 

(or an explicit benthic module). 

 Sensitivity tests: conduct sensitivity experiments for zKUk ),(
, biological remineralization length scales, and 

alkalinity - these parameters often dominate uncertainty in flux estimates. 

 Validation: Use 2pCO
 observations (SOCAT), DIC/alkalinity from cruises, oxygen (for biological respiration), 

and satellite SST/wind to validate model structure and parameter choices. 
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 Conservation checks: verify tracer mass conservation numerically - advection schemes and operator splitting can 

introduce small non-conservative errors if not handled carefully. 

6 Numerical Methods 

Numerical simulation of marine carbon cycle models requires careful design of time-stepping algorithms, spatial 

discretization schemes, and coupling strategies between physical and biogeochemical processes. The choice of numerical 

method strongly influences accuracy, computational cost, stability, and mass conservation of dissolved inorganic carbon 

(DIC) and associated tracers. 

6.1 Time-Stepping Methods 

Time stepping controls how the model advances from one time level to the next. 

6.1.1 Explicit Methods 

 Easy to implement and computationally efficient per time step. 

 Stability restricted by the Courant - Friedrichs - Lewy (CFL) condition, 

  
,

u

x
t




 

And by diffusion constraints, 

  
.

2

2

K

x
t




 

 Suitable for high-resolution models with small time steps. 

6.1.2 Implicit Methods 

 Allow longer time steps because they are unconditionally stable for linear diffusion. 

 Require solving linear or nonlinear systems at each step (computationally more expensive).  

 Common in ocean models for vertical diffusion and mixing, where diffusion is stiff. 

6.1.3 Semi-Implicit / Split Methods 

 Treat advection explicitly and diffusion implicitly. 

 Used widely because they provide a balance between stability ad cost. 

 Particularly useful when biological/chemical reactions are stiff but transport is not. 

6.2 Advection Schemes 

Advection determines how tracers such as DIC move with ocean currents. 

6.2.1 Upstream (upwind) Schemes 

 Stable and monotonic (no negative concentrations). 

 But numerically diffusive; they smear sharp gradients. 

6.2.2 Centered Schemes 

 Higher accuracy for smooth fields. 

 Can generate oscillations (non-monoonic) near steep gradients. 

6.2.3 High-Resolution Schemes 

 Examples: flux-limiter schemes, TVD (Total Variation Diminishing), MPDATA, PPM (Piecewise Parabolic 

Method). 

 Reduce numerical diffusion while suppressing oscillations. 
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 Ideal for carbon tracers where sharp fronts (upwelling zones, river plumes) occur. 

6.3 Diffusion Discretization 

Diffusive transport is often approximated using: 

6.3.1 Central Differences 

 Simple and second-order accurate. 

 Widely used for vertical diffusion in 1-D and 3-D models. 

6.3.2 Finite-Volume Flux Formulations 

 Conserve tracer mass to machine precision. 

 Robust for irregular grids or steep bathymetry. 

 Preferred in modern ocean general circulation models (e.g., MITgcm, NEMO, ROMS). 

6.3.3 Turbulence Closure 

 Vertical mixing coefficients zK
evolve dynamically from turbulence schemes (e.g., K-profile Parameterization 

(KPP), Mellor - yamada, GLS). 

 Requires implicit or semi-implicit solution for stiff mixing terms. 

6.4 Coupling Chemistry (Carbonate System) 

Biogeochemical reactions including carbonate equilibrium can evolve at much faster time scales than physical transport. 

6.4.1 Operator Splitting 

 Physical transport (advection +diffusion) is solved first. 

 Carbonate chemistry and biological reactions are applied second. 

 Allows use of specialized solvers for chemistry without coupling directly to the physical matrix. 

6.4.2 Stiffness Handling 

 Carbonate equilibrium reactions are nonlinear and stiff. 

 Solved with implicit Newton_raphson, Rosenbrock, or dedicated CO2SYS-style routines. 

 Some models sub-step chemistry (multiple small internal steps per physical time step). 

6.4.3 Tight Coupling 

 Necessary when reaction rates strongly interact with physics (e.g., intense calcification, strong vertical gradients). 

 More expensive but preserve chemical stability. 

6.5. Stability, Accuracy, and Conservation 

6.5.1 Stability 

 Perform a CFL analysis for each process: advection, diffusion, and reaction. 

 Time step must satisfy stability for the combined operator. 

6.5.2 Mass Conservation 

 Essential for global carbon budget calculations. 

 Finite-volume or flux-form discrietizations preferred. 

6.5.3. Sensitivity and Error Propagation 

 Dependency on time step size. 

 Diffusion coefficient tuning. 
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 Advection scheme performance in sharp-front problems. 

Summary 

Robust numerical methods are essential for faithfully simulating marine 2CO
dynamics. A careful combination of stable 

time-stepping accurate advection schemes, conservative diffusion formulations, and efficient chemistry coupling ensures 

that the model performs reliably across diverse oceanic regions and time scales. 

7. Simple Demonstration Model (Case Study) 

We now present a minimal yet fully specified surface- box model for a coastal region to illustrate model construction, 

numerical solution, diagnostic outputs, and sensitivity analysis. The aim is pedagogical: the model is simple enough to 

run on a laptop but contains the essential couplings (air-sea exchange, advection/exchange, river input, and biology) 

needed to demonstrate typical behaviour of coastal DIC and 2pCO
. 

7.1 Model description ( mathematical form) 

A single surface box of thickness h (m) and area A 
)( 2m

 contains DIC concentration 
).()( 3mmoltC

 The box 

exchanges water with an offshore reservoir (exchange 
), 13 smQex , receives river water with volumetric flow 

)()( 13 smtR
 and concentration 

)( 3mmolCR , exchanges 2CO
with the atmosphere through surface flux 

)()( 12

2

 smmoltFCO and experience net biological uptake 
)()( 13  smmoltB

. The governing ODE for the bulk DIC 

in the box is : 

 
).()(

)(
)()(

2
thBCC

A

tR
CC

A

Q
tF

dt

dc
h Roff

ex
CO 

 

Notes on units and conversion: 

 
)( 12

2

 smmolFCO acts as a surface flux; dividing by the box depth h gives a volumetric rate 
)( 13  smmol

in the 

ODE. 

 Exchange terms 
)()( CCARandCCAQ Roffex 

 are already volumetric rates 
)( 13  smmol

 because 

AQex has units 
1s
. 

Air-sea flux parameterization. 

 
    )()(,)()( 222

tpCOtpCOSTtUktF swatm

CO  
 

Where k(U) is a wind-dependent transfer velocity 
),(),( 1 STsm 

 is the solubility 
)( 13  atmmmol

, and 
swpCO2 is 

computed from C and alkalinity TA
via a carbonate equilibrium solver (CO2SYS or equivalent).  

Biological uptake. 

We adopt a seasonal sinusoidal formulation for surface net uptake: 

 














yrT

t
tftfBtB

2
sin5.05.0)(),()( max , 

with 
dTyr 365

(converted to seconds in code), so uptake is highest in summer and minimal in winter. Export and 

remineralization below the surface are implicit in maxB
and can be refined by adding an explicit export - remineralization 

term if desired. 
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7.2 Parameter choices (example) 

Use the following baseline parameters for numerical experiments: 

 mh 10
(surface mixed layer depth) 

 )100(101 228 boxkmmXA
 

 
134101  smXQex (offshore exchange) 

 
13500  smR

(mean river discharge) 

 
32.2  mmolCR (river DIC) 

 
33.2  mmolCoff (offshore DIC) 

 
136

max 101  smmolXB
 

 atmeppmpCOatm 64204202 
(or use time-varying atmospheric 2CO

). 

 Temperature 
CT 15

, Salinity S=35 psu 

 Total alkalinity 
12300  kgmolAT 
(note unit handling: convert to 

3mmol
using seawater density if needed) 

Wind forcing and transfer velocity. For baseline experiments use a constant wind speed 
17  msU

and the 

Wanninkhof-style scaling 
2

1
2 )660/(



 ScaUk
with an appropriate a (ensure correct units conversion; e.g., to 

1sm
). 

In sensitivity runs, perturb U by 
%5020

or use a seasonal sinusoid. 

7.3. Numerical integraion ( algorithm and implementation) 

Time discretization. Use an implicit Euler ( backward Euler) scheme with daily time step 
st 86400

for one year 

(N=365 steps). backward Euler is chosen for robustness; the simple box ODE becomes an algebraic equation at each 

time step solvable directly ( no global linear solve required for a single box). 

Algorithm per time step  
:1 nn
 

1. Given 
nC
at time 

nt
, compute biological uptake 

 11   nn tBB
 (or use 

nB
for semi-implicit). 

2. Compute atmospheric 2pCO
 (constant or time-varying) and wind speed 

1nU
to obtain 

1nk
 and solubility 

1n
. 

3. Solve carbonate chemistry: gives guess 
,)0(,1 nn CC 

 use Newton - Raphson (or call CO2SYS) to obtain 
1,

2

nswpCO
 

consistent with 
1nC
 and TA

. For the implicit Euler step we must treat the flux consistency; two pragmatic options are: 

 Semi-implicit splitting (recommended): (a) advance transport and exchange implicitly without updating 2COF
(use 

nF
or average 

 )0(,1

2

1  nn FF
); (b) update carbonate chemistry and recompute 

1nF
; (c) repeat if strong 

coupling is present ( fixed-point iteration). 
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 Fully implicit (iterative): include 
)( 1

2

n

CO CF
 in the implicit equation and solve the resulting nonlinear scalar 

equation for 
1nC
using Newton iterations; each Newton equal requires calling the carbonate solver to compute 

swpCO2  and its derivative with respect to C. 

4. For the semi-implicit backward Euler update (using flux evaluated at previous step for simplicity): 

.
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5. Optionally iterate steps 2-4 updating flux 
1

2

n

COF
based on the new 

1nC
 until conergence (residual tolerance e.g., 

3610  mmol
). 

Diagnostics and conservation checks. At each step compute. 

 Surface 2pCO
and air-sea flux 

)( 12

2

 smmolFCO  

 Total DIS mass in box M = C X A X h  (mol) and its change due to each process 

 Cumulative integrated fluxes (annual uptake, riverine load, net exchange) 

Unit consistency. Carefully convert alkalinity 
 1kgmol

 to 
3mmol

using seawater density 
 31025  mkg

 when 

passing values into carbonate solvers that expect 
31  mmolorkgmol
. 

7.4 Sample experiments, expected behaviour, and interpretation 

Below are suggested numerical experiments and the expected qualitative outcomes. 

Experiment A - Baseline seasonal run. 

 Run with the baseline parameters and constant wind 
17  smU
 but seasonal biology B(t). Expect: 

 Summer: increased B(t) reduces surface DIC and 
swpCO2 , producing enhanced uptake (positive 2COF

into the 

ocean). 

 Winter: reduced uptake ( or net outgassing) depending on river input and mixing. 

Experiment B - Increased river discharge. 

 Double R for a specified period (e.g., monsoon season). Expect surface DIC to rise, 
swpCO2 to increase, and 

possible periods of net outgassing if the river DIC is high relative to atmospheric equilibrium.  

Experiment C- Wind sensitivity 

 Increase TA
by

%5
to test sensitivity of 

swpCO2  and flux; alkalinity strongly controls the buffering capacity and 

thus the 2pCO
response to DIC changes. 

Diagnostics to plot. 

 Time series (daily) of 
)(),(),(

22 tFtpCOtC CO

sw

, and cumulative integrated flux 
)( 1yrmol

. 

 Bar charts of annual budgets: total atmospheric uptake vs riverine input vs offshore exchange vs biological 

export. 
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 Sensitivity Curves showing annual net uptake as a function of wind speed, river discharge, or alkalinity. 

Interpretation guidance. 

 Look for seasonal phasing: biological uptake often precedes minimum 2pCO
 by a short lag depending on gas 

exchange strength. 

 Evaluate when the coastal box becomes a net source vs sink on annual and seasonal timescales. 

 Quantify how much of the net DIC change is due to physical exchange vs biological processes 

7.5 Limitations and possible extensions 

Limitations. 

 Single-box model omits horizontal heterogeneity, vertical stratification, and explicit export/remineralization 

depth structure. 

 Simplified biology ( single sinusoidal) neglects nutrient limitation, grazing, and light dependence. 

 Carbonate chemistry coupling is handled in a simplified semi-implicit way unless a fully implicit solver is 

implemented. 

Extensions. 

 Add a second box (thermocline) to represent vertical exchange and explicit remineralization depth scales. 

 Replace sinusoidal biology with a simple NPZD module to capture nutrient-phytoplankton dynamics. 

 Force the model with observed wind and river discharge time series and compare to SOCAT or local 2pCO
 

observations for validation. 

 

 

8 Conclusion 

This chapter has presented a comprehensive and integrated overview of carbon dioxide dynamics in marine 

environments, emphasizing the role of mathematical modelling in quantifying, predicting, and interpreting 2CO
 fluxes 

across the atmosphere - ocean interface. Beginning with fundamental physical and biogeochemical principles, we 

introduced governing conservation equations, air-sea gas exchange theory, carbonate system equilibria, and biological 

controls on dissolved inorganic carbon. These concepts were then linked to a hierarchy of models - from surface-box 

formulations to vertically resolved and coupled circulation-biogeochemical systems - demonstrating how the choice of 

spatial and temporal scales influences representation of marine 2CO
processes. 

A complete model requires balancing multiple interacting processes: wind-driven gas transfer, carbonate chemistry, 

biological production and remineralization, external inputs (riverine fluxes, lateral exchange), and vertical mixing. As 

highlighted throughout, the marine 2CO
system is intrinsically nonlinear and sensitive to environmental variability. The 

minimal coastal surface - box study illustrated how these processes are operationalized into governing ODEs, solved 
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numerically, and interpreted in terms of seasonal cycles, flux variability, and the shifting balance between sink and source 

conditions. 

Given the complexity of the Earth system, sensitivity and uncertainty analysis plays a central role in modern marine carbon 

modelling. We discussed uncertainties in gas transfer parameterization, carbonate constants, mixing coefficients, and 

biological rates, and described methodological frameworks such as local sensitivity analysis, Monte Carlo ensembles, 

global Sobol  indices, adjoint modelling, and Bayesian parameter estimation. These tools allow researchers to assess 

robustness, identify influential processes, and evaluate confidence in model-derived flux estimates. 

Overall, the chapter demonstrates that mathematical models are indispensable tools for understanding marine carbon 

cycling and for predicting how oceanic 2CO
fluxes will respond to human-drive climate change. Models help integrate 

diverse datasets, test mechanistic hypotheses, and support decision-making for carbon budgets, coastal management, and 

climate mitigation policies. Continued improvements in observations, computational tools, and interdisciplinary 

integration will further strengthen the predictive capabilities of marine 2CO
models, enabling more accurate assessments 

of ocean carbon sink variability in a changing climate. 
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Abstract This chapter constructs a compact mathematical model that links emissions, land-use (with emphasis on tropical 

forest protection), carbon cycle dynamics, and near-term temperature response to evaluate potential outcomes of pledges 

and initiatives announced at COP30. The model combines a simple climate box model (two-box atmosphere-ocean), an 

economic emissions-abatement dynamics module, and a land-use / forest-conservation module tailored to the COP30 

context (including a Tropical Forest Facility and expanded Indigenous land tenure). We calibrate the model to 2020-

2024 historical emissions and temperature observations and explore five COP30 policy scenarios: Business-as-Usual 

(BAU), Pledge-Implementation (PI), Accelerated Forest Conservation (AFC), Global Carbon Price (GCP), and 

Ambitious Mixed Action (AMA). Using deterministic and sensitivity analyses, the paper quantifies projected 2030 and 

2050  concentrations, transient global mean temperature increase, and cumulative avoided emissions under each 

scenario. Results indicate that ambitious forest protection combined with accelerated mitigation and a modest global 

carbon price can reduce median 2100 warming by relative to BAU pathways in this model’s parameter space, and can 

substantially lower near-term(2030) emissions trajectories - but alone cannot guarantee a outcome without faster deep 

decarbonization. We present policy-relevant diagnostics: marginal abatement cost curves within the model, trade-offs 

between short-term carbon sinks versus long-term emission cuts, and robust sensitivity bounds for tipping-point risk 

proxies. The chapter closes with recommendations for COP30 follow-through: alignment of finance flows with 

measurable forest-conservation baselines, rapid deployment of near-term energy mitigation policies, and transparent 

monitoring for Indigenous land-tenure outcomes. The model and code (pseudo-code provided) enable rapid scenario 

testing for negotiators and researchers. 

Keywords:  COP30, mathematical modelling, Carbon Cycle, forest conservation, climate policy, transient climate 

response, tropical forests, Indigenous land tenure, abatement cost. 

1 Introduction 

The 30th Conference of the Parties (COP30), scheduled to take place in Belém, Brazil, in November 2025, represents 

a pivotal moment in global climate diplomacy. Occurring at a time when the world is experiencing record-high 

temperatures, accelerated biodiversity loss, and rapid intensification of climate-related disasters, COP30 is widely viewed 

as both a test of global political will and a platform for re-calibrating climate ambition. The conference also carries 

symbolic and practical importance: being hosted in the Amazon region underscores the global significance of tropical 

forests as carbon sinks, biodiversity reservoirs, and cultural homelands for Indigenous communities. 

 The Amazon and other major tropical forest systems have experienced increasing ecological pressures due to 

deforestation, land conversion, fire regimes, and governance challenges. As a result, forest-related  emissions have 

remained a key driver of global greenhouse gas growth, COP30 therefore places exceptional emphasis on forest 

protection, Indigenous land rights, and climate finance, including the anticipated expansion of mechanisms such as the 

Amazon protection initiative and the creation or reinforcement of large-scale forest conservation financing facilities. 

These developments highlight the need for integrated modeling approaches capable of assessing not only energy-sector 

mitigation but also land-use and governance dimensions. 

 In addition to land-sector considerations, COP30 is expected to host renewed national commitments through 

updated Nationally Determined Contributions (NDCs) and potential new cooperative strategies involving carbon 

markets, carbon pricing, and technology deployment. Despite gradual progress in global climate agreements, a substantial 

implementation gap remains between pledged actions and the emissions trajectories required to limit warming to  or even 
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. Achieving meaningful progress will require both ambitious commitments and credible pathways for implementation, 

monitoring, and verification. 

 To address these analytical needs, this chapter develops a tractable, policy-oriented mathematical model that 

integrates four domains critical to COP30: (i) national emissions pledges and abatement pathways, (ii) large-scale forest 

conservation initiatives and associated carbon fluxes, (iii) Carbon-cycle dynamics, and (iv) climate system response. The 

goal is not to replicate the complexity of full Integrated Assessment Models (IAMs), but rather to construct an 

interpretable, reproducible framework that negotiators, researchers, and policymakers can use to explore the implications 

of COP30 actions. 

 Within this framework, we analyze how different implementation scenarios-including business-as-usual 

trajectories, effective pledge realization, strengthened forest protection, and mixed mitigation strategies-shape global  

concentration pathways, planetary warming, and cumulative avoided emissions. By combining emissions-abatement 

modeling with forest conservation parameters, we quantify the interaction between energy-sector decarbonization and 

nature-based solutions. This analysis is particularly relevant given the urgency of reducing  near-term emissions before 

2030, when the remaining carbon budget for limiting warming to becomes extremely constrained. 

 The central research question guiding this study is : How much near-term and long-term warming reduction can 

plausibly be achieved under realistic COP30 implementation scenarios, and what role can tropical forests play in bridging 

the gap between current policies and the required global mitigation trajectory? Addressing this question requires not only 

projecting emissions outcomes but also examining the sensitivity of results to key uncertainties, including governance 

effectiveness, leakage from forest protection, abatement inertia, and climate sensitivity. 

 Accordingly, this chapter provides a suite of quantitative diagnostics essential for policy discussions: concentration 

trajectories, transient temperature outcomes, marginal abatement cost estimates, and Monte Carlo-based uncertainty 

ranges. These outputs are designated to help negotiators understand the magnitude, timing, and reliability of mitigation 

opportunities presented at COP30, enabling more informed decision-making in the context of global climate goals. 

2 Literature and Policy Context 

A substantial body of research underpins the development of reduced-form climate-economy models used for policy 

analysis. Foundational integrated assessment models (IAMs), such as the DICE family, FUND, and PAGE, have long 

provided analytic frameworks lining emissions, carbon-cycle dynamics, economic activity, and climate damages. While 

these models differ in structure and complexity, their shared aim is to produce simplified yet coherent representations of 

Earth-system responses under alternative mitigation pathways. Reduced-form variants-two-box energy -balance models, 

impulse-response temperature models, and multi-box carbon-cycle representations-have become widely used because of 

their transparency, computational efficiency, and suitability for scenario exploration. 

 Parallel advancements in the climate-science literature have refined representations of transient climate response, 

ocean heat uptake efficiency, and feedback strength. These improvements support the construction of policy-relevant 

models that avoid excessive complexity which retaining physical plausibility. Simplified frameworks also enable rapid 

assessment of uncertainties through sensitivity analysis and Monte Carlo techniques, which are essential for informing 

negotiations where stakeholders need clear quantitative metrics.  

 In recent years, land-use and forest-sector modeling has gained prominence as global attention shifts increasingly 

toward nature-based solutions. Empirical studies on tropical forest carbon fluxes, deforestation dynamics, and restoration 

potential demonstrate that land systems can serve as both major emission sources and critical carbon sinks. Policy 

developments-including large-scale financial pledges for forest conservation, results-based payment systems, jurisdictional 

REDD + mechanisms, and recognition of Indigenous land tenure-highlight the need for explicit or at coarse resolution; 

however, the new policy context surrounding COP30 necessitates more granular representation of forest conservation 

effects. 

 To bridge this gap, contemporary research emphasizes integrating biophysical forest processes with socio-

institutional dimensions such as governance quality, monitoring capacity, and leakage risks. These approaches introduce 

parameters for implementation effectiveness, permanence, and opportunity costs associated with reduced deforestation. 

Incorporating such parameters into reduced-form models enhances the ability to evaluate realistic policy outcomes rather 

than idealized potential. 

This paper synthesizes insights from climate dynamics, simplified carbon‑cycle modeling, forest‑sector research, and 

environmental economics to construct an analytically tractable framework suitable for COP30‑related scenario 
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assessment. By combining land‑conservation modules with emissions‑abatement and climate‑response components, the 

model supports evaluation of how strengthened forest policies, updated national commitments, and market‑based 

mitigation instruments interact to shape global temperature trajectories. The resulting framework is intended to be 

sufficiently robust to guide policy discussions while remaining transparent and easy to implement. 

3 Model Architecture Overview 

The model comprises four coupled modules, each representing a key component of the emissions–carbon–

climate system: 

3.1 Emissions–Abatement Module (EAM) 

A stylized socioeconomic–economic module that generates anthropogenic CO₂ emissions based on baseline 

economic activity, energy intensity, technology pathways, and abatement effort. Abatement is introduced through policy 

levers, carbon price trajectories, or sectoral mitigation options, allowing the model to simulate emission reductions under 

various scenarios. 

3.2 Land-Use & Forest Module (LUF) 

This module quantifies additional CO₂ fluxes arising from land-use change, reforestation, afforestation, and 

avoided deforestation. It captures forest-carbon dynamics based on conservation financing, tenure security, community 

forest management, and land governance outcomes. Both biogenic emissions and carbon sequestration are represented. 

3.3 Carbon Cycle Module (CCM) 

A simplified three-box carbon model that tracks carbon stocks and flows among the atmosphere, upper 

ocean/mixed layer, and deep ocean reservoirs. The CCM simulates carbon uptake, oceanic diffusion, and long-term 

sequestration, linking anthropogenic emissions to atmospheric CO₂ concentration. 

3.4 Climate Response Module (CRM) 

A two-box climate system model that translates atmospheric CO₂ concentrations into global temperature 

response. The fast-response box represents the upper ocean and troposphere, while the slow-response box captures 

deep-ocean heat uptake. Together they produce short-term warming, long-term equilibrium climate sensitivity, and 

feedback-driven temperature evolution. 

4. Mathematical Formulation: COP30 - Focused Model: Modules and Key Flows 

This section presents the high-level architecture of the integrated model developed for evaluating COP30-aigned 

climate outcomes. The framework is organized into four coupled modules, each representing a distinct conceptual layer 

of the climate-economy-land system. Al though mathematically codified in subsequent sections, the diagram provides an 

intuitive understanding of how information, carbon fluxes, and forcing signals propagate through the model. 

4.1 Emissions–Abatement Module (EAM) 

The diagram places the EAM on the top-left, reflecting its role as the entry point for anthropogenic emissions. 

This module converts socioeconomic activity, marginal abatement cost (MAC) curves, and carbon price trajectories into 

a quantitative estimate of annual emissions, denoted )(tEanth  . From the diagram’s arrow, we see )(tEanth flowing directly 

into the Carbon Cycle Module (CCM), demonstrating that economic behavior is the primary driver of atmosphere CO₂ 
accumulation. 

4.2 Land-Use & Forest Module (LUF) 

Immediately adjacent is the LUF module, representing deforestation, avoided emissions, and forest restoration. 

The diagram illustrates the module’s dual function: 

 It generates gross land-use emissions arising from tropical forest loss. 

 It incorporates COP30 - linked interventions such as forest finance, Indigenous tenure strengthening, and 

governance improvements. 

The LUF produces a net flux )(tFland , which also flows into the CCM. 
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This arrow visually emphasizes that tropical forests are modeled as a parallel carbon source/sink relative to fossil 

emissions, not simply an exogenous reduction factor. 

4.3 Carbon Cycle Module (CCM) 

Centred in the diagram, the CCM acts as the core biogeochemical engine. The two incoming arrows correspond 

to: 

 Anthropogenic emissions  anthE  

 Net land-use emissions  landF  

Within the rectangle, the text notes the atmosphere-upper-ocean-deep-ocean structure, capturing the multi-decal 

partitioning of carbon. 

The CCM outputs: 

1. Atmospheric CO₂ concentration )(tCatm showm flowing rightwards into a CO₂ output box. 

2. Radiative forcing )(tF shown flowing downward to the Climate Response Module (CRM). 

4.4 Climate Response Module (CRM) 

Located in the lower center, the CRM represents a two-box energy balance model consisting of a fast-responding 

surface climate box and a slow-responding deep-ocean box. 

The forcing input )(tF  triggers a temperature response )(tT , shown in the diagram flowing rightwards into a 

Temperature Output box. 

This placement highlights: 

 The sequential nature of climate physics (emissionsCO₂ forcing temperature) 

 The model’s ability to convert policy levers into climate outcomes. 

4.5 Output Summary (CO₂ and Temperature Boxes) 

On the far right, the final boxes show the two primary variables that negotiators use: 

 Atmospheric  CO₂ concentration (ppm) 

 Global mean temperature anomaly  C  

These outputs align with COP30 reporting expectations and allow direct comparison with IPCC AR6 mitigation pathways. 

Narrative Interpretation 

The diagram clarifies that the model is a forward-linked, dynamic chain, not a static mapping. Each module 

informs the next through explicit fluxes and forcing signals. Importantly, the inclusion of the LUF module as a distinct 

block highlights COP30’s focus on tropical governance, distinguishing this model from standard IAMs. 

By presenting the framework visually, the fig.1 supports the mathematical derivations that follow and provides 

readers with a conceptual anchor for interpreting scenario results. 

5. Scenario Design (COP30-Aligned) 

Designing scenarios consistent with the ambition and policy discussions surrounding COP30 (Belém, Brazil, 

2025) is central to understanding how different pathways of mitigation, forest conservation, and governance reforms 

interact with the climate system. The model developed in Sections 3–4 is simulated under multiple policy configurations, 

each reflecting a coherent narrative about political feasibility, financing flows, technological advancement, and societal 

adoption rates. 
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Figure 1: emission-carbon-climate 

 

Figure 2: Global carbon cycle schematic 

 

The goal of these scenarios is not to predict the future but to bound the plausible space of climate outcomes and 

quantify (i) emissions trajectories, (ii) forest/land-use contributions, (iii) atmospheric CO₂ outcomes, and (iv) short- and 

long-term temperature responses. 

5.1 Scenario Framework 

To ensure comparability with international assessments (IPCC AR6, UNEP Gap Report), the scenario protocol 

includes: 

1. A baseline socio-economic trajectory 

2. A consistent carbon-price or abatement-cost pathway 

3. A forest finance module consistent with COP30 pledges 

4. A governance effectiveness index (θ ∊ [0,1]) 

5. Policies that directly influence model parameters, such as: 

 Maximum feasible abatement max  

 Forest finance inflow )(tFfin  

 Indigenous tenure strengthening coefficient   

 Carbon price growth rate pr  

 Implementation delay factors 

Each scenario modifies one or more of these levers. 
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5.2 Baseline Scenario (S0: Pre-COP30, No New Action) 

This is the reference case against which all other scenarios are evaluated. 

Key Assumptions 

 No additional forest commitments beyond 2023-2025 pledges 

 Carbon price remains low (< USD 12/Gt-CO₂ globally) 

 Governance improvements minimal (θ = 0.35) 

 Deforestation continues modestly at historical averages 

 Abatement μ(t) grows only with slow autonomous technology improvement 

Expected Outcomes 

 Global CO₂ emissions peak around 2033–2035 

 Forest sinks decline by ~10–15% 

 CO₂ concentration exceeds 540 ppm by 2100 

 Warming reaches ~2.7–3.0°C 

This scenario illustrates the mitigation gap COP30 seeks to address. 

5.3 Scenario S1: COP30 Pledges Implemented Fully 

This scenario assumes that countries meet their “highest ambition consistent with national circumstances” as 

committed at COP30. 

Policy Levers 

 Carbon price grows rapidly (rₚ ≈ 8%/yr) 

 Forest finance increases to USD 30–35 billion/yr 

 Indigenous land tenure reinforcement raises governance θ → 0.65 

 Forest-related avoided emissions increase by ~40% 

Model Parameter Adjustments 

 Abatement effort parameter β increases 

 Maximum feasible abatement rises (μ_max → 0.75) 

 Land-use sink term receives annual augmentation 

Expected Outcomes 

 Emissions peak by 2028 

 Atmospheric CO₂ stabilizes near 500 ppm 

 Warming outcome: ≈2.1–2.3°C by 2100 

 Tropical forests contribute ~12–15% of global mitigation by 2035 

This is the “successful COP30” scenario. 

5.4 Scenario S2: Forest-Centric High-Ambition Pathway 

Here COP30’s Amazon-focused leadership results in aggressive forest observation globally. 
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Policy Levers 

 High forest finance (≥ USD 50 billion/yr) 

 Governance θ ≈ 0.85 due to tenure reforms 

 Zero-deforestation commitment achieved by 2035 in Amazon, Congo, and SE Asia 

 Carbon price moderate (rₚ ≈ 5%/yr) 

Model Parameter Adjustments 

 Land-use sink term C_I increases rather than declines 

 Avoided deforestation contributes 1.5–2.2 Gt-CO₂/yr by 2035 

Forest regrowth adds ~0.5 Gt-CO₂ sink by 2050 

Expected Outcomes 

 CO₂ peaks and then slowly declines 

 Long-run concentration: 470–480 ppm 

 Climate response: 1.8–2.0°C warming 

 Forests supply 25–30% of global mitigation through 2050 

This scenario quantifies forests as a global mitigation pillar, not a marginal supplement. 

5.5 Scenario S3: Delayed Implementation + Weak Governance 

This scenario reflects political friction, slow disbursement of finance, and weak enforcement. 

Policy Levers 

 Governance θ low (0.30–0.40) 

 Forest finance delayed by 5–7 years 

 Carbon price flat until 2035 

 Limited implementation of COP30 mechanisms 

Model Parameter Impacts 

 Abatement μ(t) grows slowly 

 Forest sinks degrade 

 Net land-use emissions remain positive 

Expected Outcomes 

 CO₂ concentration exceeds 550 ppm 

 Warming crosses 3°C 

 Substantial divergence from the Paris 1.5–2°C pathway 

This scenario highlights the risk of inaction. 

5.6 Scenario S4: Net-Zero-Aligned + Accelerated Finance Pathway 

This scenario aligns with the global 1.5–1.7°C pathways. 

Policy Levers 

 Very high carbon prices (> USD 150/tCO₂ by 2040) 

 Rapid EV, renewable, and low-carbon industrial transitions 

 Forest finance > USD 70 billion/yr 
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 Strong monitoring + Indigenous governance (θ → 0.9) 

Model Parameter Shifts 

 Abatement μ_max → 0.90 

 Carbon cycle perturbation reduced by stronger sinks 

 Radiative forcing plateaus after mid-century 

Outcomes 

 CO₂ peaks before 2030 and declines to <420 ppm by 2100 

 Global warming: ≈1.6°C 

 Forests supply 8–12% of mitigation in 2050 but crucially prevent overshoot 

This is the most optimistic pathway. 

5.7 Why These Scenarios Matter for COP30 

Each scenario offers a diagnostic lens: 

Scenario      COP30 Policy Focus                Key Insight 

S0  No new action                                Demonstrates mitigation gap 

S1 Full delivery of pledges          Shows feasibility of 2.1–2.3°C 

S2         Forest-centeredambition  Forests can offset major mitigation               shortfall 

S3  Weak governance                            Reveals danger of delayed implementation 

S4 Net-zero-aligned                            Only pathway consistent with 1.5°C 

Scenarios S1 and S2 are most closely aligned with actual COP30 negotiating priorities, especially regarding forest finance, 

carbon markets, and Indigenous governance. 

5.8 Integration With the Mathematical Model 

Each scenario modifies specific parameters defined in Section 4: 

 Abatement Function: changes α, β, μ_max 

 Forest Flux Term: modifies F_fin(t), θ, γ 

 Carbon Cycle Coefficients: indirectly affected by land sinks 

 Radiative Forcing Term: through C_atm(t) trajectory 

 Climate Response: driven by R(t) differences across scenarios 

Thus the scenario design forms the input layer of the full model. 

6 Simulation Results & Discussion 

This section presents the model outputs generated under the three COP30-aligned scenarios described earlier: 

S1 - Business-as-usual (BAU), S2- Moderate COP30 Implementation, and S3 - High-Ambition COP30 Implementation 

with Strong Tropical Forest Protection. Results are interpreted across four dimensions: (i) emissions and abatement 

patterns, (ii) land-use and forest contributions, (iii) atmospheric CO₂ trajectories from the carbon-cycle module, and (iv) 

temperature responses from the two-box climate module. Sensitivity analyses are used to evaluate the robustness of 

findings to uncertainty in socioeconomic and biophysical parameters. 
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6.1 Emisssions Pathways 

S1 - Simulated anthropogenic emissions under BAU continue to increase slowly until 2035 because of economic 

and population growth that is implicit in the baseline emissions driver ).(0 tE Without new policies, there would be little 

structural reduction leading to cumulative emissions exceeding 900 Gt-CO₂ by 2100. 

In Moderate COP30 Action (S2), abatement efforts increase because of strengthened Odds and moderate carbon 

prices. Thus, a curve of greenhouse gas emissions decreases gradually beyond 2030. In the mid-century, the reduction of 

greenhouse gas emissions is 25% to 35% below BAU because of moderate efficiencies and partial cutbacks in industrial 

emissions. 

Meanwhile, High-Ambition COP30 (S3) sees a strong cut in emissions after the period between 2028-2030. With 

strong carbon pricing and implementation of the NDC, the emissions peak by 2028, reducing steadily after that. In the 

year 2050, the emissions are reduced by 55-65% from BAU levels, targeting a linear path to net-zero conditions by 2070. 

6.2. Forest Protection and Land Use Effects 

Financing for forest conservation and protection of land tenures of indigenous peoples can considerably enhance 

carbon sequestration efforts. In S1, deforestation remains on a historical trajectory; thus, a constant land use source of 

emissions persists. 

Under S2, the conservation actions partly cancel the 1.5-2.0 Gt- 2CO /yr net contribution of land-use changes in 

the middle of the century, but this is affected by the effectiveness of governance (γ), and low implementation capability 

lowering overall gains. In scenario S3, with strengthened finance, high governance effectiveness, and sound indigenous 

governance, forests switch to a net sink of 3-5 Gt- 2CO  per year by 2050. This causes the sharpest reduction in total 

emissions, particularly in tropical forest economies of Brazil, Peru, Indonesia, and Congo Basin. This scenario points 

out that forest integrity affects not only carbon but also biodiversity and hydro logical stability. 

6.3. Concentration of 2CO  in the Earth 

The Carbon Cycle Module generates different paths of atmospheric concentration according to each scenario: 

S1 (BAU): 2CO  concentrations keep rising to 560-600 ppm by 2100, with high retention in the atmosphere due to 

continued emissions. 

S2 (Moderate): Concentration levels are more steady around 480 to 500 ppm after 2070, due to offsets of emission 

reductions and lag effects of 

S3 (High Ambition): 2CO  concentrations peak at 450-460 ppm in the mid-2040s, then fall slightly to 430-440 ppm by 

2100.Forest sinks contribute significantly to changing the trajectory earlier than in the energy mitigation scenario. 

The three-box carbon cycle result clearly shows that the land sinks will be saturated in the future, but preemptive and 

extensive conservation of forests will delay saturation and amplify cumulative uptake. 

6.4. Temperature Response 

The two-box model climate predicts a pronounced difference between scenarios: 

S1 yields warming of 2.7-3.0°C by the year 

S2 specifies a global mean temperature increase of 2.2 to 2.4 

S3 temperature limit fixes warming at 1.6–1.8°C, which is more in line with  “well-below 2°C" Paris target 

Temperature stabilization under S3 occurs due to both rapid emissions decline and enhanced biospheric uptake, 

reducing radiative forcing. The deep-ocean heat uptake coefficient (κ) leads to a lagged response, but surface temperatures 

plateau earlier under high-ambition mitigation. 

6.5. Sensitivity Analysis 

A multi-parameter sensitivity analysis reveals the following insights: 

 Carbon Pricing Elasticity 
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The abatement response parameter η strongly influences emissions outcomes. 

A ±20% change in η alters cumulative emissions in 2100 by 45–60 Gt- 2CO
, highlighting economic-policy sensitivity. 

 Governance Effectiveness γ 

Forest sink gains vary significantly: 

Lower governance effectiveness (0.4–0.6) can halve potential forest sequestration benefits. 

High governance (0.8–1.0) doubles avoided deforestation impacts. 

Climate Sensitivity Parameter λ 

Uncertainty in climate sensitivity (1.5–4.0°C per doubling) shifts 2100 warming by ±0.4°C even under S3.This emphasizes 

the importance of conservative policy design. 

6.6. Interpretation for COP30 Negotiators 

The results of the integrated simulation imply five important policy findings: 

Early action is essential: High ambition on the mitigation side generates great benefits by 2040, having reduced 

radioactive forcing. 

Protection of the tropical forest is one of the quickest tools acting as a mitigation lever because it turns the concentration 

pathways as soon as it occurs. 

Governance capacity as the determinant for success: There is little point in carbon finance without the capacity for 

effective governance. 

Mechanisms involving market forces bring faster reductions of carbon emissions, but such a process requires being 

protected against the negative impacts of market mechanisms on land. 

The outcomes of COP30 can decisively affect the level of temperatures in the 21st century, especially in light of 

collaboration in forest countries through joint monitoring and financial platforms. 

7.Results 

In the following section, the results generated through the integrated model for the scenarios framed around the 

lines of COP30 described in Section 5 are provided. There are five different subsections that cover results dealing with 

the baseline behavior and validation, scenario-based emissions and climate paths, the role of forest conservation, stylized 

marginal costs of abatement, and uncertainty analysis. 

7.1 Baseline Behaviour and Model Validation 

The Performances of policy pathways have been evaluated on this model after it was validated on historical trends 

of observed data. For nominal parameter settings, the model is able to reproduce historical trends of observed levels of 

atmospheric CO₂ and GMST for the years 2020 through 2024 within ±5% deviation. 

The critical diagnostic metrics, like the fraction of CO2 that remains airborne and the rate at which the oceans absorb 

carbon, agree well with the results obtained in the latest carbon budget analysis. It suggests that the carbon cycle and 

climate response framework used here captures the essential processes that control the short-term path of climate change. 

7.2 Scenario Trajectories: Selected Outputs 

The model's responses and behaviors for different tasks and challenges, as defined and specified in the standard 

and in terms of alignment to the COP30 challenges, are demonstrated and showcased through the use of figure outputs 

(Figures 1-4).  
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Figure 3: Atmosphere under COP30 

 

Such outputs give an overview of the different levels of changes and responses in terms of atmospheric levels of 2CO  and 

GMST changes occurring during the years 2025 and 2050. 

Figure outputs (not presented here) show the divergence of scenarios when policy intentions escalate. Table-level 

summaries of selected median values of the Monte Carlo simulation results are presented below. 

Figure 1 illustrates projected concentrations of atmospheric 2CO  under each of the five policy scenarios. Under the 

Business-as-Usual (BAU) scenario, the emissions continue to escalate rapidly until reaching levels of 440 parts per million 

(ppm) of 2CO  equivalent by 2030, which far exceed mid-century levels characteristic of high emissions scenarios. 

In contrast, the Policy Increment (PI) and Avoided Forest Conversion (AFC) scenarios display a degree of 

divergence from the BAU scenario in the late 2020s but start out more slowly in terms of emissions abatement in PI, 

where there are more limited reductions, in contrast to the more immediate gains in AFC through forest-related emissions 

reductions. 

Larger cuts are seen in the Global Carbon Pricing (GCP) and Ambitious Mixed Action (AMA) cases. In the year 

2030, 2CO  concentrations are projected to reach around 428 ppm for the GCP case and 422 ppm for the AMA case. 

The AMA case permanently holds the lowest values throughout the entire time period, indicating the cumulative action 

taken through governance, the energy sector, and the forestry sector. 

Global Mean Surface Temperature Response 

Figure 2 shows the GMST anomalies compared to pre - industrial values. BAU shows temperature responses in 

accordance with cumulative emissions, above 1.6°C by 2030, with steep increases thereafter. PI and AFC show modest 

decreases in warming, but both are still above what would be required to keep warming within the probabilities of the 

1.5°C target. 

Both GCP and AMA scenarios depict a clearer curvature or bend in the temperature curve. By 2030, the 

warming anomalies with respect to GMST are reduced to about 1.53°C in GCP and 1.49°C in AMA. Mid-century 

warming is capped at 1.8°C in AMA, which is significantly lower than warming in BAU but still poses a potential risk 

because of climate sensitivity and postponing actions in some areas as per AMA scenarios. 

Comparative Insights 

As a whole, these graphs together show three important points. First, the divergence of policies appears within a 

decade, and this demonstrates the need for near-term policies. Second, forest-based mitigation policies offer strong and 

quick results, but they provide even greater results if applied in a decarbonized energy sector. Third, the best results for 

temperature can be achieved only by integrated policies, and this again confirms the importance of a holistic approach 

during COP30. These results are a pictorial synthesis of how various policy narratives map into concrete climate outcomes 

and form the basis of more comprehensive analyses in the next sections. 
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7.3 Impact of Forest Protection 

“The forest-centric AFC scenario shows how extensive protection of tropical forests can provide quantitative evidence of 

GHG emissions reduction on a global  

Figure 4: Global Mean Temperature  

 

Figure-5:Annual Avoid Emission 

 

Figure 6: Forest sink contribution 
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scale,” it says.  “The protection of some 125 million hectares of land area together with a forest carbon effectiveness of 

η-forest = 0.02 Gt-CO₂ per Mha per year, reaches peak levels of approximately 2.5 Gt-CO₂ per annum in 2030 as 

implementation gains momentum. Its immediate effect is that the rate at which CO₂ builds up in the atmosphere is 

appreciably reduced during the pre-2030 years. Nonetheless, outcomes depend heavily on the leakage assumption. A 

rise in the leakage factor lambda-leak from 0.1 to 0.3 cuts the net sink by some 20-30%, making it clear that governance 

and enforcement have a strong conditioning effect on the actual greenhouse advantages of forest action. These results 

simply reinforce the importance of strengthening forest funding through monitoring and institutional strengthening. 

7.4 Stylized Marginal Abatement Costs 

The model also generates a stylized marginal abatement cost curve that is consistent with the imposed abatement 

pathways. In both the GCP and AMA scenarios, a global carbon price in the range of USD 60–80 per gt-CO₂ by 2030 is 

sufficient, within the model structure, to deliver the specified levels of emissions reduction. 

These prices translate, in aggregate terms, into mitigation costs on the order of tens of billions of USD per giga tonne of 

avoided CO₂. Simplified as these estimates are, they provide policy-relevant benchmarks that help translate abstract 

emissions targets into economically interpretable signals. 

7.5 Robustness and Uncertainty 

Monte Carlo simulations were used to explore uncertainty arising from key physical and socio-economic 

parameters, including climate sensitivity, abatement responsiveness, and governance effectiveness. Under the AMA 

scenario, the 5th–95th percentile range for 2050 warming spans approximately 1.5–2.2 °C. 

That range makes one thing very clear: under ambitious and coordinated policy action, upside risk cannot be 

trivial, given the uncertainties in climate response and implementation effectiveness. The probability of exceeding high 

warming outcomes is substantially reduced compared to BAU or weak-implementation scenarios. 

Taken together, all results show that action aligned with COP30—especially through the combination of energy 

sector mitigation with effective forest protection—can considerably bend the emissions trajectories and, in turn, lower 

long-term warming, while also revealing the limits of partial or delayed implementation. 

8 Discussion 

Several outcomes of this research provide a number of direct implications for the debates attending the sessions 

of COP30. In fact, the combination of emissions reduction, the dynamics of use of the land surface, the carbon cycle, 

and the climate response into the same analytical framework ensures that the extent of the potential reduction as well as 

the conditions of the commitments at the sessions of COP30 is clearly known. 

8.1 The Near-Term Leverage of Forest Protection 

Evidently, the mitigation potential that is easiest to quantify is the strong short-term leverage of tropical forest 

protection. Reducing deforestation leads to an immediate mitigation result because it stops large amounts of carbon from 

being released into the atmosphere. Unlike measures in the energy sector, where low lead times may require 20 years for 

infrastructure and technology transfer, forest protection leads to mitigation outcomes even after only a few years. 

Nonetheless, its prospects for long-term mitigation potential are highly dependent on both permanence and 

leakage. From the sensitivity analysis above, it can be seen that as the rate of leakage increases, there is a consequent 

degradation of mitigation potential and a confirmation that forests should by no means act as a novelty or a guarantee for 

future mitigation sink actions. On the contrary, forest protection as a mitigation measure ought to represent a dynamic as 

well as continuous policy process and measure. 

8.2 Complementarity Between Forests and Energy Sector Mitigation 

The model further illustrates that combined policies always perform better than standalone policies. Although 

policies like carbon pricing and other energy sector abatement actions have an indispensable role in deep 

decarbonization, their impacts routinely build up over time. When these policies are combined with extensive forest 

conservation actions, short-term abatement outcomes are speeded up, and consequently, overall emissions within the 

pre-2030 time frame decrease. 

This particular case has much relevance when considered from the carbon budget angle. Deforestation can be 

seen as ‘buying time’ to wait for the development of new structural approaches in the energy, transport, and industry 
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sectors. On analyzing the findings, it appears that forests and energy mitigation cannot be seen as substitutes but rather as 

complementary supports of a combined mitigation strategy. 

8.3 The Central Role of Implementation and Governance 

An important aspect of this research work is the precise modeling of implementation effectiveness via a 

governance parameter. The analysis shows that just financial scale is not sufficient for achieving the anticipated benefits 

from COP30 commitments. If a low quality of governance, enforcement, and Indigenous land tenure rights prevail, a 

major part of the supportable reduction via forest finance and forest sector policies remains non-realized. 

This has significant implications for follow-through in the COP30 process. Building institutions, securing land 

rights for indigenous peoples, and ensuring transparent monitoring are not afterthoughts but drivers of outcomes for 

climate action in general. In this scenario, when financial outlay is seen to be lacking in implementation, such scenarios 

are systematically outperforming those in which financial outlay was only moderate but implementation was strong. 

8.4 Limits of Ambition and the 1.5°C Challenge 

Nevertheless, even under the most hopeful of circumstances, it appears from the model results that without 

greater ambition than the COP30-aligned policy portfolios, it will be impossible to achieve a 1.5°C outcome. The 

Ambitious Mixed Action (AMA) scenario achieves great reductions in emissions as well as temperature compared to 

business-as-usual options, but there are still some residual risks, especially at higher climate sensitivity values. 

This finding is consistent with the general results in the climate literature: nature-based solutions and gradual 

improvement through policies, although important, cannot constitute a substitute for rapid and strong cuts in emissions 

in the high emitting sectors. The above analysis thus confirms the conclusion that protecting forests and committing to 

moderate carbon prices as part of a broader plan for the accelerated phase-out of fossil fuels and decarbonization of 

industry is necessary in order for temperature goals to be accomplished at high probability. 

8.5 Implications for COP30 Negotiations 

Together, these results imply several priorities for COP30 negotiations. Firstly, forest protection needs to be 

considered an integral part of near-term action as an end in itself and not just as an ancillary gain. Secondly, policy sets 

should be structured to capitalize on complementarity between land use actions and actions in other sectors, or even 

actions to mitigate emissions in the energy sector. Thirdly, the importance of climate variables such as governance and/or 

Indigenous land rights needs to be recognized as important as the volume of climate finance or emissions cuts. In this 

manner, this research could analyze and quantify these interactions, providing a basis for determining not only the 

promise of the pledges made during the conference of parties involving COP30, but also the potential delivery of these 

pledges. 

9. Policy Recommendations 

Results obtained through  the combined COP30-focused model indicate various specific and implementable  

priorities that can improve the integrity and efficacy  of climate  agreement outputs from the Belém negotiations. 

Firstly, climate finance for forests needs to be made conditional on achieving outcomes that are measurable and 

verifiable , rather than being dependent only on promises. Financial flows targeting the protection of   tropical forests can 

have the highest mitigation potential when they are linked to defined baselines on deforestation and improvements in the 

security of indigenous land tenure. Improving the equity base also enhances implementation effectiveness, and this is 

captured through increased values of the implementation parameter of the model.    Results-based finance linked to both 

carbon outcomes and governance indicators can therefore maximize the near-term climate return on investment. 

Secondly, there needs to be an incorporation of forest conservation efforts into the overall structure of mitigation 

actions. Even as forest protection actions have short-term benefits in terms of steering emissions that otherwise would be 

present in the atmosphere away, the scenarios used in the analysis make clear the fact that negative emissions over the 

long term require efforts to reduce the usage of fossil fuels. It is important to combine funding efforts for forest 

conservation actions with carbon pricing so as to avoid over-reliance throughout the short term. 

Third, the role of monitoring, reporting, and verification (MRV) systems is critical ensuring the permanence of 

the project as well as minimizing the effect of leakage. While significant funding is directed towards high-resolution 

satellite monitoring, a ground verification component can help improve the accuracy of land-use emissions projections.  

Based on the model sensitivity test, any increase in leakage significantly dampens the effect of the mitigation action on a 
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GHGI emissions reductions. Therefore, enhancing the flow of MRV systems is critical and should not just be seen as an 

administrative element of a mitigation project approach. 

Finally, just-transition policies must receive a high priority to ensure that there is sustained public support for the 

COP30 outcomes. People influenced by land use change policies, energy transition policies, or carbon pricing policies 

need to achieve clear direct economic and social gains. This will lower the level of resistance and increase the chances of 

success of the policies agreed on at COP30. Also, aligning climate policies with development policies can be a force for 

achieving higher levels of effectiveness of policies agreed on at COP30. Collectively, these calls highlight a need for 

success in COP30 to rely not only on the level of ambition, but also the architecture, mechanisms, and safeguards 

underlying which commitments will achieve lasting reductions in emissions and a stabilized climate. 

10.Conclusion 

This chapter has built a simple but relevant mathematical framework for assessing the possible outcomes in the 

climate system of what may emerge in COP30 initiatives. In this approach, there has been a focused integration of 

emissions abatement, tropical forest conservation, carbon cycle processes, and near-term climate response in order to 

gain a well-rounded outlook of how climate mitigation strategies can impact climate system outcomes. 

The evidence suggests that actions consistent with COP30—and very particularly those that involve scaled-up 

conservation finance of tropical forests alongside credible economy-wide abatement measures—are able to drive 

meaningfully reduced growth of atmospheric CO₂ and an attendant reduction in median warming outcomes against 

business-as-usual alternatives. Tropical forests are identified in this scenario as a high leverage tool of climate change 

mitigation through the achievement of rapid emissions avoidance in the 2020s and 2030s. 

However, in parallel, it becomes clear that there are boundaries to what can be expected in terms of the role of 

forest preservation in addressing climate change on its own. This holds even with relatively optimistic expectations in 

terms of financing, effectiveness, and leakage control. On its own, it becomes clear that there will be conditions 

overemphasized by the target of reducing warming below 1.5°C. 

The unique value added by this research lies in its openness and flexibility. Instead of aiming to compete with 

large integrated assessment models, this framework seeks a role as a supplementary tool that facilitates quick scenario 

analyses, sensitivity tests, and investigation of risks related to negotiating outcomes. In view of approaching COP30, a set 

of tractable models, like this one, can prove highly useful in assisting negotiations, aligning finance with outcomes, and 

examining the trade-offs involved in short-term climate change mitigation and adaptation actions. 
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Abstract.  

The effectiveness of traditional probabilistic and fuzzy modeling approaches is limited by the uncertainty, 

incompleteness and inconsistency of information that frequently define real-life decision-making situations. Traditional 

mathematical frameworks are unable to accurately capture the conflicting information, missing data and ambiguous expert 

opinions that decision-makers encounter in real-world scenarios. Neutrosophic set theory offers a versatile and practical 

method for simulating such intricate systems by introducing independent truth, indeterminacy and falsity membership 

functions. Examples are used in this research to demonstrate the applicability of a Neutrosophic Mathematical Modeling 

framework for real-life issues. The suggested models show how uncertainty, contradiction and indeterminacy can be 

captured by Neutrosophic aggregation techniques, resulting in more trustworthy and instructive decision-support systems. 

Keywords: Neutrosophic sets, Decision-making, Uncertainty Modelling, Indeterminacy. 

1.Introduction 

Real-world systems rarely make decisions based on accurate, consistent and comprehensive information. 

Decisions in domains including supply chain management, engineering and healthcare frequently have to be made in the 

face of ambiguous information. opposing expert opinions and uncertainty. The main focus of classical probabilistic 

methods is randomness whereas fuzzy set theory uses partial membership to explain vagueness. The capacity of both 

frameworks to clearly depict indeterminacy brought on by omitted data or conflicting evidence is constrained, 

nevertheless. In order to get around these restrictions, Smarandache developed Neutrosophic set theory, which adds 

three membership degrees-truth, indeterminacy and falsity to fuzzy and intuitionistic fuzzy frameworks. Because of their 

independence, Neutrosophic models are able to depict ambiguity, rejection and acceptance all at once without being 

constrained. 

The objective of this study is to formulate real-life decision-making problems using a Neutrosophic Mathematical 

framework and to demonstrate its effectiveness through real-life problems. As a result, Neutrosophic Modelling has 

gained increasing attention in its applications. Because of their significant decision effect, inherent uncertainty and 

dependence on expert judgement, these following areas have been chosen. In this study, the basic concepts  and details 

can be found in [1-20]. 

2.Neutrosophic Modelling framework 

In Neutrosophic Set Theory, each element is characterized by a triple (T, I, F) where T, I and F denote the 

degrees of truth, indeterminacy and falsity respectively. These values belong to the interval [0,1] and satisfy the condition 

0 ≤ T+I+F ≤ 3.         The degree to which the available evidence supports a particular decision in real-life decision-making 

contexts is represented by the truth membership; the degree to which opposing evidence leads to a decision being rejected 

is represented by the falsity membership and the uncertainty resulting from conflicting, ambiguous or incomplete 

information is captured by the indeterminacy membership. Compared to traditional or fuzzy-based methods, this 

framework enables decision-makers to model uncertainty more accurately. Weighted Neutrosophic operators are 

frequently used for aggregation. The overall truth, indeterminacy and falsity values are determined by independently 

aggregating the corresponding components using weighted summation or other appropriate operators, given a set of 

criteria with corresponding weights. 
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3. Neutrosophic Model for Medical Diagnosis 

Uncertainty, incompleteness, and inconsistent information are characteristics of the difficult real-world problem 

of medical diagnosis. Medical professionals rely on symptoms, clinical observations, and laboratory tests that may be 

inconsistent, imprecise, or only partially available. Indeterminacy resulting from missing data, divergent expert judgments, 

or incorrect test findings is not clearly represented by traditional probabilistic and fuzzy techniques, which primarily 

capture uncertainty. A more practical mathematical framework for simulating these diagnostic issues is offered by 

neutrophilic set theory. Think about a medical diagnosis situation where a doctor wants to know if a patient has a 

particular illness, like pneumonia. A limited number of clinical tests and symptoms, such as fever, cough, chest pain, and 

chest X-ray results, are used to make the diagnosis. 

A Neutrosophic assessment is used to illustrate the connection between each symptom and the illness. For every 

symptom is characterized by a triple (T, I, F) where T, I and F denote the degrees of truth, indeterminacy and falsity 

respectively. The overall disease assessment for a patient is obtained by aggregating all symptom evaluations using a 

weighted summation approach. The resulting neutrosophic diagnosis may take the form (T, I , F ) = (0.66,0.22,0.12).  

Medical information particular to a patient is sometimes ambiguous because symptoms can change or be 

subjectively reported. Neutrosophic values, as opposed to clear-cut or binary representations, are a natural way to express 

this uncertainty.  A weighted summation approach is used to aggregate all symptom evaluations in order to determine the 

patient's overall disease assessment. showing comparatively little evidence against the diagnosis, moderate indeterminacy 

brought on by ambiguous material, and significant evidence non favor of the illness. This finding gives physicians a 

thorough grasp of the disease's probability as well as the uncertainty that goes along with it. 

4. Neutrosophic Model for Supplier Selection 

In supply chain management, choosing a supplier is a crucial decision-making issue that has an immediate impact 

on the price, dependability, and quality of production systems. In real-world settings, subjective assessments, contradictory 

expert opinions, and insufficient data are frequently used to evaluate supplier evaluation criteria such product quality, 

delivery performance, cost stability, and technological capabilities. Such intricacy cannot be handled by traditional 

probabilistic or sharp models. Each evaluation criterion in a neutrosophic framework is represented by a single-valued 

neutrosophic number that has membership degrees for truth, indeterminacy, and falsity. The degree of failure is 

represented by the falsehood membership, the degree of truth membership indicates how well a supplier meets a 

requirement, and the indeterminacy membership depicts the uncertainty brought on by incomplete or erratic 

information. 

Imagine a manufacturing company comparing several suppliers using weighted factors such product quality, cost 

effectiveness, delivery dependability, and after-sales support. Experts offer a neutrosophic evaluation to each supplier and 

criterion,     (Tij, Iij, Fij) where i is the criterion and j is the provider, where i is the supplier and j is the threshold. Weighted 

summation is used to combine these assessments to provide an overall neutrosophic score. 

A numerical assessment could show, for example, (0.62,0.25,0.13) that the provider performed satisfactorily with 

minimal rejection and moderate uncertainty. Decision-makers can differentiate between suppliers with comparable 

performance levels but distinct risk and uncertainty profiles thanks to this representation. 

5.Neutrosophic Model for Engineering Risk Assessment 

Bridges, power plants, and industrial gear are examples of engineering systems that function in dynamic, 

uncertain environments with little access to comprehensive and trustworthy data. In such systems, risk assessment is 

dependent on a number of variables, including as human operation, maintenance quality, ambient conditions, and 

material strength, all of which can include inaccurate measurements and divergent expert opinions. In practice, it might 

be challenging to determine the precise failure probability needed for probabilistic risk models and classical reliability 

theory. By directly representing uncertainty and indeterminacy in engineering risk analysis, neutrophilic set theory offers 

a useful substitute. 

A triple represents each risk factor in a Neutrosophic framework, (Tj, Ij, Fj) Whereas the indeterminacy 

membership accounts for uncertainty brought on by inadequate inspection data, measurement errors, or expert 

disagreement, the truth membership indicates the extent to which the factor contributes to system safety, and the falsity 

membership indicates the extent to which it contributes to system failure. For instance, a structural component's corrosion 

may be a partial indicator of failure risk, but indeterminacy is increased by restricted inspection access. Think about an 
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engineering system that is assessed according to elements like maintenance history, environmental exposure, load 

intensity, and material condition. Every component is given a weight that corresponds to its proportional significance for 

system safety as a  

whole.A weighted summation method is used to aggregate the neutrosophic ratings of all risk categories, yieldin

g an overall system reliability score that is stated as (T, I, F). 

 A numerical assessment such as (0.58,0.27,0.15) shows that although the system is reasonably safe, there is a 

considerable amount of uncertainty that might necessitate additional testing or preventative maintenance. When 

indeterminacy is present, engineers are made aware of possible hidden hazards that conventional binary or probabilistic 

models are unable to account for. As a result, neutrosophic risk evaluation facilitates more cautious and knowledgeable 

engineering choices. 

6.Neutrosophic Model for Environmental Pollution Assessment 

Another real-world issue that is marked by ambiguity, insufficient monitoring data, and conflicting expert 

opinions is the assessment of environmental contamination. Numerous interrelated elements, including traffic density, 

industrial emissions, weather, and law enforcement, affect pollution levels. For trustworthy environmental decision-

making, traditional deterministic or probabilistic models are insufficient since measurements may be absent, delayed, or 

impacted by sensor errors. 

Every pollution indicator in Neutrosophic environmental modelling is represented by a Neutrosophic triple (Ti, 

Ii, Fi) where the indeterminacy membership denotes uncertainty brought on by missing data, seasonal variations, or 

contradicting reports from monitoring agencies, the truth membership denotes the degree to which the indicator confirms 

environmental pollution, and the falsity membership denotes the degree to which pollution is absent or controlled. 

Take an environmental agency evaluating the quality of the air in a city using metrics like nitrogen dioxide levels, 

particulate matter concentrations, industrial activity, and weather patterns. The environmental impact of each indication 

determines its weight. An overall pollution assessment is produced by the Neutrosophic aggregation of all indicators, and 

it is stated as (T, I, F). The evaluation such as (0.58,0.27,0.15) indicates a high level of pollution with a moderate degree 

of uncertainty, recognizing the limitations in the accuracy of the data while pointing to the urgent need for regulatory 

action. The Neutrosophic model, in contrast to traditional pollution indices, clearly measures uncertainty, allowing 

policymakers to create more flexible and cautious environmental management plans. 

7.Neutrosophic Model for Financial Credit Risk Assessment 

In banking and financial institutions, where judgments about loan acceptance are based on ambiguous, partial, 

and occasionally conflicting information, credit risk assessment is a basic issue. Many times, historical data that may be 

shaky or out-of-date is used to assess factors including market conditions, employment status, credit history, and income 

stability. Such indeterminacy is difficult for traditional statistical and probabilistic credit scoring algorithms to manage, 

especially in unstable economic conditions. To overcome these restrictions, neutrophilic set theory offers an appropriate 

mathematical foundation. 

Each risk factor is represented by a Neutrosophic triple in a Neutrosophic credit risk model as (Ti, Ii, Fi) where 

the indeterminacy membership reflects uncertainty resulting from missing financial records or unstable revenue sources, 

the truth membership represents the degree to which the factor promotes creditworthiness, and the falsity membership 

represents the degree to which it suggests default risk. A borrower with inconsistent freelancing income, for instance, can 

exhibit both credit potential and repayment uncertainty. Each risk element is given a weight that corresponds to its 

significance in assessing credit, (T, I, F). Using the combined Neutrosophic evaluation, an overall borrower profile is 

produced. The numerical outcome as (0.55,0.30,0.15) shows considerable uncertainty and moderate creditworthiness, 

indicating the necessity for extra assurances or modified interest rates. Compared to traditional scoring methods, this 

Neutrosophic depiction gives institutions a more sophisticated understanding of credit risk. 

8.Neutrosophic Model for Student Performance Evaluation 

  A difficult educational decision-making issue, evaluating student performance                            is impacted by 

behaviour, extracurricular activities, academic accomplishment, and attendance. These factors, which may include 

inaccurate or contradictory information, are frequently evaluated subjectively by teachers. Uncertainty pertaining to 

learning progress, individual difficulties, or evaluation bias is not captured by conventional grading schemes. For 

evaluating education, neutrophilic modeming provides a more adaptable framework.  
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This model uses a Neutrosophic triple to represent each assessment criterion as             (Ti, Ii, Fi) where the 

indeterminacy membership depicts uncertainty brought on by sporadic attendance, incomplete assessments, or subjective 

evaluation, the truth membership indicates academic competency, and the falsehood membership represents subpar 

performance. A weight is given to each criterion according to its academic significance. When these assessments are 

combined, a comprehensive evaluation of Neutrosophic performance is generated as (T, I, F) that indicates a high level 

of academic achievement with a modest degree of ambiguity. Instead of imposing strict classifications, this method 

recognizes the outcome such as (0.68,0.21,0.11) uncertainty publicly, which promotes more equitable academic 

decisions. 

9.Neutrosophic Model for traffic congestion Analysis 

Road capacity, traffic volume, weather, accidents, and driver behaviour all have an impact on urban traffic 

congestion, which is a dynamic and unpredictable issue. Sensor limitations and unforeseen events might cause traffic data 

to be inconsistent, delayed, or incomplete. Such indeterminacy is frequently not adequately represented by traditional 

deterministic or simulation-based models. A realistic foundation for the examination of traffic congestion is offered by 

neutrophilic modelling.  

A Neutrosophic evaluation is used to represent each congestion-related factor as (Ti, Ii, Fi) When the 

indeterminacy membership captures the uncertainty brought on by unforeseen events or faulty data, the truth 

membership indicates the level of congestion, and the falsity membership depicts free-flowing traffic circumstances. 

When these elements are weighted together, the overall level of congestion is stated as (T, I, F). A result such as 

(0.74,0.18,0.08) shows extreme traffic with little room for doubt, directing traffic officials to take prompt action. Adaptive 

traffic management tactics are made possible by the Neutrosophic model, which takes uncertain real-time information 

into consideration. 

10.Conclusion 

The practical application and wide-ranging applicability of Neutrosophic set theory as a cohesive mathematical 

framework for simulating real-world decision-making situations that are marked by ambiguity, incompleteness, and 

inconsistency have been shown by this study. The versatility of Neutrosophic modelling has been demonstrated through 

a wide range of case studies, such as agricultural crop yield prediction, medical diagnosis, supplier selection, engineering 

risk assessment, environmental pollution evaluation, financial credit risk analysis, student performance evaluation, traffic 

congestion analysis, disaster risk management, smart grid energy management, cybersecurity threat assessment, customer 

satisfaction analysis, and human resource recruitment. 

When compared to classical, fuzzy, and intuitionistic fuzzy models, the Neutrosophic representation employing 

independent truth, indeterminacy, and falsity membership degrees consistently produced richer and more insightful 

decision outputs.  

Neutrosophic models assess uncertainty, negative evidence, and positive evidence all at once, in contrast to traditional 

methods that frequently reduce complex circumstances to a single score or likelihood. In real-world situations where data 

may be lacking, expert opinions may differ, and system behaviour may be unpredictable, this skill proved crucial. While 

maintaining the intrinsic uncertainty of each contributing element, the aggregation procedures used in the models that 

were presented allowed for the consistent and visible integration of many criteria. By clearly indicating the need for further 

information when indeterminacy was significant, this promoted safer and more cautious decision-making in engineering 

and medical applications. By differentiating between risk, uncertainty, and performance, Neutrosophic evaluations 

enabled better balanced decisions in managerial, financial, and social systems. 

All things considered, the comparative study of every example demonstrates that Neutrosophic modelling 

provides a strong, adaptable, and domain-independent method for real-world decision-support systems. It is especially 

appropriate for contemporary complex systems since it can manage ambiguity, contradiction, and indeterminacy within 

a single mathematical framework. To increase the usefulness of Neutrosophic decision-making approaches, future studies 

might concentrate on creating dynamic Neutrosophic models, hybrid frameworks that incorporate machine learning 

methods, and large-scale computing implementations. 
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Abstract: 

This study presents an analytical investigation of the effects of thermal radiation on unsteady rotating parabolic 

flow past an infinite isothermal vertical plate with uniform mass diffusion. The plate is impulsively started with a parabolic 

velocity, while both temperature and concentration at the plate are maintained at constant elevated levels. The governing 

dimensionless equations for momentum, energy, and concentration are formulated using the Boussinesq approximation 

and solved analytically via the Laplace transform technique. The influences of key physical parameters—namely the 

thermal radiation parameter, thermal and mass Grashof numbers, Prandtl number, Schmidt number, and rotation 

parameter—on velocity, temperature, and concentration profiles are examined in detail. The results reveal that velocity 

increases with increasing thermal and mass Grashof numbers, while it decreases with increasing radiation and rotation 

parameters. Temperature is found to increase with decreasing Prandtl number, and concentration increases with 

decreasing Schmidt number. 

Keywords:  Rotation, Parabolic flow, Thermal radiation, Isothermal vertical plate, Mass diffusion. 

Introduction 

Flows past accelerated vertical plates play a significant role in many engineering and industrial processes. In 

particular, parabolically started plates are relevant in applications involving free convection heat and mass transfer. Such 

flows arise in nuclear reactors, filtration processes, geothermal systems, aerospace engineering, and energy conversion 

devices.At elevated temperatures, thermal radiation becomes an important mode of heat transfer and cannot be 

neglected. Radiative heat transfer significantly influences the thermal boundary layer behavior, especially in high-

temperature environments such as combustion chambers, solar collectors, and nuclear power plants. In addition, the 

combined effects of heat and mass transfer are important in atmospheric pollution, agricultural drying processes, and 

chemical engineering operations.When rotation is present, Coriolis forces modify the momentum transport, leading to 

complex flow behavior. The interaction between thermal radiation, rotation, and mass diffusion in parabolic flow past 

vertical plates therefore warrants detailed analytical investigation. Motivated by these applications, the present work 

focuses on the radiation effects on rotating unsteady parabolic flow past an infinite isothermal vertical plate with uniform 

mass diffusion. 

2. Related Work 

Several researchers have examined radiation and rotation effects in free convection flows. Raju et al. studied the 

influence of thermal radiation on unsteady free convection flow past an exponentially accelerated vertical plate with 

Newtonian heating and observed enhanced velocity with increasing radiation and Schmidt numbers. Mohana Murali and 

Vijayalakshmi analyzed radiative heat transfer effects on accelerated vertical plates in a rotating medium and reported a 

reduction in primary velocity with increasing rotation and radiation parameters. 

Manjula investigated radiation effects on MHD flow past exponentially accelerated vertical plates and obtained 

analytical solutions using the Laplace transform technique. Other notable contributions include studies by 

Muthucumaraswamy and co-authors on radiation, magnetic field, and mass diffusion effects in various accelerated plate 

configurations. These studies collectively highlight the strong influence of radiation, rotation, and diffusion parameters 

on flow characteristics. 

However, analytical studies addressing rotating parabolic flow past an isothermal vertical plate with uniform mass diffusion 

remain limited. The present work aims to fill this gap. 
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 Raju.K.V.S.,T.Sudhakar Reddy., M.C.Raju and S.Venkataramana [11] analyzed about free convection on warm 

and mass exchange transient flow past an exponentially increased perpendicular plate about Newtonian heating on the 

occurrence of radiation. MohanaMurali.A.R., VijayalakshmiA[12] discussed about impact of thermal radiation on a 

cramped as well as homogeneous heat dissemination ina spinning form. Muthucumaraswamy R., Sathappan K.E and 

Natarajan [1] analyzed about warm as well as lump exchange impact on exponentially increased perpendicular plate along 

uniform charismatic field. Muthucumaraswamy R., Ganesan P., and Soundalogekar V.M [6] discussed about MHD as 

well as radiation impact on expressive isothermal perpendicular plate with unpredictable mass dispersion. Mahmoud 

A.A.A [9] analyzed about radiation on thermal impact on unstable MHD free convective flow past on a perpendicular 

plate along heat needy stickiness. Kamalesh Kumar Pandit, SinamIboton Singh., DipatSarma [15] studied about heat as 

well as mass exchange analysis of an unreliable MHD drift over and done on impetuously on track perpendicular plate 

in occurrence of thermal radiation. G.Manjula [13] analyzed about radiative impact on MHD emerge past an 

exponentially increased unbounded isothermal perpendicular plate about varying heat. Muthucumaraswamy R and 

Vijayalakshmi A [5]  analyzed warm transmission by radiation as well as MHD stream over a gripping perpendicular plate 

along adaptable mass dispersion. SathappanK.E and Muthucumaraswamy R [2] discussed about radiation impact on 

exponentially increased perpendicular plate with equal mass dispersion. G.S.Sethu., S.M.Hussian, S.Sankar [14] 

discussed about impact of hall current as well as spinning on unstable MHD convective drift about warm and lump 

transmission an impetuously perpendicular plate in the occurrence of radiation and element outcome. 

3.Mathematical formulation: 

 Examine the unstable fluid of an incompressible fluid over an endless vertical plate along uneven heat and 

unpredictable concentration. A captivation field of homogeneous stability B0 is tested diagonally to the plate. At first the 

plate as well as the fluid are at the even hotness T∞
'

 in the stationary acclimatize with concentration quantity C∞
'

 at every 

part of the points when time t'≤0 the plate as well as the fluid are at constant hotness T∞
'

 and concentration C∞
'

 . When 

time t'>0 the plate is in progress along with velocity u=u0t'
2

 in its own plane opposite to the gravitate range as well as the 

high temperature near the plate is increased limitedly with time, u0 is the plate velocity. The plate is endless then every 

condition in the governing equations will be separate of X'
 and here is no surge towards Y direction. Then by Boussinesq’s 

approximation the unstable opening motility is governed by the audience conditions. 

∂u

∂t
-2ΩV=Grθ+GcC+
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θ,                                              (2) 

∂C

∂t
=

1

Sc

∂
2
C

∂Y
2

                                                        (3) 

The initial and boundary condition in non-dimensional quantities are 

U=0, θ=0, C=0     for all Y,t≤0, 

t>0:U=t2, θ=1, C=1atY=0,(12) 

U→0, θ→0, C→0asY→∞ 

 

4.Solution Method 

The governing equations, together with the initial and boundary conditions, are solved analytically using the Laplace 

transform technique. Closed-form expressions for temperature, concentration, and velocity distributions are obtained in 

terms of complementary error functions. The solutions enable a detailed parametric study of the effects of radiation, 

rotation, and diffusion parameters.the dimensionless governing Eqs (6) to (8) and the corresponding initial and boundary 

conditions (9) are tackled using the Laplace transform technique 

θ=
1

2
[e2η√Rterfc(η√Pr+√at)+e-2η√Rterfc(η√Pr-√at)]             
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C=erfc(η√Sc)                                                                                                    

q=2

{
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[e2η√(2iΩ+c)terfc (η+√(2iΩ+c)t) +e-2η√(2iΩ+c)terfc (η-√(2iΩ+c)t)] -
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edt

2
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[e2η√(2iΩ+d)terfc (η+√(2iΩ+d)t) +e-2η√(2iΩ+c)terfc (η-√(2iΩ+d)t)] -
Gr
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[e2η√Rterfc(η√pr+√bt)+e-2η√Rterfc(η√pr-√bt)] +
Gr

c(1-pr)
[

e2η√pr(c+b)terfc (η√pr+√(c+b)t)
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5. Results and Discussion 

The temperature profiles show that increasing the Prandtl number reduces the thermal boundary layer thickness, 

indicating lower heat diffusion in fluids with higher Prandtl numbers. Temperature decreases with increasing radiation 

parameter, reflecting enhanced radiative heat loss.The concentration profiles reveal that concentration decreases 

monotonically from the plate into the free stream. Higher Schmidt numbers reduce mass diffusivity, leading to thinner 

concentration boundary layers.Velocity profiles demonstrate that both thermal and mass Grashof numbers significantly 

enhance fluid motion due to increased buoyancy forces. Conversely, increasing the radiation parameter reduces velocity, 

as thermal radiation diminishes temperature gradients. Rotation also suppresses velocity due to the increased influence 

of Coriolis forcesThe heat figure are determined for flood as well as breeze from equation  are indicate in figure 1. The 

prandtl value taken a vital part in heat field. It was noticed that the fever rises along reducing prandtl value. This establish 

that the warm transmit is added in atmosphere that in water. 

 

Figure 1 Temperature profiles to various Prandtl number 
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Figure 2 map an impact of concentration sketch at time t=0.2 for various Schmidt value (Sc=0.16, 0.3, 0.6, 2.01). 

The impact of concentration is significant in concentration field. The portrait takes the basic character that concentration 

reduces in a droning form from the apparent to a nil rate to be absent in the free stream. It was realized that the pile 

concentration raise along reducing ideals of Schmidt value. 

 

Figure 2 Concentration Profiles to various Schmidt number 

Figure 3 determines the end product of distinct thermal and mass Grashof value (Gr=5, 5, 10) and (Gc =5, 10, 

10) with the value of rotation parameter Ω=0.2 and Pr=7 on the dominant velocity at time t=0.2. It is experiential that the 

velocity rises along raising in the thermal (or) mass Grashof value. 

 

Figure 3Primary velocity Profiles for various Gr 

Figure 4 determine the velocity portrait for various radiation parameter (R=5, 10, 15) with the same thermal as 

well as mass Grashof value (Gr=Gc=5) and time t=0.2 is displayed in figure. The vogue establish that the velocity raise 

with reducing in the radiation parameter. 
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Figure 4 Primary velocity Profiles for various radiation parameter 

Figure 5 determine the impact of various value of rotation parameter (Ω=0.5, 1, 1.5) with the same thermal as well 

as mass Grashof value (Gr=Gc=5) in the velocity profile at time t is 0.2. It was realized that the velocity reduce along 

raising value of the rotation parameter. 

 

Figure 5 Primary velocity Profiles for various rotation parameter. 

Conclusion: 

 The analytical result of emanate past a parabolic initial proposition of an endless perpendicular plate in the 

existence of thermal radiation and reliable mass dispersion has been calculated. The governing equations are derived by 

using Laplace formula. The impacts of various physical values of the parameter of thermal as well as mass Grashof value, 

thermal radiation, rotation parameter are displayed diagrammatically. The deductions are given below. 

(i) The velocity step up with raising the thermal (or) mass Grashof value, simply the drift is turnabout along the 

radiation parameter. 

(ii) The temperature steps up with step down in the value of Prandtl value. 

(iii) The concentration of the plate step up along step down value of Schmidt value. 
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Abstract: 

This paper addresses the delay-dependent design of passivity-based H∞ state estimation for stochastic 

neutral-type neural networks subject to time-varying delays and Markovian jumping parameters. By 

constructing an appropriate Lyapunov-Krasovskii functional, we establish delay-dependent condi- tions to 

ensure the asymptotic mean-square stability of the estimation error system while satisfying a prescribed H∞ 
performance index. Both delay-dependent and delay-independent sufficient conditions for the existence of 

the desired state estimators are derived in terms of linear matrix inequalities (LMIs).Unlike previous 

approaches that primarily focus on mode-dependent passivity and passification, our method provides a unified 

framework integrating stochastic stability, H∞ disturbance attenuation, and passivity analysis. Finally, a 

numerical example demonstrates the effectiveness of the proposed design methodology. 

1.INTRODUCTION 

Early research on neural network stability primarily focused on systems with or without symmetric 

delays. In contrast, this paper specifically examines the stability analysis of neural networks with time 

delays, addressing both theoretical significance and practical implications. The presence of time delays can 

critically impact neural network dynamics by inducing oscillatory behavior and potentially destabilizing the 

system. Existing research has yielded numerous important results for various neural network architectures, as 

documented in [1]–[4] and related work. Current stability criteria fall into two key categories, delay-

dependent stability conditions (considering delay magnitude) and delay-independent stability conditions. 

Stability criteria for dynamical systems can be categorized into two fundamental types, delay-dependent 

stability (sensitive to delay magnitude) and delay-independent stability (robust to delay variations). Among 

time-delay types, leakage delay, a specific form of delay observed in real-world systems, has been extensively 

studied. Recent research has increasingly focused on inactivity analysis, building upon foundational work 

in passivity theory. Originally developed for circuit analysis [5], passivity concepts now extend to complex 

non-linear systems and physical system modeling [6]. Recent ad- vances address passivity in time-delayed 

neural networks through tailored Lyapunov-Krasovskii (L-K) functionals [7] – [8]. Markovian jumping systems 

play an essential part in the field of electrical signal processing and control systems investigation. Many different 

kinds of discoveries are recorded in the literature [9]. Neural networks are often mentioned in the literature 

when the phenomenon of infor- mation latching occurs. Various discoveries have been made concerning 

diverse analysis concerns for Markovian jumping neural networks. The reference [10] investigated the state 

estimation problem of a new discrete-time Markovian jumping neural network. 

Recently, the state estimation of neural networks has become a significant concern in the research sector 

[11] - [17] Stochastic perturbations are frequently faced when using neural networks. It is crucial to 

examine the state estimation issue of delayed stochastic neural networks [18] - [19]. The H∞ and generalised 

H2 problems were studied in the context of delayed neural networks. The state estimation challenges 

including assured H∞and generalised H2 performance have been investigated for a specific group of static 

neural networks with time-varying delay. The estimation error system is globally asymptotically stable and 

ensures a defined performance in the H∞ or generalised H2 sense. This research addresses the issue of 

designing passivity-based H∞ performance state estimation for stochastic neutral-type neural networks and time-

varying delays with Markovian jumping parameters. The H∞ estimator is specifically intended for linear matrix 

inequalities (LMIs). The resulting estima- tor can guarantee that the estimation error systems exhibit 

asymptotically mean-square stability and the estimate error is constrained by a specified index γ. Both 
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conditions of delay-independent and delay-dependent are established. Convex optimization problems and 

one-dimensional search method are employed to develop an estimator with minimised H∞ performance [21]. 

A numerical illustration was executed to demonstrate the effectiveness of the proposed strategy.  

2. PROBLEM STATEMENT AND PRELIMINARIES 

Let’s examine the stochastic neutral type neural networks and time-varying delays with Markovian jumping 

parameters. 

dx(t) = [−Ax(t) + W0σ (x(t)) + W1σ(x(t − τ (t)) + B1V (t)]dt 

+ [H1x(t) + H2x(t − τ (t))]dw(t) + W2 ẋ (t − h(t)) ------------------------------(1) 

y(t) = Cx(t) + Dx(t − τ (t)) + B2v(t).                        -------------------   (2) 

z(t) = Lx(t).                                                          --------------------------(3) 

Let {r(t), t ≤ 0} be a right-continuous Markovian process on the probability space which takes values in the 

finite space S = {1, 2 … ........... , N } with generator  

Γ = (γij)N×N (i, j ∈ S) given by 

P {r(t + ∆) = j|r(t) = i} = {
γij ∆ + o(∆)      ;i ≠ j 

1 + γij∆ + o(∆)  ;
i
i =j 

where ∆ > 0 and lim∆→0 o(∆)/∆ = 0, γij ≥ 0 is the transition rate from mode i to j  

satisfying γij ≥ 0 for with i≠j  γii = −Σ 
i≠j γij. 

It is important to take into consideration the following stochastic neutral type neural networks that have 

time-varying delays and Markovian Jumping Parameters. 

ẋ (t)  = [−A(r(t))x(t) + W0(r(t))σ(x(t)) + W1(r(t))σ(x(t − τ (t)) + B1(r(t))v(t)]dt +[H1(r(t))x(t) + 

H2(r(t))x(t − τ (t))]dw(t) + W2(r(t))ẋ (t − h(t)). 

y(t) = C(r(t))x(t) + D(r(t))x(t − τ (t)) +B2(r(t))v(t).  

z(t) = L(r(t))x(t). 

 

where x(t) = [x1(t), x2(t)..., xn(t)]T ∈ R
n state vector associated with the neurons, y(t) ∈ R

m is the 

network measurement . z(t) ∈ R
P is the signal to be estimated, and v(t) ∈ R

q is the noise input belonging 

to L2[0, ∞]. w(t) is a zero-mean real scalar wiener process on a probabil- ity space (Ω, F, P) relative to 

an increasing family (Ft)t > 0 of σ-algebras Ft ⊂ F generated by 

w(t). The stochastic process { w(t)} is independent, which is assumed to satisfy E{dw(t)} = 0, E{dw2

(t)} 
= dt. A(r(t)) = diag{a1(r(t)), a2(r(t))...an(r(t))} is a diagonal matrix with positive en- tries ai(r(t)) > 0, 

W0(r(t)), W1(r(t)), W2(r(t)) are the connection and the delayed weight matrix 

respectively, C, D, H1, H2, B1, B2 and L are known constant matrices with appropriate dimensions. The 

time delay τ (t) and the neutral delay are assumed to satisfying: 

0 ≤ τ (t) ≤ τ, |τ˙(t)| ≤ µ < 1 ----------------------------(4) 

where τ > 0 and µ ≥ 0 are constants. σ(x(t)) = [σ1(x1(t)), σ2(x2(t)), ....., σn(xn(t))] denotes the neuron 

activation function with σ(0) = 0, which is assumed to satisfy the following assumption. 

Assumption1: ∀x, y ∈ R, the vector-valued neuron activation function σ(·) is assumed to satisfy the following 

sector bounded condition: 

[σ(x) − σ(y) − Σ1(x − y)]
T [σ(x) − σ(y) − Σ2(x − y)] ≤ 0.----------(5) 

Where Σ1, Σ2 ∈ R
n are known constant matrix
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1 

Note that the Markovian Process{r(t), t ≤ 0} takes values in the finite space                   S = {1, 2, , N }.  

For the purpose of simplicity, we denote 

A(i) := Ai, W0(i) := W0i, W1(i) := W1i, W2(i) := W2i C(i) := Ci. 

The sampled measurement under consideration, denoted by y¯(t), is assumed to be generalized by a zero 

order hold function with a sequence of hold times  

0 = t0 < t1 < ... < tk < ... 

y¯(t) = y(tk), tk ≤ t < tk+1.------------------------(6) 

Where tk denotes the sampling instant satisfying limk→∞ tk = ∞. 

In order to estimate the neuron state of (1)-(3), we construct the following full-order state estimator: 

dx̂ (t) = [−Aix̂ (t) + W0iσ(x̂ (t)) + W1iσ(x̂ (t − τ (t))) + Ki[y(t) − yˆ(t)]dt 

+ [H1ix̂ (t) + H2i x̂ (t − τ (t))]dw(t) + W 2 i x̂̇ (t − τ (t)) (7) 

yˆ(t) = Cix̂ (t) + Dix̂ (t − τ (t))                                       (8) 

z (̂t) = Lix̂ (t).                                                                           (9) 

Where x̂ ( t)  ∈ Rn
, yˆ(t) ∈ R

m
, zˆ(t) ∈ R

p
, and K ∈ R

n×m the estimator gain matrix to be determined. Let the 

estimation error be x̃ ( t)  = x(t) − x̂ ( t )  and the output error e(t) = z(t) − x̃ (t), and denote 

f (x̃ (t)) = σ(x(t)) − σ(x̂ (t))                                        (10) 

then we can obtain the following estimation error systems 

dx̃ (t) = [−(Ai + KiCi)x̃(t) − KiDix̃(t − τ (t)) + W0if (x̃ (t)) + W1if (x̃ (t − τ (t))  

+ (B1i − KiB2i)v(t)]dt + [H1ix̃ (t) + H2i x̃ (t − τ (t))]dw(t) + W 2 i x̂̇ (t − τ (t))                                                                                                                                     
(11) 

e(t) = Li x̃ (t).(12) 

This study focuses on designing estimators of the form (7)-(9) that satisfy two key requirements, such that 

1. Mean-Square Stability Condition: 

For the estimation error system (11)-(12) with zero disturbance input v(t) = 0, the system achieves mean-
square stability when: 

For any scalar c > 0, there exists scalar ς(c) > 0 such that E{|x2(t)|} < ϵ, ∀t > 0. 

This holds whenever sup−τ≤s≤0E{|ϕ2(t)|} < ς. If limt→∞E{|x2(t)|} = 0, the system is asymptotically mean-
square stable. 

2. H∞ Performance Requirement: 

Given γ > 0, the estimation error system must: 

Be asymptotically mean-square stable and Maintain a prescribed H∞ disturbance under all bounded 
disturbances 

e(t)  E2 < γ  v(t)  2 (13) 

for all nonzero v(t) ∈ L2[0, ∞) subject to the zero initial condition. 

Remark 1. In this paper, this work employs a sector-bounded approach for characterizing neuron activation functions. 

As established in prior research [citation], when the bounding matrices satisfy Σ1 = −Σ2 = Σ, the sector condition 

(5) reduces to the conventional Lipschitz condition [σ(x)−σ(y)] ≤ Σ|x−y|.. Notably, the sector-bounded condition 
adopted here represents a more generalized framework compared to the Lipschitz constraint, as it imposes fewer 
restrictions on the activation function’s behavior. This broader formulation provides greater flexibility in 
modeling neural network dynamics while maintaining analytical tractability. 
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Remark 2. Previous work in [18-21] has investigated robust H∞ and generalized H2 estimator design for 
nonlinear systems. These studies imposed Lipschitz continuity conditions on the activation functions, which 
can lead to conservative results due to their restrictive nature. Our current work extends beyond these 
limitations by employing less constrained functional assumptions. 

Notably, the neural network models examined in [18,19] were confined to deterministic frameworks, lacking 
consideration of stochastic effects. This paper advances the field by specifically addressing the H∞ estimator 
design problem for stochastic neural networks, thereby incorporating probabilistic phenomena that were 
absent in prior analyses. 

The following fundamental lemma is employed in our subsequent analysis: 

Lemma 1[23]. Let vector function x(t), ψ(t), and g(t) satisfy the stochastic differential equation 

dx(t) = φ(t)dt + g(t) dw(t) 

where w(t) is a Brownian motion. For any constant matrix Z ≥ 0 and scalar h > 0, the following integration holds 

-h ∫ φTt

t-h
(s) Z φ(s) ds = ( x(t)

x(t-h)
)

T

[
-z z

z -z
] ( x(t)

x(t-h)
)  

+ 2 ( x(t)

x(t-h)
)

T

( z

-z
) ∫ g(s) dw(s)

t

t-h
. 

 

3. MAIN RESULTS 

This section presents a novel estimation framework designed to address the H∞ state estimation challenge for 

stochastic neural networks described by equations (1)-(3). The proposed methodology establishes 

comprehensive stability criteria encompassing both Delay-independent conditions (robust to arbitrary time 

delays) and Delay-dependent conditions (sensitive to delay magnitude) are derived. 

Theorem 3.1. For prescribed positive constants γ > 0 (disturbance attenuation), τ > 0 (time de- lay), µ ≥ 

0 (delay variation bound), and given estimator gain matrix K, the estimation error system (11)-(12) 

achieves, Asymptotic mean-square stability and guaranteed H∞ performance level γ. if there exist positive 

definite matrices Pi > 0, Q > 0, R > 0, Z > 0 and positive scalars λ1 and λ2 satisfying the following linear 
matrix inequality: 

Г = 

[
 
 
 
 
    
Г11 Г12 L̃

* -γ2I 0

* * -I

  
Г14 Г15

0 Г25

0 0
* *

* *
    

* -Pi 0

* * -Z
 ]

 
 
 
 

 < 0              (14) 

 

   where 

Г11
 = 

[
 
 
 
 
 
 
 
   

Г11
11

-PiKiDi Z

* Г22
11

0

* * -R-Z

 

Г14
11 PiW1i

0 -F2λ2

0 0

  

0 PiW2i

0 0

0 0

      
* *

* *
    

* -Iλ1

* *

0   0 0

-Iλ2 0 0

* *

* *
  
* *

* *

* R1 0

* * -R1(1-hd ) ]
 
 
 
 
 
 
 

 

 

Г11
11

 = −Pi (Ai + KiCi) − (Ai + KiCi)TPi + Q + R − Z − λ1F1, 

      

     Г14
11

  = PiW0 − λ1F2 ; Г22
11 = −(1 − μ)Q − λ2F1  
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       Г12 = [ (B1i − KiB2i)TPi    0    0    0    0    0    0] 

    Г14 = [ PiH1i    PiH2i   0    0   0   0   0] 

    Г15 = [ −τ Z(Ai + KiCi)    −τ Z KiDi       0     τ ZW0i       τ ZW1i    0     τZW2i ] 

    Г25 = τ (B1i − KiB2i)TZ ; L̃ = [ L 0 0 0 0 0 0] 

Proof. For simplicity, let 

φ˜(t) = −(Ai + KiCi)x̃(t) − KiDix̃(t − τ (t)) + W0if (x̃ (t)) 

+ W1if (x̃ (t − τ (t)) + (B1i − KiB2i)v(t) + W2 i x̃̇ (t − τ (t)) (15) 

g˜(t) = H1ix(t) + H2i x̃ (t − τ (t)). (16) 

Then (11) can be written as 

dx̃ (t) = φ (̃t)dt + g (̃t)dw(t).(17) 

Choose the Lyapunov-Krasovskii functional candidate as 

V1 (x̃ (t), t) = x̃ T (t)Pi x(t) +∫ xt (s)Q x(s))
t

t-τ(t)
 ds + ∫ xt (s)R x(s))

t

t-τ(t)
 ds  

                  + ∫ ∫ φt(s) Z φ(s) ds
t

t+θ  

0

τ
                       -------------------------(18) 

V2 (x̃ (t), t) = ∫
T
 (t) R1  x(s))

t

t-τ(t)
ds --------------------------------------(19) 

we first show the estimation error systems (11) − (12) with v(t) = 0 are asymptotical mean-square stable: 

By Ito’s differential rule, the stochastic differential dV (x̃ (t), t) along the trajectories of system (17) with 
v(t) = 0 is given by 

dV (x̃ (t), t) = LV1(x̃(t), t)dt + LV2(x̃(t), t)dt + 2x̃ T (t)Pig˜(t)dw(t) (20) 

Where, 

LV1(x̃(t), t) ≤ 2x̃ T (t)Piφ̅(t) + g˜T (t)Pig˜(t) + x̃ T  (t)Qx̃(t) − (1 − µ)x̃ T (t − τ (t))         

Qx̃(t − τ (t)) + x̃ T  (t)Rx̃(t) − x̃ T  (t − τ )Rx̃(t − τ ) + τ 2 φ̃ T (t)Zφ̃(t)  

- τ ∫ φ˜
T
 

t

t-τ
(s) Z φ˜(s)ds + W2i x̃ T (t − τ (t))                                       (21) 

LV2(x̃ (t), t) = x̃˙ T  (t)R1 x̃̇ (t) − (1 − µ ) x̃˙ T (t − τ (t))R1 x̃̇ (t − τ (t)) (22) with 

 

φ˜(t) = −(Ai + KiCi)x̃(t) − KiDix̃(t − τ (t)) + W0if (x̃ (t)) 

+ W1if (x̃ (t − τ (t)) + W2i x̃̇ (t − τ (t)) 

 

Applying Lemma 1 and by standard manipulations, we have 

-τ∫ φTt

t-h
(s) Z φ(s) ds = ( x̃(t)

x̃(t-h)
)

T

[
-z z

z -z
] ( x̃(t)

x̃(t-h)
)  

+ 2 ( x̃(t)

x̃(t-h)
)

T

(z

-z
) ∫ g̃(s) dw(s)

t

t-h
 -----------------------(23) 

From (5) and (10), we have 

 

[f (x̃ (t)) − Σ1 x̃ (t)]T [f (x̃ (t)) − Σ 2 x̃ (t)] ≤ 0 (24) [f (x̃ (t − τ (t))) − Σ1x̃ (t − τ (t))]T [f (x̃ (t − τ (t))) − Σ2x̃ (t − τ 
(t))] ≤ 0 (25) 
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i 

It is clear that for any scalars λ1 > 0 and λ2 > 0, we have 

 

                      -λ1  ( x̃(t)

f(x̃(t))
)

T

[
F1 F2

* I
] ( x̃(t)

f(x̃(t))
) 

≥ 0                 (26) 

 
                      -λ2  ( x̃(t-τ(t))

f(x̃(t-τ(t)))
)

T

[
F1 F2

* I
] ( x̃(t-τ(t))

f(x̃(t-τ(t)))
) 

≥ 0                            (27) 

Where 

                            F1 =  [

Σ1
T

 

Σ2

 +  

Σ2
T

 

Σ1

] / 2 and    F2 = 

Σ1
T

  +  

Σ2
T

                              (28) 

Then, by adding the terms on the left sides of (26) and (27) to the right side of (21) and , and 

considering (23), we can obtain 

LV1(x̃ (t), t) ≤ ξT (t)Πξ(t) + v(t) (29) 

Where,         Π = Γ11 + Γ14P−1(Γ14)T + Γ15Z−1(Γ15)T 

ξ(t) = [ x̃T (t) x̃T (t − τ (t)) x̃T (t − τ ) fT (x̃(t)) fT (x̃(t − τ (t))˙˜xT (t − τ (t))]T 

v(t) = 2  ( x̃(t)

x̃(t-τ)
)T (z

-z
) ∫ g̃(s) dw(s)

t

t-h  

To establish asymptotic mean-square stability of the estimation error system (11)-(12) under zero disturbance 

conditions v(t) = 0, it suffices to verify the negative definiteness condition Π < 0. Through application of the 

Schur complement lemma, this fundamental stability condition can be equivalently expressed as the following 

linear matrix inequality: 

                                         [
Г11 Г14 Г15

* -pi 0

* * -z

]  < 0                    (30) 

And it can be shown that LMI(14) implies (30) holds, therefore,Π < 0, is satisfied. From (30) and by some 

algebraic manipulations, we can prove that there exists a scalar α > 0 such that 

Π < diag{−αI, 0, 0, 0, 0, 0, 0} (31) 

Taking expectations for both sides of (31), we obtain 

E{LV (x̃ (t), t)} ≤ −αE{x̃ T (t)x̃ (t)} (32)  

Thus, it follows from (31) and (32) 

              E{LV (x̃ (t), t)} - V(φ(0), 0) ≤ −αE∫ {x˜
T
 (s)x˜(s)ds}

t

0
    (33)  

On the other hand, from (18), (19) we have 

              E{V (x̃ (t), t)} > βE{x̃ T (t)x̃ (t)}            (34)  

Where β = λmin(Pi) > 0. From (33) and (34), we have 

E{x̃T (t)x̃ (t)}≤ 
1

β
 V(φ(0), 0) - 

α

β
 E∫ {x˜

T
 (s)x˜(s)ds}

t

0
  (35)  

Which yields              

                   lim
t→∞

E∫ {x˜
T
 (s)x˜(s)ds}

t

0
≤ 

1

α
 V(φ(0), 0)  
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which guarantees limt−→∞ E{|x̃ (s)|
2ds} = 0. Then the estimation error systems (11)-(12) are asymp- totically 

mean square stable. 

Furthermore, the stochastic differential dV (x̃ (t), t)} along the trajectories of system (21) is 

dV (x̃ (t), t) = LV1(x̃ (t), t)dt + LV2(x̃ (t), t)dt + 2 x̃ T  (t)Pig˜(t)dw(t) (36) By 

following the same line as the proof above, we have  

η(t) = [ξT (t) vT (t)]T                                                                                                                                   
  (37) 

Next, we shall establish the H∞ performance for the estimation error systems (11)-(12) under zero- initial 

condition, we introduce 

           J = E{[eT(s) e(s) - γ2 vT(s) v(s)] ds} 

               ≤ E { ∫ {[eT(s) e(s) - γ2 vT(s) v(s)]
∞

0
 + LV1(x̃(t), t) + LV2(x̃(t), t)]ds 

              = E { ∫ {[ηT(s)
∞

0
 Π̃ η(s) ds}}                                                                            (38) 

Where 

             Π̃ = [Г
11

+L̃ L̃
T 

Г12

* -Iγ2
]+ Г̃

14
 Pi

-1
(Г̃

14
)

T 

+ Г̃
15

 Pi
-1

(Г̃
15

)
T 

                   Г̃
14

 =  [ (Г14
)

T    

0]
T

 

           
 Г̃

15
 = [(Г15

)
T τZ (B1i - B2i)]

T 

  Applying the Schur complement lemma reveals that the condition Γ < 0 necessarily implies  

Π̃< 0. For the non-zero disturbance case v(t) ≠ 0, this leads to the inequality J < 0, which directly yields the 

critical H∞ performance relation e(t)  2 ≤ γ  v(t)  2. Consequently, the estimation error system (11)-(12) is 

guaranteed to be Asymptotically mean-square stable and characterized by the prescribed H∞ disturbance 

attenuation level γ. This concludes the mathematical proof. 

The following result establishes delay-dependent sufficient conditions for the existence of an H∞ state estimator 

for the stochastic neural network system described by equations (1)-(3). These conditions guarantee both 

asymptotic stability and prescribed disturbance attenuation performance. 

Theorem 3.2. For the stochastic neural network system (1)–(3), given performance parameters Dis- turbance 

attenuation level γ > 0, Time delay τ > 0 and Delay variation bound µ ≥ 0 the estimation error system (11)–

(12) achieves asymptotic mean-square stability and Prescribed H∞ performance disturbance attenuation level 

γ, if there exist matrices Pi > 0, Q > 0, R > 0, Z > 0, T, scalars λ1 and λ2 such that the following Linear 

Matrix Inequality (LMI) holds:    

                     

[
 
 
 
 
    
φ11 φ12 LT̃

* -γ2I 0

* * -I

  

φ14 φ15

0 φ25

0 0

* *

* *
    

* -Pi 0

* * -2Pi +Z
 ]
 
 
 
 

 < 0                                    (39) 

Where 

                     

[
 
 
 
 
 
 
   

Ω11 -TiDi Z

* Ω22 0

* * -R-Z

 

Ω14 PiW1i

0 -F2λ2

0 0

  

0 PiW2i

0 0

0 0

      
* *

* *
    

* -Iλ1

* *

0   0 0

-Iλ2 0 0

* *

* *
  

* *

* *

* R1 0

* * -R1(1-hd ) ]
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Ω11 = −PiAi − Ai
TPi − Ti Ci − Ci Ti

T+ Q + R − Z − λ1F1, Ω14 = PiW0i − λ1F2, 

Ω22 = −(1 − μ)Q − λ2F1 

Φ12 = [Pi Ai
T− B2i

T  0 0 0 0 0 0]T 

Φ14 = [Pi H1i − Pi H2i  0 0 0 0 0 0]T 

      Φ15 = [-τ(Pi Ai + Ti Ci )  -τTi Di  0  τPi W0i   τPi W1i   τPi W2i  ]T 

         Φ25 = τ [B1i
TPi - B2i

TTi
T] 

     Moreover, the gain matrix Ki of the state estimator can be designed as 

                                         Ki = Pi
−1Ti                                                                                                   (40) 

 

     Proof: Noting the fact that Pi > 0, R > 0, and Pi
T Z−1Pi −2Pi +Z = (Pi −Z)TZ−1(Pi −Z) ≥ 0 

Then we get 

                                Pi
T Z−1Pi  ≤ −2Pi + Z                                                         (41) 

It implies that the LMI (39) guarantees 

                               

[
 
 
 
 
    

φ11 φ12 L̃

* -γ2I 0

* * -I

  

φ14 φ15

0 φ25

0 0

* *

* *
    

* -Pi 0

* * Pi
T 

]
 
 
 
 

 < 0                   (42) 

To establish the equivalence between the matrix inequalities, we perform a congruence transformation on (42) using the 
block-diagonal matrices: 

Pre-multiplication: diag{I, I, I, I, I, I, I, I, I, I,ZPi
−1} 

Post-multiplication: diag{I, I, I, I, I, I, I, I, I, I, Pi
−1Z} 

Through this operation and by virtue of relation (41), we algebraically demonstrate that the transformed inequality 
becomes equivalent to the target LMI (14). Consequently, Theorem 1 guarantees that the estimation error dynamics 

(11)-(12) possess, Asymptotic mean-square stability and Prescribed H∞ performance level γ. This concludes the 
mathematical proof. 

4. CONCLUSIONS 

This work addresses the passivity-based H∞ state estimation problem for stochastic neutral-type 

neural networks with Time-varying delays and Markovian jumping parameters. 

Future Research Directions: 

(1). Relaxation of delay constraints 

(2). Removal of the conservative bound on delay derivatives μ < 1 

(3). Extended system classes 

H∞ estimation for: 

(1). Markovian jump systems with mixed time-varying delays 

(2). Discrete-time stochastic neural networks 

(3). Stochastic genetic regulatory networks 

(4). Neutral-type stochastic neural networks 
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Generalized H∞ estimation 

1. Development of robust estimators for stochastic neural networks under H2 performance metrics. 

5. Numerical example 

In this section, an example is given to demonstrate the effectiveness of the proposed method. 

Consider a three- neuron stochastic neural network (1)-(3) with parameters: 

A1 = [
2 0

0 3
], W01 = [

-0.4 -0.2

0.3 -0.2
], W11 = [

-0.2 -0.1

0.1 0.2
], W21 = [

-0.2 -0.9

-0.9 0.25
] 

 

B11 = [
0.3 -0.2

-0.2 0.5
], B21 = [

-0.4 0.3

0.2 0.4
], H11 = [

0.2 0.2

0.2 0.8
], C1 = [

-0.2 0.1

0.8 0.7
] 

 

H21 = [
0.2 -0.6

-0.6 0.6
], D1 = [

-0.2 0.3

0.4 0.1
], L = [

0.3 0.4

0.5 0.8
], Σ1 = 0, Σ2 = [

1 0

0 1
] 

 

F1 = 0, F2 = [
-0.5 0

0 -0.5
], I = [

1 0

0 1
], μ = 0.8, τ = 0.925, γ = 1.14570, hd = 1.2 

by using MATLAB we obtain 

 

P1 = [
10.3290 4.0426

4.0426 6.8714
], Q = [

20.5611 -10.3356

-10.3356 23.7388
] 

 

R = [
1.2818 -0.9938

-0.9938 1.9531
], R1 = [

-48.1404 -2.6457

-2.6457 -65.3188
] 

 

Z = [
0.3141 0.1232

0.1232 -0.3532
], T1 = [

-0.2007 -0.0014

-0.0014 -0.9169
], 

 

S1 = 9.9154, S2 = 2.5161 

 

By Theorem 2, when μ = 0.8, τ = 0.9, gain the matrix of (44) can be designed as: 

                            K1 = [
-0.0251 0.0677

0.0146 -0.1732
] 
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ABSTRACT 

 This chapter presents a mathematical modeling approach to identify the key factors influencing customers’ 

avoidance of inorganic (chemical-based) shampoos using Structural Equation Modeling (SEM). Consumer avoidance 

behaviour is modeled through four latent dimensions: Health-Related Concerns, Aesthetic and Hair Health, Cultural 

and Personal Values, and Environmental and Ethical Concerns. A descriptive research design with convenience sampling 

is adopted, and primary data collected from 422 respondents are used for model estimation. The latent constructs are 

measured through observable indicators and validated using Confirmatory Factor Analysis, while model adequacy is 

assessed through standard goodness-of-fit measures along with convergent and discriminant validity tests. The structural 

analysis reveals that Cultural and Personal Values and Environmental and Ethical Concerns exert the strongest influence 

on avoidance behaviour, whereas health-related and aesthetic factors show moderate but statistically significant effects. 

The results highlight the usefulness of SEM as a mathematical framework for representing and analyzing complex 

behavioural systems involving unobservable variables, demonstrating its applicability in real-world decision-making and 

applied mathematical modeling contexts. 

Keywords: Structural Equation Modeling, Latent Variable Analysis, Consumer Avoidance Behaviour. 

1. INTRODUCTION 

In the ever-changing world of personal care products, including the daily grooming industry like shampoo, 

consumer understanding and behaviour are changing so drastically. Shampoo products have been promoted and 

marketed in today's market for a variety of grades and uses, including medicated, professional, baby, and everyday 

shampoo. Shampoos found on the market are usually made from synthetic surfactants and chemical ingredients with the 

aim of cleaning, foaming, and sensoriality.  Surfactants, foaming agents, conditioners, pearlescent agents, sequestrates, 

pH adjusters, antidandruff agents, colorants, fragrances, and preservatives are some of the main chemicals that these 

shampoos usually contain. The majority of these chemicals included in shampoos are manufactured artificially [4]. For 

instance, cocamide diethanolamine, diethyl amine, triethylamine, and a few additional by products, including dioxane. 

Even while regulatory bodies have limited the use of these artificial substances in cosmetics, they can still be absorbed 

through the skin and, at lower quantities, cause contact dermatitis, allergic responses, and skin irritation. Long-term 

exposure to these artificial compounds is also linked to mutagenicity and carcinogenicity. The primary goal of this study 

is to clarify why consumers steer clear of inorganic (chemical-based) shampoos [9]. 

Hair care products play an important role in maintaining scalp health and enhancing the physical appearance of 

hair; however, several studies have reported concerns related to the long-term use of chemical-based formulations. 

Miranda Wood et al. [6] emphasized that moisturizing agents are essential in hair care products as they help retain hair 

flexibility, shine, and resistance to dryness and breakage. Common conditioning ingredients such as dimethicone, glyceryl 

stearate, and cationic conditioning agents are widely used to smooth hair and control frizz. Dimethicone, a water-insoluble 

silicone, forms a coating over the hair cuticle that improves gloss and smoothness. Nevertheless, prolonged usage may 
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result in polymer build up on the hair and scalp, leading to a heavy appearance and reduced hair volume, indicating the 

need for cautious and limited use. 

 

Rummi Devi Saini [8] noted that shampoos are no longer expected to serve only a cleansing function but must 

also provide conditioning, smoothness, dandruff control, and overall safety. The study highlighted increasing consumer 

demand for herbal shampoos due to growing awareness of chemical exposure and environmental concerns. However, 

formulating herbal shampoos that match the performance of chemical-based products remains challenging, as ingredient 

selection must balance natural authenticity, effectiveness, and safety. The rising number of synthetic chemicals introduced 

into personal care products has intensified concerns regarding human health and environmental sustainability, 

emphasizing the need for careful monitoring and reliable toxicity assessment methods. 

Chin-Hsien T. Chiu et al.[2] (2015) discussed the biological and aesthetic importance of hair, noting that hair 

condition significantly influences self-image and psychological well-being. Hair-related problems such as hair loss, 

dandruff, and premature graying can cause emotional distress. The authors reported that chemical exposure from 

shampoos and hair treatments, nutritional deficiencies, and environmental factors such as smoking and sun exposure can 

negatively affect hair growth and scalp health. Ingredients commonly used in shampoos, including surfactants, 

preservatives, and antibacterial agents, were identified as potential contributors to hair and scalp damage. 

Paul Sterchele[7]  reported that certain shampoo ingredients, including selenium compounds, zinc pyrithione, 

and surfactants, possess inherent irritant properties. Accidental ingestion may lead to gastrointestinal disturbances such 

as nausea, vomiting, and fluid imbalance.  

SEM, AMOS and CFA 

SEM stands for Structural Equation Modeling. It is a statistical technique used to analyze complex relationships 

between observed and latent (unobserved) variables. SEM is widely used in social sciences, psychology, education, and 

business research. 

Structural Equation Modeling (SEM) is a way to understand how different things are related to each other. Some 

of these things can be measured directly, like a person's height or test score. Others are ideas we can’t see directly, like 

happiness or confidence. SEM helps researchers study both types at the same time. It allows them to build a full model 

that shows how all the parts are linked. This is helpful when the relationships are complex or when there are many 

variables involved. SEM is often used in research fields that study people, such as psychology, education, and social 

science. 

AMOS stands for Analysis of Moment Structures. It is a software tool developed by IBM that is used specifically 

for performing SEM. AMOS helps users build and test SEM models easily by using diagrams instead of writing code. 

CFA stands for Confirmatory Factor Analysis. It is based on a predefined theory about how the variables are 

grouped. CFA is a part of Structural Equation Modeling (SEM) and checks if the data supports the expected pattern of 

relationships. 

RESEARCH DESIGN AND SAMPLE  

In this chapter, descriptive research designs are adopted. Descriptive research studies are those studies that are 

concerned with describing the characteristics and attitude of a particular individual or a group. Here is the study describing 

the reasons for customers avoiding inorganic shampoos. Descriptive research is a widely accepted method in fact-finding, 

and the study includes adequate and accurate interpretation of results. The convenience sampling technique is applied 

to this study; 422 sample data were collected from potential customers to understand specific issues or opinions about 

avoiding inorganic (chemical-based) shampoos. 

 Given the size of the overall sample of 422 individuals, the dataset for structural equation modeling is 

demographically as well as statistically relevant. Although nonprobabilistic, convenience sampling is adequate for the 

study’s descriptive goal of perception, not generalization. 

2. ANALYSIS OF THE STUDY 

The Structural Equation Modeling (SEM) is applied through Analysis of Movement of Structure (AMOS) 

software; the aim of this analysis is to find out the reasons for customers avoiding Inorganic (Chemical-Based) Shampoos. 

Here the following dimensions, like Health-Related Concerns (HRC), Aesthetic and Hair Health (AHH), Cultural and 
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Personal Values (CPV), and Environmental and Ethical Concerns (EEC) belong to reasons for Customers Avoiding 

Inorganic (Chemical-Based) Shampoos. In the study to find out through the SEM Analysis [1], which reasons are most 

influenced to Customers Avoiding Inorganic (Chemical-Based) Shampoos? 

The Structural Equation Modeling (SEM) analysis [5] graph is designed, as the endogenous dimensions are 

Health-Related Concerns (HRC), Aesthetic and Hair Health (AHH), Cultural and Personal Values (CPV), and 

Environmental and Ethical Concerns (EEC) influences on the exogenous dimension in Customers Avoiding Inorganic 

(Chemical-Based) Shampoos. 

VARIABLES OF THE DIMENSIONS  

The research deals with the principles of an organizational Structural Equation Model, based on four primary 

latent constructs representing the essential dimensions of consumer aversion to inorganic shampoos, namely Health-

Related Concerns (HRC), Aesthetic and Hair Health (AHH), Cultural and Personal Values (CPV), and Environmental 

and Ethical Concerns (EEC). All of these constructs have been created from a collection of measurable variables extracted 

from survey responses and verified with confirmatory factor analysis (CFA). 

Table 1 shows the four Endogenous dimensions and variable. 

 HRC (Health Related Concerns): Focuses on physiological reactions like skin irritation, dryness, hormone 

imbalance, and allergies, showing increasing consumer sensitivity to chemical ingredients such as sulfates and 

parabens. 

 AHH (Aesthetic and Hair Health): Represents the visible effects of chemicals on hair, including weakened 

follicles, split ends, dullness, and silicone buildup, which cause physical discomfort and dissatisfaction leading to 

product rejection. 

 CPV (Cultural and Personal Values): Reflects deeper psychological motives tied to lifestyle, care preferences, 

and holistic health beliefs, showing consumers’ alignment with cultural values and natural living philosophies like 

Ayurvedic traditions. 

 EEC (Environmental and Ethical Concerns): Covers awareness of environmental impacts such as aquatic toxicity, 

non-recyclable packaging, and use of non-renewable resources, emphasizing ethical and ecological responsibility 

in product choices. 

Table1.  Variables of the Prospects Dimensions 

Endogenous Dimensions Variables 

Abbreviation 

Variables 

(Items) 

Health-Related Concerns 

(HRC) 

HRC -1 Inorganic shampoos often contain sulfates its creates Skin and Scalp 

Irritation 

HRC -2 An inorganic shampoo has causing in dryness, itchiness, or rashes. 

HRC -3 Inorganic shampoos ingredients are creates hormonal disruption 

HRC -4 Inorganic shampoos to be trigger allergies, especially redness, 

swelling, and discomfort. 

Aesthetic and Hair Health 

(AHH) 

AHH -1 Silicones and other synthetic ingredients can leads to dullness and 

lifeless appearance over time 

AHH -2 Overuse of chemical-laden shampoos can weaken hair follicles, 

leading to brittle, dandruff and prone to split ends 

AHH -3 Over-cleansing strips away protective oils, leaving hair dull and 

unprotected 

AHH -4 Many inorganic shampoos offer short-term benefits (e.g., shine 

from silicones) but can cause long-term build-up and damage. 

Cultural and Personal Values CPV-1 I want to align personal care with holistic and natural lifestyles 
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(CPV) CPV-2 Traditional hair care often relies on natural remedies, which can 

conflict with mineral ingredients 

CPV-3 As hair health deteriorates, natural hair care is needed to combat 

damage. 

Environmental and Ethical 

Concerns 

(EEC) 

EEC-1 Non-biodegradable chemicals affect aquatic ecosystems and water 

pollution, so I don't like them 

EEC-2 Mineral shampoos come in non-recyclable packaging, which 

contributes to environmental pollution, so I don't like them 

EEC-3 The production of synthetic chemicals often relies on non-

renewable resources, which is anti-social, so I don't like them 

Regression weights which consists of Standard Estimate, Standard Error (S.E), Critical ratio (C.R) and P-value are shown 

in Table 2. 

 

Table 2. Regression Weights for reasons for the variables 

Regression Weights Estimate S.E. C.R. P 

HRC-3 Health-Related Concerns 1.000 - - - 

HRC-2 Health-Related Concerns 1.111 0.076 14.683 0.000 

HRC-1 Health-Related Concerns 0.735 0.071 10.305 0.000 

HRC- 4 Health-Related Concerns 0.762 0.067 11.401 0.000 

AHH -3Aesthetic and Hair Health  1.000 - - - 

AHH-1 Aesthetic and Hair Health 0.670 0.068 9.816 0.000 

AHH -2Aesthetic and Hair Health 0.454 0.175 2.602 0.009 

AHH- 4Aesthetic and Hair Health 0.983 0.062 15.821 0.000 

CPV -3Cultural and Personal Values  1.000 - - - 

CPV -2Cultural and Personal Values 1.980 0.446 4.441 0.000 

CPV-1 Cultural and Personal Values 2.368 0.526 4.500 0.000 

EEC-1Environmental and Ethical Concerns 1.000 - - - 

EEC-2Environmental and Ethical Concerns 1.200 0.122 9.806 0.000 

EEC-3Environmental and Ethical Concerns 1.185 0.102 11.634 0.000 

Customers Avoiding Inorganic Shampoos  Health-Related 

Concerns 

0.148 0.034 4.285 0.000 

Customers Avoiding Inorganic Shampoos  Aesthetic and 

Hair Health 

0.197 0.031 6.283 0.000 

Customers Avoiding Inorganic Shampoos  Cultural and 

Personal Values 

0.684 0.155 4.426 0.000 

Customers Avoiding Inorganic Shampoos  Environmental 

and Ethical Concerns 

0.365 0.047 7.831 0.000 
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Note: 0.000 is 1% α -significant level 

The regression analysis shows that all four factors—Health-Related Concerns (HRC), Aesthetic and Hair Health 

(AHH), Cultural and Personal Values (CPV), and Environmental and Ethical Concerns (EEC) are significantly influence 

consumer’s avoidance of inorganic shampoos. Among these, Cultural and Personal Values have the strongest impact 

(estimate = 0.684), highlighting that consumers’ lifestyle beliefs and natural care preferences are the main drivers. 

Environmental and Ethical Concerns also play a substantial role (estimate = 0.365), reflecting growing awareness about 

sustainability issues. Health-Related Concerns (estimate = 0.148) and Aesthetic and Hair Health (estimate = 0.197) 

contribute meaningfully as well, indicating that physical reactions and hair damage are important but less influential 

factors. All regression weights are statistically significant (p < 0.001), confirming the robustness of the model in explaining 

why consumers avoid inorganic shampoos. 

3. HYPOTHESIS TESTING 

Hypothesis testing is done with a level of significance of 99% or Alpha = 0.01. The hypothesis is accepted if the 

CR value has a p value < 0.05. 

NULL HYPOTHESIS 

H0-1: There is no significant relationship between the Health-Related Concerns and Customers Avoiding Inorganic 

Shampoos. 

H0-2: There is no significant relationship between the Aesthetic and Hair Health and Customers Avoiding Inorganic 

Shampoos. 

H0-3: There is no significant relationship between the Cultural and Personal Values and Customers Avoiding Inorganic 

Shampoos. 

H0-4: There is no significant relationship between the Environmental and Ethical Concerns and Customers Avoiding 

Inorganic Shampoos. 

ALTERNATIVE HYPOTHESIS 

H1-1: There is significant relationship between the Health-Related Concerns and Customers Avoiding Inorganic 

Shampoos. 

H1-2: There is significant relationship between the Aesthetic and Hair Health and Customers Avoiding Inorganic 

Shampoos. 

H1-3: There is significant relationship between the Cultural and Personal Values and Customers Avoiding Inorganic 

Shampoos. 

H1-4: There is significant relationship between the Environmental and Ethical Concerns and Customers Avoiding 

Inorganic Shampoos. 

4. MODEL SUITABILITY /GOODNESS OF FIT TEST 

The results of the Goodness of fit for confirmatory Analysis is shown in Table 3. 

Table 3. Results of Goodness of Fit Test for Confirmatory Factor Analysis 

Model Chi-

Square 

(ᵡ
2

/df ) 

P-Value  

RMR 

GFI AGFI CFI NFI RMSEA 

Study model 4.604 0.000 0.056 0.811 0.821 0.824 0.836 0.072 

Recommended 

value 

< 5 Sig. < 0.8 0.8-0.9 0.8-0.9 0.8-0.9 0.8-0.9 < 0.080 
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INTERPRETAION OF ANALYSIS  

The results of the covariance structural analysis that is performed based on the CFA model is as follows: 

 Sample size: 422 

 Chi-Square (ᵡ²) / degrees of freedom (df): 4.604 (recommended < 5) 

 P-Value: 0.000 (significant at p < 0.05) 

 Root Mean Square Error of Approximation (RMSEA): 0.072 (recommended < 0.08 for good fit) 

 Root Mean Residual (RMR): 0.056 (recommended < 0.8) [8] 

 Goodness of Fit Index (GFI): 0.811 (recommended between 0.8 and 0.9) 

 Adjusted Goodness of Fit Index (AGFI): 0.821 (recommended between 0.8 and 0.9) 

 Comparative Fit Index (CFI): 0.824 (recommended between 0.8 and 0.9) 

 Normed Fit Index (NFI): 0.836 (recommended between 0.8 and 0.9) 

All fit indices meet or exceed the recommended thresholds, confirming that the measurement model fits the data 

well, the constructs are reliable, and no modifications to the model are necessary. 

5. CONVERGENT VALIDITY TEST 

Table 4 presents the convergent validity test for the factors influencing why customers avoid inorganic shampoos. 

Table 4. Test of Convergent Validity for Reasons for Customers Avoiding Inorganic Shampoos 

Indicator Variables   

Latent Variables 

Sum of the Squared 

Standardized Loadings 

No. of 

Indicators 

AVE Square root of 

AVE=DV 

HRC-3Health-Related Concerns 2.180 4 0.545 0.738 

HRC-2Health-Related Concerns 

HRC-1Health-Related Concerns 

HRC-4Health-Related Concerns 

AHH-3Aesthetic and Hair Health  2.030 4 0.508 0.712 

AHH-1Aesthetic and Hair Health 

AHH-2Aesthetic and Hair Health 

AHH-4Aesthetic and Hair Health 

CPV-3Cultural and Personal Values  1.515 3 0.505 0.711 

CPV-2Cultural and Personal Values 

CPV-1Cultural and Personal Values 

EEC-1Environmental and Ethical 

Concerns 

1.754 3 0.585 0.765 

EEC-2Environmental and Ethical 

Concerns 

EEC-3Environmental and Ethical 

Concerns 
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RESULTS OF CONVERGENT VALIDITY TEST 

Convergent validity assesses whether the indicators of each latent variable consistently measure the same concept. 

This is shown by the Average Variance Extracted (AVE) scores, where values above 0.5 indicate good validity. In this 

study, all four latent variables are as follows: Health Related Concerns with an AVE score of 0.545, Aesthetic and Hair 

Health with an AVE score of 0.508, Cultural and Personal Values with an AVE score of 0.505, and Environmental and 

Ethical Concerns with an AVE score of 0.585. These AVE scores are all greater than 0.5, confirming that each construct’s 

indicators are reliable and strongly related to their underlying factors, thereby supporting the accuracy and trustworthiness 

of the measurement model. 

6. DISCRIMINANT VALIDITY TEST 

Discriminant validity measures that a construct is different from other constructs. The way to test it is by 

comparing the AVE root value with the correlation square between constructs. Table 5 and Table 6 presents the 

Discriminant validity test for the factors influencing why customers avoid inorganic shampoos. 

Table 5. Test of Discriminant Validity for reasons for Customers Avoiding Inorganic Shampoos Dimension 

Latent Variables HRC AHH CPV EEC 

HRC (0.738)    

AHH 0.542 (0.712)   

CPV 0.099 0.148 (0.711)  

EEC 0.174 0.127 0.201 (0.765) 

 

Note: The values in brackets show the square roots of AVE scores 

Table 6. Correlation for reasons for Customers Avoiding Inorganic Shampoos Dimension 

Correlation Estimate 

Health-Related Concerns (HRC) ↔ Environmental and Ethical Concerns (EEC) 0.174 

Aesthetic and Hair Health (AHH) ↔ Environmental and Ethical Concerns (EEC) 0.127 

Cultural and Personal Values (CPV) ↔ Environmental and Ethical Concerns(EEC) 0.201 

Health-Related Concerns (HRC) ↔ Aesthetic and Hair Health (AHH) 0.542 

Cultural and Personal Values (CPV) ↔ Health-Related Concerns (HRC) 0.099 

Cultural and Personal Values (CPV) ↔Aesthetic and Hair Health (AHH) 0.148 

 

RESULT OF DISCRIMINANT VALIDITY TEST 

Table 5 presents the test results of Discriminant Validity (DV) for the dimensions of Reasons for Customers 

Avoiding Inorganic (Chemical Based) Shampoos. The Discriminant Validity scores, represented by the square root of 

the Average Variance Extracted (AVE), are as follows: Health Related Concerns DV is  0.738, Aesthetic and Hair Health 

DV is 0.712, Cultural and Personal Values DV is0.711, and Environmental and Ethical Concerns DV is 0.765.The four 

Dimensions Discriminant Validity score are more than the Latent Variables’ Correlation Values, so, Reasons for 

Customers Avoiding Inorganic (Chemical-Based) Shampoos Dimensions are Discriminant Valid, as suggested by Fornell 

and Larcker[3]. 
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7. RESULT OF STRUCTURAL EQUATION MODELING (SEM)-FINDINGS 

Figure 1 shows the Structural Equation Modeling for customers avoiding inorganic shampoos. The observations 

are: 

The dimension of avoiding reasons in Health-Related Concerns has four variables; all are significant in Health-

Related Concerns. The significant variables are compared with estimated values; the first leading variable is ‘An inorganic 

shampoo is causing dryness, itchiness, or rashes’ (HRC-2), the second leading variable is ‘Inorganic shampoos ingredients 

are creating hormonal disruption’ (HRC-3) and the third leading variable is ‘Inorganic shampoos trigger allergies, 

especially redness, swelling, and discomfort’ (HRC-4) and the estimate values are1.111, 1.000 and 0.762 respectively. 

The dimension of avoiding reasons in Aesthetic and Hair Health has four variables; all are significant in Aesthetic 

and Hair Health. The significant variables are compared with estimated values; the first leading variable is ‘Over-cleansing 

strips away protective oils, leaving hair dull and unprotected’ (AHH -3), the second leading variable is ‘Many inorganic 

shampoos offer short-term benefits (e.g., shine from silicones) but can cause long-term build-up and damage’ (AHH- 4), 

and the third leading variable is ‘Silicones and other synthetic ingredients can lead to dullness and a lifeless appearance 

over time’ (AHH-1) and the estimated values are1.000, 0.983 and 0.670 respectively. 

The dimension of avoiding reasons in Cultural and Personal Values has three variables; all are significant in 

Cultural and Personal Values. The significant variables are compared with estimated values; the first leading variable is ‘I 

want to align personal care with holistic and natural lifestyles’ (CPV-1), the second leading variable is ‘Traditional hair 

care often relies on natural remedies, which can conflict with mineral ingredients’ (CPV-2) and the third leading variable 

is ‘As hair health deteriorates, natural hair care is needed to combat damage’ (CPV-3), and the estimated values are 2.368, 

1.980 and 1.000 respectively. 

 

Figure 1.  Structural Equation Modeling for Customers Steer Clear of 

  



 

Mathematical Modeling and its Applications | 92 

Inorganic Shampoos 

The dimension of avoiding reasons in Environmental and Ethical Concerns has three variables; all are significant 

in Environmental and Ethical Concerns. The significant variables are compared with estimated values; the first leading 

variable is ‘The production of synthetic chemicals often relies on non-renewable resources, which is anti-social, so I don't 

like them.’ (EEC-3) second leading variable is ‘Mineral shampoos come in non-recyclable packaging, which contributes 

to environmental pollution, so I don't like them’ (EEC- 2) and the third leading variable is ‘Non-biodegradable chemicals 

affect aquatic ecosystems and water pollution, so I don't like them.’ (EEC- 1) and the estimated values are 1.185, 1.200 

and 1.000 respectively. 

Finally, the research finds out endogenous dimensions of Health-Related Concerns (HRC), Aesthetic and Hair 

Health (AHH), Cultural and Personal Values (CPV), and Environmental and Ethical Concerns (EEC) influences on 

exogenous dimension in Customers Avoiding Inorganic (Chemical-Based) Shampoos.  

 The results exhibited that the dimension of Health-Related Concerns has a significant impact on Customers 

Avoiding Inorganic Shampoos, as the direct effect of the dimension on Customers Avoiding Inorganic Shampoos is 0.148 

(p-value is significant at 0.05%). Therefore, the Null Hypothesis (H0-1) is rejected and concludes that Health-Related 

Concerns have a positive impact on Customers Avoiding Inorganic Shampoos. 

Then the next results exhibited that the dimension of Aesthetic and Hair Health has a significant impact on 

Customers Avoiding Inorganic Shampoos, as the direct effect of the dimension on Customers Avoiding Inorganic 

Shampoos is 0.197 (p value is significant at 0.05%). Therefore, the Null Hypothesis (H0-2) is rejected and concludes that 

Aesthetic and Hair Health have positive impact on Customers Avoiding Inorganic Shampoos. 

Then the next results exhibited that the dimension of Cultural and Personal Values has a significant impact on 

Customers Avoiding Inorganic Shampoos, as the direct effect of the dimension on Customers Avoiding Inorganic 

Shampoos is 0.648 (p-value is significant at 0.05%). Therefore, the Null Hypothesis (H0-3) is rejected and concludes that 

Cultural and Personal Values have positive impact on Customers Avoiding Inorganic Shampoos. 

Finally the results exhibited that the dimension of Environmental and Ethical Concerns has a significant impact 

on Customers Avoiding Inorganic Shampoos, as the direct effect of the dimension on Customers Avoiding Inorganic 

Shampoos is 0.365 (p-value is significant at 0.05%). Therefore, the Null Hypothesis (H0-4) is rejected and concludes that 

Environmental and Ethical Concerns have positive impact on Customers Avoiding Inorganic Shampoos. 

8. SUGGESTIONS 

To avoid inorganic (chemical-based) shampoos, follow these simple steps: 

 Make the switch to natural shampoos by carefully reading labels to steer clear of harsh ingredients. 

 Selecting natural substitutes such as neem shampoo, coconut oil, and shikakai powder. 

 Choosing natural and organic products such as Khadi Natural and Biotique. 

 Creating your own shampoo with organic components. 

 Making the gradual switch from your present shampoo. 

 If necessary, seeking advice from a dermatologist or hair care specialist. 

9. CONCLUSION 

The analysis concludes the following dimensions are an impact on Customers Avoiding Inorganic Shampoos, 

the first leading reason is Cultural and Personal Values, and the impact value is 0.684, The significant reasons are 

customers want to align personal care with holistic and natural lifestyles and Traditional hair care often relies on natural 
remedies, which can conflict with mineral ingredients, and then as hair health deteriorates, natural hair care is needed to 
combat damage. The second leading reason is Environmental and Ethical Concerns, and the impact value is 0.365, the 

significant reasons are the production of synthetic chemicals often relies on non-renewable resources, which is anti-social, 

so they don't like it and Mineral shampoos come in non-recyclable packaging, which contributes to environmental 

pollution, so they avoid Inorganic Shampoos. 

The third leading reason is Aesthetic and Hair Health, and the impact value is 0.197, The significant reasons are 

Over-cleansing strips away protective oils, leaving hair dull and unprotected and  Many inorganic shampoos offer short-
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term benefits (e.g., shine from silicones) but can cause long-term build-up and damage. The final leading reason is Health-

Related Concerns and impact value is 0.148, The significant reason are An inorganic shampoo has causing in dryness, 
itchiness, or rashes and Inorganic shampoos ingredients are creates hormonal disruption. 
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Abstract: The mathematical model for co-infection with malaria and cholera was developed in this problem, and it is 

researched to see if there is a synergistic link between the two diseases in the presence of medicines. The effects of malaria 

and its treatment on cholera dynamics are investigated in greater depth. Malaria infection raises the chances of cholera, 

while cholera infection doesn't really enhance the risk of malaria infection. The model is numerically investigated using 

the Fourth Order Runge - Kutta method and analytically using the HPM. Investigate the impact of each parameter on 

the governing equation and determine the effective control strategy using the exact solutions (analytical). 

Keywords: Malaria, Cholera, Co-infection, Homotopy Perturbation Method, Optimality Control of disease. 

1. Introduction  

Malaria is a disease transmitted by mosquitoes that may have been prevented and treated. Mosquito biting are 

stopped by the distribution of low-cost bed nets and sprays, as well as mosquito abatement tactics such as insecticide 

sprinkling indoors and the draining of filthy water where vectors thrive [1]. "Recent flooding in Africa and Asia has created 

a significant danger to environmental sanitation and clean water supply, allowing malaria and cholera to spread" [2]. John 

Snow was the first to examine cholera epidemiology, which paved the way for modern epidemiology study[3]. The 

relation between cholera and contaminated water has long been known. Cholera is a life-threatening bacterium infection 

that can cause vomiting and diarrhea. It can lead to "severe thirst, electrolyte imbalance, and death", if not treated. Cholera 

is spread by drinking water infected with the bacteria Vibrio cholera (typically via feces or wastewater). Cholera 

colonization by humans results in a super infectious condition that persists after transmission, contributing to epidemic 

illness. Good sanitation and water treatment can help to prevent cholera [4]. Mathematical modeling has been useful in 

gaining a better understanding of disease transmission dynamics as well as in making decisions about disease control 

intervention techniques. Ross [5], for example, was the first to establish "Mathematical models of malaria transmission". 

His major objective was vector management, and he established that the mosquito population must be decreased to a 

certain level in order to eradicate the infection. Koella's and Anita's inquiries are among the others [6], Among them was 

a mosquito latent class. They evaluated various tactics for reducing "resistance spread and investigated the sensitivity of 

their findings to the parameters". Anderson and May [7] developed "A Malaria model based on the assumption that 

acquired immunity is unaffected by exposure length in malaria". Effect of disease prevalence on transmission rate, as well 

as other control methods, were explored further. Nikolaos and his colleagues. [8] offered a thorough examination of a 

dynamical model to characterize HIV infection etiology. With vaccination and various endemic states, "A basic two-

dimensional SIS (susceptible-infected-susceptible) model" was created by Christopher and Jorge [9].  There has been no 

research on the dynamics of malaria-cholera co-infection or the deployment of optimal methods of control to our 

understanding. A deterministic framework for HIV and malaria co-infection in a population was recently constructed and 

tested by the authors of [10]. The authors also looked at a deterministic model for tuberculosis and malaria co-infection 

in [11]. In [13], the authors developed a mathematical model for cholera that included key elements - "hyper-infectious, 

short-lived bacterial condition, a distinct class for mild human infections, and diminishing disease immunity".
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There have been significant mathematical modelling developments over the past eight years. [15] Mojeeb AL-Rahman 

EL-Nor Osman et. al. established the SEIR model in 2017, and it was used to predict the reproduction rate, the disease-

free and endemic equilibria. Additionally, they created an SEIR-SEI model of how malaria spreads between people and 

insects. Insecticides, mosquito-treated nets, and active anti-malarial medications can all assist to reduce mosquito 

populations and the transmission of malaria, according to the study's findings. Malaria can also be controlled by lowering 

the rate of human-mosquito interaction. 

A historical review of the dynamics of malaria transmission and climate change was conducted in 2018 by Steffen E. 

Eikenberry et al[16]. They discussed the main biological facets of malaria, techniques for formalizing these into 

mathematical forms, and uncertainties and debates surrounding appropriate modelling approach. Their goal was to 

present a timeline of some significant modelling initiatives, ranging from the classic works of Sir Ronald Ross and George 

Macdonald to more contemporary modelling studies that specifically focused on climate. Last but not least, they made 

an effort to set this mathematical study into a larger historical framework for the "million-murdering Death" of malaria. 

In 2018[17], Ousmane Koutou et. al., presented a model, constructed by considering two models: a model of vector 

population and a model of virus transmission. Each model's threshold dynamics were identified, and a correlation 

between them was created. The Lyapunov principle is additionally used to investigate the stability of equilibrium points. 

The next generation matrix was used to calculate the common basic reproduction number, and its implications for the 

management of malaria were examined.A mathematical model of malaria transmission dynamics with age structure for 

the vector population and a regular bite rate of female anopheles mosquitoes was presented in 2018 by Traoré Bakary et 

al [18].They examined the model's behaviour when the fundamental reproduction ratio R0 is more than one or less than 

one, as well as the stability of the disease-free equilibrium. 

In 2020 [19], Kinfe Hailemariam Hntsa et al. took into account a mathematical model for the dynamics of 

cholera transmission and its countermeasure as one cohort of people. They estimated the fundamental reproduction 

number R0 and looked into the possibility of equilibria as well as their stability. According to the findings, the disease is 

eradicated and kills fewer people in places with appropriate preventive measures while becoming widespread and killing 

more people in areas with insufficient preventive measures.In 2020 [20], K. U. Egeonu et al. conducted analysis to 

determine how treatment controls affected a population's disease burden when there was drug resistance for malaria. 

When the related reproduction number is smaller than unity, the dynamical feature of backward bifurcation is 

demonstrated to occur in the model. The Pontryagin's Maximum Principle is used to establish the prerequisites for the 

existence of optimum control and the optimality system for the model.The study in a novel nonlinear mathematical 

model for malaria disease was proposed by Malik Muhammad Ibrahim et al. in 2020 [21] . Using the fundamental 

reproductive number R0, local and global stability analysis of a disease-free equilibrium has been investigated; if R0 <1, the 

system is stable; otherwise, it is unstable. Under specific circumstances, the existence of the special endemic equilibrium 

has also been established. The findings of this study demonstrate that, in addition to a decline in the population of infected 

mosquitoes, a sizable increase in the population of susceptible humans has been achieved.A nonlinear mathematical 

model was proposed and used in 2020 by Segun I. Oke et al[22]., to analyse the dynamics of malaria transmission in a 

population. Utilizing differential equation stability theory, the deterministic compartmental model was investigated. The 

reproduction number was asymptotically stable for the disease-free conditions, and the endemic equilibria were identified. 

In addition, the qualitatively assessed model incorporates time-dependent variable controls that were intended to stop 

the spread of the malaria disease. Incorporating three control strategies—disease prevention with bed nets, treatment, and 

insecticides—the optimal control problem was formulated using Pontryagin's maximum principle.A mathematical model 

of malaria in the human population was considered in 2020 by Baihaqi, Muhamad Adzib, et al [23]., who made the 

assumption that the disease's infection rate in the population is constant and only depends on the number of infected 

people. The existence of endemic and disease-free equilibrium points, as well as the local stability for both equilibrium 

points and the global stability for the disease-free equilibrium point, were also the focus of their analysis. 

In 2021, Egide Ndamuzi et al [24]. created the SEIR model and discovered the fundamental reproduction 

number R0. This model's findings demonstrate the need for effective control measures to decrease the number of 

mosquito bites on humans per unit of time (σ), the vector population of mosquitoes (Nv), the probability of infection for 

a person bitten by an infectious mosquito per unit of time (b), and the probability of infection for a mosquito per unit of 

time (c).The new fourteen compartmental mathematical model was defined by G. A. Adeniran et al [25] . in 2022. In an 

effort to pinpoint the most sensitive factors, the model was examined for each factor influencing the spread of the illness. 

Full models of the co-infection of malaria and cholera were studied first, followed by sub models of the two diseases 
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separately. The relative sensitivity solution of the model is calculated for each parameter. Sensitivity analyses showed that 

of all the variables used and examined in this model. 

A fractional order model of the co-infection of malaria and cholera was developed in 2022 by Nita H. Shah et al 

[26]. using the definition of the Caputo fractional derivative with the order of derivative in the range (0,1). The fractional 

order model has been shown to produce superior results. For the malaria and cholera models, the basic reproduction 

number was calculated. Muhammad Sinan et al. started to look at the dynamics of malaria illness in humans in 2022 [27], 

as well as the disease's vectors. It was also considered how the vector's (the mosquito) role in disease transmission might 

play a role. Ulam-Hyres stability analysis and optimal control strategies have been used in some theoretical analyses of 

existence, uniqueness, and stability. Different graphs show the results of fractional and classical order, and some numbers 

are shown to show the model's overall asymptotic stability. Finally, we have made attempt to investigate Mathematical 

analysis of   Malaria  and cholera disease by HPM [14]. 

2. Model Formulation 

Humans Who Are Susceptible Sh, Individuals only infected with malaria Im, individuals only infected with cholera Ic, 

individuals only recovering from malaria Rm, and individuals only recovering from cholera alone Rc are all sub-

populations of the overall human population, denoted by Nh. As a result, Nh=Sh+ Im + Ic + Rm + Rc. The whole vector 

population, Nv, is separated into susceptible mosquitoes Sv and malaria-infected mosquitoes Iv. As a result, Nv = Sv + Iv 

[14]. 

3. Cholera Model 

We'll look at the Cholera-only model here[14] 

dSh

dt
 = Ʌh + ωRc - λSh - μ

h
Sh                 (1) 

dIc

dt
 = λSh - (δ+ μ

h
 + m) Ic                     (2) 

dRc

dt
 = δIc-(ω+μ

h
) Rc                            (3) 

dBc

dt
 = ρIc- μb

Bc                                   (4) 

With the initial condition Sh(0)≥0,  Ic(0)≥0,  Rc(0)≥0,Bc(0)≥0. 

The analytical solution of Cholera Model is obtained by Homotopy perturbation method 

Sh(t)= 2498001.59e(-0.05004t)+1998.402     (5) 

Ic(t)= 1061.737+2834129.339e(-0.05004t)- 2835191.075e(-0.09411t)                        (6) 

Rc(t)=-4051995.2020e(-0.05004t) +2133316.4810e(-0.09411t) +1918678.7210e
(-0.00104t)

  (7) 

Bc(t)=27213235.32e(-0.05004t)  -68725429.18e(-0.09411t)41512193.86e(-0.0123t)              (8) 

4. Malaria Model 

We'll look at the Malaria-only model here[14] 

dSh

dt
 = Ʌh + kRm -β

h
ShIv-μh

Sh                             (9) 

dIm

dt
 = β

h
ShIv - (α+ μ

h
 + ∅) Im                              (10) 

dRm

dt
 = αIm - (k+ μ

h
)Rm                                         (11) 

dSv

dt
 = Ʌv -  βv

SvIm - μ
v
Sv                                       (12) 

 
dIv

dt
 = β

v
SvIm-μ

v
Iv                                                  (13) 

With the initial condition, 
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 Sh(0)≥0, Im(0)≥0,Rm(0)≥0,Sv(0)≥0,Iv(0)≥0 

4.2 Analytical solution of Malaria Model. 

Sh(t)=-928.43e(-0.067t)-94.942e(-0.0115t)+181.78e(-0.012t)+361.59e(-0.078t)-708.826e(-0.0782t)+473.971e(-0.067t)-0.013e(-0.0104t)+0.001e(-0.089t)+454.468e(-0.0667t)-1.672663733e(-0.13338t)+0.8714282085e(-0.13334t)-0.000619e(-0.08948t)+0.942564e(-0.14479t)-0.49148e(-0.1448t)+0.8027e(-0.1334t)-24.0018e(-0.00004t)+0.00398e(-0.011409t)t+0.0189te(-0.0667t)-0.0198e(-0.0667t)t-0.01518265724te(-0.07808t)+0.000107e(-0.15616t)-0.002215e(-0.0767t)-0.00012e(-0.20005t)-0.4519e(-0.1449t)+0.002207e(-0.0768t)+0.01456788396te(-0.079*t)+347.218e(-0.079t)-86.827e(-0.01149t)-0.00010218e(-.15619t)-0.003628te(-0.0115t)+25.

                                 (14) 

Im(t)= 12434.509e(-0.0115t)-0.01706te(-0.079t)-571.409e(-0.0667t)+0.5334e(-0.1448t)-1.0229e(-0.1448t) 

+ 1119.2269e(-0.0667t)+0.0026009e(-0.0767t)+0.00012e(-0.157t)+829.592e(-0.079t) 

+12426.0026e(-0.01149t)-24860.509e(-0.011449t)+1.829e(-0.13338t)-1.035073796e((-0.011409t)t) 

-0.00259e(-0.078t)- 406.358e(-0.079t)+0.4905e(-0.1449t)-0.95269e(-0.1334t)+1.0348te(-0.011449t) 

+ 0.0239e(-0.06668t)t-0.8775e(-0.1335t)-547.85e(-0.0668t)-0.0229te(-0.0668t)+0.0178te(-0.079t)                                                   

(15)                                                              

Rm(t)= 0.01336e(-0.01005t)+4.8295e(-0.011452t)+0.0028e(-0.0667t)-0.00266e(-0.0668t)-0.000208e(-0.0115t)t 

- 4.8419e(-0.011449t)-0.00172009e(-0.079t)+0.0018e(-0.079t)                 (16) 

Sv(t)= 0.1499+0.12613e(-0.13339t)+0.00155e(-0.06668t)t+1.2178e(-0.011409t)-0.08019e(-0.1448t) 

+0.08367e(-0.1448t)-0.131549e(-0.13334t)-36.3259e(-0.0667t)+37.1542e(-0.0668t)+33.2407e(-0.079t) 

-1.2183e(-0.011449t)-33.21625e(-0.078079t)+0.00139te(-0.078079t)                    

                                  (17) 

Iv(t)= -0.12613e(-0.13338t)-0.001549e(-0.0667t)t-1.2178e(-0.011409t) 

+0.08019e(-0.1448t)-                0.0836209e(-0.1448t)+0.131549e(-0.1334t) 

+37.1769e(-0.0667t)-37.1541e(-0.0667t)-                 33.2407e(-0.079t)+ 1.218236e(-0.01145t) 

+33.2163e(-0.07808t)-0.001394te(-0.079t)   (18) 

Table 1: Parameters values of Optimal Malaria - Cholera Model   

Parameters Description Value 

Ʌh Human birth rate 0.001 

k Malaria immunity waning rate 0.01 

β
h
 Probability of human getting infected 0.034 

μ
h
 The natural death rate in humans 0.00004 

α The recovery rate of malaria-infected individual 0.001369 

∅ Malaria related death 0.01 

Ʌv Mosquitoes birth rate 0.01 

β
v
 Probability of mosquitoes getting infected 0.09 

μ
v
 The natural death rate in mosquitoes 0.06667 

ω Cholera immunity waning rate 0.001 

λ Bacteria contact rate with humans 0.05 

δ The recovery rate of cholera infected individual 0.07 

ρ Cholera infected contribution to the aquatic 0.7 
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μ
b
 Bacteria mortality rate 0.123 

  m Cholera related death 0.02407 

 

5. Numerical Simulation and Discussion: 

5.1 Cholera Model 

To observe the model system's dynamical behaviour, Using the fourth-order Runge–Kutta method and the following 

parameters, the systematic equations (1)–(4) are numerically computed[14]:  

μ
b
=0.123,ω=0.001,λ=0.05,δ=0.07,μ

h
=0.00004,ρ=0.7,Ʌh=0.001,m=0.02407 with the initial condition Sh(0)≥0,  Ic(0)≥0,  

Rc(0)≥0,Bc(0)≥0. 

 

 

 

 

 

 

 

 

 

 

Figure 1:Variation of Bacteria contact  

rate with humans for different values of λ.                        Figure 2:Variation of Human birth rate for different  

                                                                                 values Ʌh 

 

Figure 3: Cholera immunity waning rate for various values of ω 
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Figure 4 and 5: Infected Cholera of Recovery rate of cholera infected individual and Bacteria contact rate with humans 

for various values. 

Figure1and 2, shows the analytical and numerical simulation comparison of the parameters λ and Ʌh. By increasing the 

value of λ to 0.09, 0.5, and 0.9, the Bacteria contact rate with humans is decreasing and then varying the values of Ʌh, 

Human birth rate is decreasing. In figure 3, the Cholera immunity waning rate for different values of ω i.e. 0.001, 0.009, 

and 0.05 is increasing the immunity rate. In figure 4, the recovery rate of cholera is increasing while we increase the value 

of δ to 0.00004, 0.009, and 0.05. Then bacteria contact rate of humans in figure 5, reaches a high level when the value of 

λ changes to 0.5. 

 

Figure 6 and 7: Cholera related death and Natural death rate in humans for various values 

 

 

Figure 8 and 9: Recovered Cholera for a Recovery rate of cholera infected individual and Natural death rate in humans 

in different values. 
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Figure 10: Recovered Cholera of Cholera immunity waning rate in various parameter values 

 

Figure 11 and 12: Bacteria Population Bc of Bacteria mortality rate and Cholera infected contribution to the aquatic in 

various values of parameters. 

In figure 6, Cholera related death rate is decreasing when the death rate range is increasing as 0.05 and 0.099, then in 

fig.8 the recovered rate of  cholera infected individuals δ is decreasing slightly when the value is increased by 0.01and 

0.03. In figure 7 and 9, the Natural death rate in humans is increasing while varying the μ
h
 parameter values into 0.00004, 

0.0009, and 0.005 is controlling the number of cholera-infected people has never been easier or more effective. Cholera-

related death is controlling the infected individuals. In fig 10, the Cholera immunity waning rate is decreased in various 

parameter values 0.009 and 0.05. 

5.2 Malaria Model 

The numerical computation of the systematic equations (29)–(33) using the fourth-order Runge–Kutta method with the 

following parameters is used to see the dynamical behaviour of the model system. [14]: Ʌh=0.001, k=0.01, α=0.001369, 

β
h
=0.034, β

v
= 0.09, μ

h
=0.00004,  

∅=0.01,Ʌv=0.01, μ
v
=0.06667 with the initial condition Sh(0)≥0, Im(0)≥0,Rm(0)≥0,Sv(0)≥0,Iv(0)≥0. 
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Figure 13 and 14: Probability of human getting infected and Human birth rate in the various parameter value 

 

Figure 15: Susceptible humans of Malaria of Natural death rate in humans for various values in the parameter 

 

Figure 16 and 17: Infected Malaria of Natural death rate in humans and Recovery rate of a malaria-infected individual 

by changing the parameter values 
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Figure 18, 19, and 20:  Infected and Recovered Malaria for various values of a parameter 

 

Figure 21: Recovered Malaria of Natural Death rate of malaria-infected individual 

in different values 

 

Figure 22 and 23: Susceptible Mosquitoes of Probability of mosquitoes getting infected and Natural death rate in 

mosquitoes by varying the parameter values. 

In fig 13 and 14, the Probability of humans getting infected is decreased while changing the value of β
h
 into 0.034, 0.079, 

and 0.0999 and Human birth rate in various values of parameter Ʌh into 0.001, 0.005, 0.009. So that, the human birth 

rate is increased.  

 To optimize the objective function, the treatment controls for malaria and cholera (figs 15 and 17) are used, whereas the 

other treatments are not. There are no preventative actions made because the therapeutic processes have been refined. 

As demonstrated in Figures 18 and 19, the number of malaria-infected patients in cases increased steadily toward the end 

of the research. In fig 16, the natural death rate of infected malaria population is decreased when the α range is change 
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into 0.001369 and 0.005. In fig 20, α is the natural death rate of recovered malaria population Rm, The death rate is 

slightly increased when we increase the value into 0.0003 and 0.0009. In fig 21, the natural death rate of malaria infected 

individuals in recovered malaria population is slightly increased by increasing the values of 0.0009 and 0.005. In fig 22, 

the probability of mosquitoes getting infected in Susceptible mosquitoes Sv is not increasing and not decreased by varying 

the values into 0.5 and 0.09. In Susceptible mosquitoes, the natural death rate in mosquitoes is decreased by changing 

the parameter values into 0.05 and 0.5 in fig 23.    

By decreasing the transmission rate of Malaria - Cholera disease, the recovery rate will be increase. For reducing the 

infected rate people can control by using the cautions like bed nets, opened water in tyers etc. The simple ways like this 

can make the transmission rate in control.  

6. Conclusion: 

The Mathematical Modeling of the Malaria-Cholera model is examined in this research. The optimal control for Malaria-

Cholera model is discussed in the parameter variation graphs. The linear and non-linear differential equations of Malaria 

- Cholera model is solved numerically and analytically. The MATLAB ode45 function generates the numerical results 

that are consistent with the analytical solution by Homotopy Perturbation Method.  
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Abstract: In this paper,  the study of the Zika SEIR epidemic model is analyzed.  The model is separated into two 

populations: human and vector. The model is written as a nonlinear first-order differential equation[30]. The model's 

steady state is found to be asymptotically stable locally and globally. To solve the model analytically, the Homotopy 

Perturbation Method is utilized, and MATLAB is used to acquire the simulation result. Finally, the numerical and 

analytical solutions are compared, and the conditions essential for efficient disease control are found. 

Keywords: Zika Virus, Human population, Vector population, Non-linear differential equation, SEIR Model, Homotopy 

Perturbation Method. 

1. Introduction 

 Between 1960 and 1980, "the Zika virus was initially discovered in monkeys in 1947, and the first instances of 

Zika virus infection were recorded in Uganda and the Republic of Tanzania. There were just a few human cases of zika 

virus infection in Asia and Africa until 2007 in the Yap Islands, then in 2013 in France Polynesia and the Pacific Ocean, 

and finally in 2015 in Brazil, when the virus spread widely[2].  As a result, it has spread to other countries throughout the 

world, with the Zika virus now infecting 86 countries. This disease causes fever, rashes, conjunctivitis, muscle and joint 

discomfort, malaise, and headaches[3]. Recently, zika virus infection has become a dangerous threat to human society. It 

is a vector-borne flavivirus. It is spread by daytime–active Aedes mosquitos, such as A aegypti and A albopictus. Its name 

comes from the Zika Forest of Uganda, where the virus was first isolated in 1947. Zika virus is a member of the virus 

family Flaviviridae" [1]. 

The virus is early transmitted by mosquitoes bites in human bodies like "Aedes aegypti female mosquitoes" which also 

transmit so many viral diseases like dengue, chikungunya, yellow fever, Japanese Encephalitis virus [5]. 

Due to the virus a pregnant woman affected through the mother a baby in womb also affected in virus. The main possible 

way virus spread is due to breast feeding. The virus can transfer through the milk to the child . Furthermore, the Zika 

virus's long-term consequences on newly born babies got affected[4]. The Zika virus is suspected in Kerala on 8th July 

2021 [7]. There is, however, proven evidence of this disease being transmitted sexually.  

The virus transmitted from one human to another. "Researchers are continuing to research the zika virus and how it 

spreads, and will update their recommendations when new information becomes available. It can be spread from a person 

who has zika before they show symptoms, during their symptoms, and after they have gone away. The virus can also be 

spread by someone who has the virus but never develops symptoms, though this is not well documented. There have 

been no proven cases of blood transfusion transmission in the United States to far. Multiple incidences of potential blood 

transfusion transmission have been reported in Brazil. 2.8 percent of blood donors were positive for the zika virus during 

the French Polynesian incident"[8].  

Public Health Emergency of International Concern (PHEIC) by the World Health Organization (WHO) verified Zika 

virus[13,14]. Various experts lately researched and analyzed Using a mathematical model as a tool, researchers 

investigated the transmission patterns of the Zika virus. They created a mathematical model for the Zika virus's 

transmission dynamics and exhibited Zika virus control methods such as prevention, treatment, and insecticides. The 

authors incorporated sexual transmission of this disease into the suggested model, generated fundamental reproduction 
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numbers, and used all data to illustrate the analysis with a numerical simulation. Because the Zika virus is currently 

endemic, it is critical to research it[15-17].  

In its previous environment, the Zika virus moved quickly across the Pacific and the Americas, but important gaps in our 

understanding of the virus's epidemiology and biology remain. The following concern must be given top priority in the 

short term[18-19]. "To avoid contact with the vectors and practise safe sex, outreach and awareness initiatives targeting 

sexually active persons and pregnant women should be established [20]. Establishing prospective cohorts to assess the 

likelihood of neonatal zika syndrome and human-to-human transmission [21] to see if the zika virus may develop an 

enzootic transmission cycle in the Americas".  

In 2015 and 2016, "large outbreaks of the zika virus occurred in the Americans, due to increasing travel-associated cases 

in US states, widespread transmission in Puerto Rico and US Virgin Islands, and limited local transmission in Florida 

and Texas". State and local health authorities use standard case conditions to report cases to the CDC[22-25]. 

1.1 Symptoms and Signs  

The time it takes for Zika virus disease to develop symptoms (incubation period) is unknown, however it is expected to 

be a few days. Illness, skin irritation, conjunctiva, muscles and joint aches, malaise, and migraine are all symptoms. These 

clinical symptoms last two to seven days and are modest.  

1.2 Consequences of Zika Virus Infection 

WHO has concluded that "Zika virus infection during pregnancy causes congenital brain abnormalities, including 

microcephaly, and that Zika virus is a trigger of Guillain-Barré syndrome, based on a systematic evaluation of the literature 

up to May 30, 2016". The link between the Zika virus and a variety of neuromuscular disorders is still being examined in 

a rigorous study context. 

1.3 Diagnosis  

The susceptible people is identified by their symptoms and travel history. A diagnosis of Zika virus infection may only 

be made through tests performed of blood or other bodily fluids such as urinary, salivary, or reproductive cells.  

1.4 Treatment  

The humans who infected by Zika virus should take proper rest, need drink liquid items like fresh juice, water etc. 

Usually, the symptoms will be very mild and adjustable. Only if the situation goes worse then they go to a medical help. 

There is no vaccination available right now. 

1.5 Prevention  

Diagnostic tests can be used to determine Zika infections. Zika viral can now be found in blood (plasma and serum), 

urine, saliva, breastfeeding, sperm, amniotic fluid, and tissues.                         

1.5.1 Mosquitoestbites  

Anti-mosquito protection is a critical step in preventing Zika virus infection. "Wearing clothes that cover as much of the 

body as possible (ideally light-colored), utilising physical barriers such as window screens or closing doors and windows, 

sleeping under mosquito nets, and using insect repellent according to the product label recommendations are all ways to 

do this". The humans like childrens, aged people can get assistance or any special care. 

 It is critical to cover, empty, or clean potential mosquito breeding areas such as buckets, drums, pots, gutters, and used 

tyres in and around homes. Local governments should encourage community efforts to eliminate mosquitoes in their 

area. Insecticide spraying may also be recommended by public health authorities. 

1.5.2 Sexualttransmission The Zika virus can be spread through sexual contact. This is concerning because Zika virus 

infection has been linked to poor pregnancy and foetal outcomes. "All people with Zika virus infection and their sexual 

partners (especially pregnant women) should be informed about the dangers of Zika virus sexual transmission in areas 

where the virus is present then the Sexually active men and women should be properly advised and offered a wide 

spectrum of contraceptive options, according to the WHO, so that they may make an informed decision about whether 

and when to become pregnant, avoiding potentially harmful pregnancy and foetal consequences and women who have 

had unprotected intercourse and do not want to become pregnant due to Zika virus worries should have immediate 

access to emergency contraception and counselling and pregnant women should engage in safer sexual behaviour 
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(including the use of condoms correctly and consistently) or abstain from sexual activity for at least the duration of the 

pregnancy". 

2. Formulation of Zika Virus 

The model is divided into two types of sub-model  human to human population and mosquito to the human population. 

The human population 𝑁𝐻(𝑡) is divided into susceptible population 𝑆𝐻(𝑡), Exposed population 𝐸𝐻(𝑡), Infected 

population 𝐼𝐻(𝑡) and recovered population 𝑅𝐻(𝑡), while the vector population 𝑁𝑣(𝑡) is divided as susceptible 

vectort𝑆𝑣(𝑡), exposed vector 𝐸𝑣(𝑡) and infected vector 𝐼𝑣(𝑡). So that, 𝑁𝐻(𝑡) = 𝑆𝐻(𝑡) + 𝐸𝐻(𝑡) + 𝐼𝐻(𝑡) + 𝑅𝐻(𝑡) and 

𝑁𝑣(𝑡) = 𝑆𝑣(𝑡) + 𝐸𝑣(𝑡) + 𝐼𝑣(𝑡)[30]. 

𝑑𝑆𝐻

𝑑𝑡   
= 𝛬𝐻 − 𝛽𝐻𝑆𝐻( 𝐼𝑉 + 𝜌𝐼𝐻) − 𝜇𝐻𝑆𝐻                                                                               (1) 

𝑑𝐸𝐻

𝑑𝑡
= 𝛽𝐻 𝑆𝐻(𝐼𝑉 +  𝜌𝐼𝐻) − (𝜇𝐻 + 𝑋𝐻 )𝐸𝐻                                                                                (2) 

𝑑𝐼𝐻

𝑑𝑡
  = 𝑋𝐻  𝐸𝐻 − (𝜇𝐻 +  𝛾 + 𝜂)𝐼𝐻                                                                                                        (3) 

𝑑𝑅𝐻

𝑑𝑡
   = 𝛾 𝐼𝐻 − 𝜇𝐻𝑅𝐻                                                                                                                                (4) 

𝑑𝑆𝑉

𝑑𝑡
  = 𝛬𝑉 − 𝛽𝑉𝑆𝑉𝐼𝐻 − 𝜇𝑉𝑆𝑉                                                                                                                (5) 

𝑑𝐸𝑉

𝑑𝑡
  =  𝛽𝑉𝑆𝑉𝐼𝐻 − (𝜇𝑉 + 𝛿𝑉)𝐸𝑉                                                                                                             (6) 

𝑑𝐼𝑉

𝑑𝑡
  = 𝛿𝑉𝐸𝑉 − 𝜇𝑉𝐼𝑉                                                                                                                                  (7) 

With initial conditions 𝑁𝐻(0) ≥ 0, 𝑆𝐻(𝑡) = 𝐸𝐻(𝑡) = 𝐼𝐻(𝑡) = 𝑅𝐻(𝑡)  ≥ 0 and 𝑆𝑣(𝑡) = 𝐸𝑣(𝑡) = 𝐼𝑣(𝑡) ≥ 0. 

3. Analytical Solution of the Model Zika Virus 

For various values of parameters in analytical solutions, the analytical solutions for the equation of vulnerable population, 

exposedthost, infectedthost, recoveredthost virus free vectors, and virus-carryingtvectors. 

𝑆(𝑡)

=  21.73913043 − 20.74324937𝑒(−.00004600000000𝑡) + .1218185561𝑒(−.07142800000𝑡)                        
− .1161481501𝑒−.0714740000𝑡) + .001029263746𝑒(−.2001460000𝑡) − .0009818363041𝑒(−.2001460000𝑡)

− .0009818363041𝑒(−.1214280000𝑡) + .0008530113865𝑒(−.1428560000𝑡) − .00008129869204𝑒(−.1429020000𝑡)

+ .304342625310−5𝑒−.2715740000𝑡) − .290138347810−5𝑒(−.2716200000𝑡) − .03581936437𝑒(−.1214280000𝑡)

+ .03415872851𝑒(−.1214740000𝑡) + .271436395410−7𝑒(−.4002920000𝑡)

− .258861055210−7𝑒(−.4003380000𝑡). 001143562884𝑒(−.01004600000𝑡)−.001085963560𝑒(−.01009200000𝑡) 

𝐸(𝑡) =  −.2313132389𝑒(−.01004600000𝑡) − .1416645299𝑒(−.01004600000𝑡) − .1416645299𝑒(−.07142800000𝑡)

+ .1350561644𝑒(−.07147400000𝑡) − .001083407025𝑒(−.2001460000𝑡)

+ .001033472221𝑒(−.2001920000𝑡) − .00009172393351𝑒(−.1428560000𝑡)

+ .00008741800107𝑒(−.1429020000𝑡) − .315979720510−5𝑒(−.2715740000𝑡)

+ .301230365610−5𝑒(−.2716200000𝑡) + 03903526679𝑒(−.1214280000𝑡)

− .03722427115𝑒(−.1214740000𝑡) − .278391915610−7𝑒(−.4002920000𝑡)

+ .265493552310−7𝑒(−.4003380000𝑡) − .00001143562884𝑒(−.01004600000𝑡)𝑡
+ .2371649983𝑒−.01009200000𝑡) 

𝐼(𝑡) =  .2381333674𝑒(−.2001460000𝑡) + .0002294452597𝑒(−.0100600000𝑡) − .005502902852𝑒(−.07142800000𝑡)

+ .005247713439𝑒(−.07147400000𝑡) − .00001143562884𝑒(−.2001460000𝑡)𝑡
− .2371076233𝑒(−.2001920000𝑡) 

𝑅(𝑡) =  .001002443509𝑒(−.00004600000000𝑡) − .0001189786196𝑒(−.2001460000𝑡)

− .229445259710−5𝑒(−.01004600000𝑡) + .770909032010−5𝑒(−.0714280000𝑡)

− .734685758910−5𝑒(−.07147400000𝑡) + .571495694210−8𝑒(−.2001460000𝑡)𝑡

+ .0001184673305𝑒(−.2001920000𝑡) 
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𝑆𝑣(𝑡) = .001400011200 + .9977032423𝑒
(−.07142800000𝑡) + .927398378610−6𝑒(−.2001460000𝑡)

+ .004252184649𝑒(−.2715740000𝑡) + .267892719510−9𝑒(−.4002920000𝑡)

+ .100960792310−6𝑒(−.4717200000𝑡) − .107981875910−6𝑒(−.01004600000𝑡)

+ .0004706074257𝑒(−08147400000𝑡) 

𝐸𝑣(𝑡) =  .001450063636𝑒
(−.1214280000𝑡) − .151646211110−5𝑒(−.2001460000𝑡) − .005668201277𝑒(−.2715740000𝑡)

− .315925581310−9𝑒(−.4002920000𝑡) − .115371739810−6𝑒(−.4717200000𝑡)

+ .595082105210−7𝑒(−.01004600000𝑡) + .001183291335𝑒(−.1214280000𝑡) 

𝐼𝑣(𝑡) =  .002450021086𝑒
(−.07142800000𝑡) − .001600178041𝑒(−.12142800000𝑡)

+ .621771324910−6𝑒(−.2001460000𝑡) + .0001495351838𝑒(−.27155740000𝑡) 

Parameter Description Values 

𝜂 Human infected treatment rate 0.2 

𝜇𝐻 The natural death rate in human 0.00004566 

𝜇𝑣 The natural death rate in Mosquitoes 0.071428 

𝛬𝐻 The recruitment rate of humans 0.001 

𝑋𝐻 The rate of exposed humans Moving into infectious class 0.01 

𝛽𝐻 Probability of humans getting infected 0.2 

𝛽𝑉 Probability of mosquitoes getting infected 0.09 

𝛬𝑉 Mosquito recruitment rate 0.0001 

𝛿𝑉 The rate flow from 𝐸𝑉 to 𝐼𝑉 0.05 

𝛾  Human recovery rate due to treatment 0.0001 

𝜌 Human modification parameter 0.05 

 

Table 1: Parameters values of Zika Virus 

4. Numerical Discussion 

The numerical simulation solutions as an illustration achieved using the MATLAB programme are shown in this section. 

The parameter values utilised in the simulations are listed in Table 1. [30]. 

 

Figure 1 and 2:  Variation of probability of humans getting infected and Recruitment of humans. 
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Figure 3 and 4: Natural death rate of humans and human factor transmission rate. 

In figure 1, the transmission rate of the virus is going high while the 𝛽𝐻 value is increased in the susceptible populations 

for 120 days. In fig 2, Ʌ𝐻 is the recruitment rate of the susceptible human population. The population level is decreased 

if the value is increased as 0.001, 0.002, and 0.003.  In figure 3, the death rate of the host population is denoted as 𝜇𝐻. 

While increasing the value of 𝜇𝐻 into 0.0005 and 0.0009, the death rate of the human population decreases, so that if 

the transmission rate of the human population is neutral or decreased means the death rate will also decrease.  In figure 

4, ρ is the transmission rate factor of humans. while finding the value of ρ into 0.05, 1.5, and 2, the possibility of virus 

transmission among humans is decreasing for 120 days. 

 

Figure 5 and 6: Variations of the probability of humans getting infected and natural death while exposed state. 

 

Figure 7 and 8:Transmission rate of humans and exposed humans moving into infectious class 
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In figure 5, the transmission rate of an exposed humans is denoted as 𝛽𝐻 . The flow of the graph is increasing upto t=40, 

t=38 reached maximum and rises, if the values are increased to 0.3 and 0.5. In fig 6, 𝜇𝐻 is the death rate of exposed host 

𝐸𝐻, then the values of the death rate are changed into high as 0.0005 and 0.0009, then the graph is increasing  slightly. In 

figure 7, ρ is the human factor transmission rate. By increasing the value of ρ to 0.09 and 0.5, then the transmission rate 

goes high. Figure 8 shows the rate of exposed people moving into the infectious class, and boosting the values of 𝑋𝐻 to 

0.03 and 0.05 reduces the number of humans migrating into the infectious class. 

 

Figure 9 and 10: Rate of humans infected treatment and humans recovered due to treatment. 

 

Figures 11 and 12: Natural death rate of humans and humans comes from exposed. 

In Figures 9 and 10, η is the human infected treatment rate,  human infected rate slightly shows the lowered difference 

goes down of humans treatment rate while increasing the value to 5 and 10.  Similar observations can be found for human 

recovery rate. In figure 11,  𝜇𝐻 is the death rate of infected humans 𝐼𝐻, while varying the values into 0.05 and 0.09, then 

the death rate will be reduced. In figure 12, 𝑋𝐻 is the exposed  humans moving into infectious class. Here, if we increase 

the value to 0.07 and 0.09 then the exposed humans into infected  are  increases.  
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Figure 13 and 14: Mosquito recruit rate and natural death rate of mosquitoes. 

 

Figure 15 and 16: Transmission rate of mosquitoes infected and flow rate from exposed vector to infected vector. 

In figure 13, Ʌ𝑣 is the recruitment rate of mosquitoes in Susceptible Vector 𝑆𝑣. If the value is increased, then the vector 

recruit rate is increased. In fig 14, 𝜇𝑣 is the death rate of the vector. If the value increases to 0.5 and 0.9 then the death 

population is decreasing. In fig 15, 𝛽𝑣 is the transmission rate of the exposed vector. If the values are increased to 0.5 

and 0.9. then transmission rate is raised. In the same way, 𝛿𝑣  is increased when we vary the value into 0.5 and 0.9. 

 

Figure 17: The natural death rate of mosquitoes. 
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Figure 18 and 19: Rate of flow from exposure to infected vectors and death rate of mosquitoes. 

 In figure 17, the death rate of a vector is reduced when we increase the value of 𝜇𝑣 into 0.051428 and 0.091428. In figure 

19, 𝜇𝑣 is the death rate of an infected mosquito. If the value is increased to 0.051428 and 0.091428  then the death rate 

of a vector is reduced. 

5. Conclusion 

In this paper analyzed  a mathematical model  for zika virus disease is the Mathematical Modeling of the Zika virus is 

examined in this research and  using first-order nonlinear differential equations. The Homotopy Perturbation Method 

(HPM) is used to approach the analytical solutions, and MATLAB programming is used to obtain the  simulation results 

are also found. For all values of dimensionless parameters, the HPM is used to produce simple and approximate 

dimensionless concentrations. The HPM is a straightforward method that has the potential to solve other nonlinear 

problems. This method is quick and efficient, and it can reduce the number of computations in simulations of this model 

greatly.  
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Appendix A: The Homotopy Perturbation Method's Fundamental Principle (HPM) 

Consider the following nonlinear functional equation to highlight the essential elements of this technique: 

𝑃(𝑧) −  𝑅(𝑠) = 0, 𝑠 ∈ Ω                         (A1) 

U(𝑧,
𝜕𝑧

𝜕𝑡
) = 0, 𝑠 ∈ Г                          (A2) 

P indicated functional operator, R is a boundary operator, R(s) for a known analytical equation, and   the limit of the 

domain  .  M and R, with M denoting linear and R denoting nonlinear. 

𝑀(𝑧) + 𝑅(𝑧) − 𝑅(𝑠) = 0               (A3) 

We create a homotopy equations using the homotopy procedure,  
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𝐾(𝑧, 𝑉) = (1 − 𝑉)[𝑀(𝑧) − 𝑀(𝑧0)] + 𝑉(𝐹(𝑧) − 𝑅(𝑠)] = 0, 𝑉 ∈ [0,1], 𝑠 ∈ Ω         
(A4) 

 or 

𝐾(𝑧, 𝑉) = 𝑀(𝑧) −  𝑀(𝑧0) + 𝑉𝑀(𝑧0) + 𝑉[𝑅(𝑧) − 𝑅(𝑠)] = 0      (A5) 

𝑉 ∈ [0,1] is an parameter, For the solution of Equation, 𝑧0 is an initial approximation. (A2), which meets the border 

requirements. Clearly, we may deduce the following from Eqns. (A4) and (A5): 

𝐾(𝑧, 0) = 𝑀(𝑧) −𝑀(𝑧0) = 0                (A6) 

𝐾(𝑧, 1) = 𝑃(𝑧) − 𝑅(𝑠) = 0                (A7) 

Altering V's value from zero to unity corresponds to changing 𝑧(𝑠, 𝑉) value from 𝑧0(𝑠) to 𝑧(𝑠). This is known as 

homotopy in topology. The embedding parameter can be used astattiny parameter, and The solution of Equationst(A4) 

andt(A5) can be assumed to be a powertseriestin V: 

𝑈 = 𝑧0 + 𝑉𝑧1 + 𝑉
2𝑧2+. ..                     (A8) 

Setting V = 1, approximation to Eqn's solution. (A8) 

𝑧 = 𝑙𝑖𝑚
𝑄→1

𝑈 = 𝑧0 + 𝑧1 + 𝑧2 +⋯                    (A9) 

The homotopy perturbation method (HPM) is a mixture of the perturbation method and the homotopy method that has 

overcome the constraints of classic perturbation approaches. For additional situations, the series Eqn. (A9) is convergent.  
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Abstract: A virotherapy model in cancer is identified and analyzed in the paper. A mathematical model in virotherapy to 

treat cancer is identified in the paper. The mathematical model is introduced by Friedman. The mathematical model is 

constructed through nonlinear differential equations. The nonlinear differential equation in virotherapy is given by "the 

count of cancer cells, the count of infected cancer cells, the count of dead cells, and the count of virus cells that do not 

belong to tumor cells. The parameters in virotherapy include infection rate of cancer cells by viruses, proliferation rate 

of cancer cells, rate of removing cell loss resulting from dead cells, death rate of infected cancer cells, and count of virus 

cells that are not contained in cancer cells." Homotopy Perturbation Method is used to solve nonlinear differential 

equation in virotherapy. The numerical values in mathematical model in cancer virotherapy consist of variation in 

parameters values. The numerical values are utilized to identify the effect of optimal control in reducing the effect of 

cancer cell via numerical graphical design. The numerical graphical model clearly identified that optimal control in 

virotherapy can greatly reduce the effect of cancer cells.Significant agreement is generated by comparing the results from 

approximate analytical calculations and numerical simulations. 

Keywords: Nonlinear Differential Equations, Count of Cancer Cells, Count of Infected Cancer Cells, Count of Dead 

Cells, The Death Rate of Infected Cancer Cells, Homotopy Perturbation Method. 

1. Introduction 

There will be a startling rise in the number of cancer diseases, as evident by the sheer number of new cases of cancer 

diagnosed, as indicated by the statistics of 17,000,000 new cases of cancer recorded in the year 2018, and the estimated 

23.6 million people will be affected by cancer in the year 2030 [1, 2]. Moreover, it is suggested that by the year 2030, 

cancer will cause the demise of almost 20 million people every year. Thus, it is of the utmost importance that numerous 

branches of science and technology work tirelessly to better develop the progress of treatments for this disease. A broad 

class of diseases, referred to as cancers, involves recurring and uncontrolled proliferation and metastasis of cancerous 

cells. A type of tumor that consists of masses of tissue is referred to as a solid tumor. A type of cancer that affects the 

blood is called the leukemia type of cancer. There are two types of cancer: the benign type of tumor, which does not 

metastasize, and the malignant type of tumor, which metastasizes in a malicious manner[ 3]. At present, an assortment of 

therapeutic techniques has been adopted by oncologists to retard the development of cells forming tumors, leading to the 

eventual death of cancerous cells. It has been observed that the kind of cancer infection, the level at which cancer had 

developed at the time of diagnosis, the age of an individual undergoing cancer, as well as an assortment of therapeutic 

techniques, has a profound impact on the survival rate of an individual afflicted with such a disease. For example, prostate 

and pancreatic cancer have resulted in the highest and lowest survival rates of 99.2 percent and 6 percent respectively [3]. 

As mentioned earlier, some of the common treatments for cancer include surgery, chemo, radiotherapy, immunotherapy, 

hormonal therapy, and stem cell transplantation. At times, as described here, combination therapy for cancer becomes 

more important to totally destroy cancer cells and reduce or eradicate the possibility of recurrence of cancerous cells in 

an individual’s body [4-7]. 

Combination therapy is typically used in order to benefit from the synergetic effect of certain cancer drugs and avoid 

adverse therapy-related side effects. For example, some chemotherapeutic agents can be used to make the tumor more 

susceptible to radiotherapy. The success rate of patients undergoing radiation therapy after chemotherapy will 

consequently be enhanced. Another example is the use of chemotherapy or radiation in conjunction with stem cell 

therapy [8]. The bone marrow cells, which make blood cells, are usually damaged by large doses of chemotherapy and 

radiation. After that damage, there is a transplantation of the stem cells. 

Various therapeutic strategies are adopted by oncologists to retard the development of tumor formation while curing 

cancer. Combination therapy or the application of different therapeutic strategies at particular times is normally used to 

cure cancer while reducing the risk of relapse. In this book [13], various models are classified based on different 

therapeutic strategies used (combination therapy) or therapy (monotherapy). The different therapeutic strategies 
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proposed are: Chemotherapy – Application of a number of medicinal products to cure cancer;Increasing white blood 

cells, in addition to the use of different medicinal drugs, is referred to as immunotherapy; Anti-angiogenic therapy involves 

the use of anti-angiogenic drugs to stop the formation of vessels in cancer and accelerate the treatment of the disease; 

During radiotherapy, the use of radiation is seen as a therapy to treat cancer; Hormone therapy is seen as a treatment 

that utilizes hormones or other drugs looking to regulate hormone production in the body to treat cancer; Unrelated 

treatments include stem cell therapy, radio virotherapy, gene therapy, and many other procedures that use a number of 

treatment agents for the management of cancer [13]. 

It is hard to explain the entire picture about how cancer behaves using different cells, as Most of the above mentioned 

therapeutic approaches have a number of complex systems/cell types. In addition, many of the above evaluations, which 

have previously been published, have pointed out that simple mathematical models, especially those focusing on different 

cells, are generally so generic that they are inappropriate, especially in showing how therapy actually affects the dynamics 

of cancer [9]. It is important to show how all these cells interact, especially in terms of conflict and coexistence, while 

simulating the dynamics of cancer using mathematics, in addition to showing how these cells grow and die [10]. 

Cancer is treated through various methods, and some of the methods either destroy the cancerous cells while others 

influence the bodies of the cancer in a way that they become resistant to the multiplication of the cancerous cells. An anti-

cancer drug called virosophy uses virus particles to kill the cells. This type of virus is harmful to the cancerous cells but 

does not kill the normal cells due to the genetic changes. This type of virus is called the oncolytic virus, which means it 

causes cancer. Physical injection of the virus into the cancer. The virus once inside the cancer grows quickly and, in the 

process, several of the virus cells burst when the normal cell dies. 

In the present work, techniques of Homotopy perturbation are employed to study the mathematical model of certain 

clauses of Virotherapy. It should be noted that unlike other results presented in the literature, the present research has 

not yet been mathematically investigated. On the other hand, the comparison between the numerical and mathematical 

results has not yet been performed. As there is no method to find the solution of the system of non-linear differential 

equations for the constructed model, an attempt is made to find the answer to the system of equations with the help of 

semi-analytical methods like the Homotopy Perturbation method. As per the analysis of the model, the pre-requirements 

for ideal control were discovered by Friedman et al1 [1]. Our results are the best to understand the simplified virotherapy 

model for the treatment of cancer. 

2. Mathematical Formulation of Virotherapy Model 

"Tumor, after ingoing a cancer cell, a virus activates and rapidly reproduces, and then lots of virus cells come out 

and spread to other cancer cells. Variables as the model developed by Friedman [11] et al. introduced: "x = count of 

cancer cells, y = count of infected cancer cells, n = count of dead cells, v = count of virus particles which are not contained 

in cancer cells". Virotherapy is defined by the following system of equations: 

𝑑𝑥

𝑑𝑡
= 𝛼𝑥(𝑡) − 𝛽𝑥(𝑡)𝑣(𝑡)                                                                                         (1) 

𝑑𝑦

𝑑𝑡
= 𝛽𝑥(𝑡)𝑣(𝑡) − 𝛿𝑦(𝑡)                                                                                         (2) 

𝑑𝑛

𝑑𝑡
= 𝛿𝑦(𝑡) − 𝜇𝑛(𝑡)                                                                                                 (3) 

𝑑𝑣

𝑑𝑡
= 𝑏𝛿𝑦(𝑡) − 𝛾𝑣(𝑡)                                                                                               (4) 

The initial conditions are, 

𝑥(0) = 𝑎 ≥ 0,  𝑦(0) = 𝑏 ≥ 0, 𝑛(0) = 𝑛0 ≥ 0, 𝑣(0) = 𝑣0 ≥ 0                            (5) 

Table 1. Description and parameter values of the Virotherapy model [*] 

Symbol Description Values 

𝛼 Proliferation rate of cancer cells 0.02 

𝛽 viral transmission rate of tumor cells 7 × 10−
8

 

𝛿 Mortality rate of tumor cells with infection 1/18 
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𝜇 Elimination rate of deceased damaged cells 1/48 

𝛾 Growth factor 2.5 × 10−
2

 

b Reproduction rate of an infection at the time the tumor cell it 

infected died 

50 

 

3. Approximate analytical expression of Virotherapy using Homotopy Perturbation Method 

HPM is used to solve non-linear Eqs. (1)-(5) 

(1 − 𝑀) (
𝑑𝑥

𝑑𝑡
− 𝛼𝑥(𝑡)) +𝑀 (

𝑑𝑥

𝑑𝑡
− 𝛼𝑥(𝑡) + 𝛽𝑥(𝑡)𝑣(𝑡)) = 0                                       (6)       

(1 − M) (
dy

dt
+ 𝛿𝑦(𝑡)) + M(

𝑑𝑦

𝑑𝑡
− 𝛽𝑥(𝑡)𝑣(𝑡) + 𝛿𝑦(𝑡)) = 0                                       (7)               

(1 − 𝑀) (
dn

dt
+ 𝜇𝑛(𝑡)) +𝑀 (

𝑑𝑛

𝑑𝑡
− 𝛿𝑦(𝑡) + 𝜇𝑛(𝑡)  ) = 0                                            (8) 

(1 − 𝑀) (
dv

dt
+ 𝛾𝑣(𝑡)) + 𝑀 (

𝑑𝑣

𝑑𝑡
− 𝑏𝛿𝑦(𝑡) + 𝛾𝑣(𝑡)) = 0                                            (9) 

The solution of equation (6) - (9) is expressed in power series: 

  𝑥 = 𝑥0 +𝑀𝑥1 +𝑀
2𝑥2 +𝑀

3𝑥3 +⋯                                                                        (10)                       

  𝑦 = 𝑦0 +𝑀𝑦1 +𝑀
2𝑦2 +𝑀

3𝑦3 +⋯                                                                       (11)                               

 𝑛 = 𝑛0 +𝑀𝑛1 +𝑀
2𝑛2 +𝑀

3𝑛3 +⋯                                                                        (12)                          

 𝑣 = 𝑣0 +𝑀𝑣1 +𝑀
2𝑣2 +𝑀

3𝑣3 +⋯                                                                         (13) 

Equation (10)-(13) into Equation (6)-(9) and order the coefficients of the powers of M produce the following systems of 

differential equations: 

𝑀0 : 
𝑑𝑥0

𝑑𝑡
− 𝛼𝑥0                                                                                                                   

𝑀1 : 
𝑑𝑥1

𝑑𝑡
± 𝛼𝑥1 + 𝛽𝑥0𝑣0                                                                                             (14)                                   

𝑀2 : 
𝑑𝑥2

𝑑𝑡
± 𝛼𝑥2 + 𝛽𝑥1𝑣0 + 𝛽𝑥0𝑣1  

𝑀0 : 
𝑑𝑦0

dt
+ 𝛿𝑦0     

𝑀1 :  
𝑑𝑦1

dt
+ 𝛿𝑦1 − 𝛽𝑥0𝑣0                                                                                           (15) 

𝑀2 : 
𝑑𝑦2

dt
+ 𝛿𝑦2 − 𝛽𝑥1𝑣0 + 𝛽𝑥0𝑣1  

 

𝑀0 : 
𝑑n0
dt
+ 𝜇n0 

𝑀1 : 
𝑑n1

dt
+ μn1 − 𝛿𝑦0                                                                                            (16) 

𝑀2 : 
𝑑n2
dt
+ μn2 − 𝛿𝑦1 

 

𝑀1 : 
𝑑v1

dt
+ 𝛾v1 − 𝑏𝛿𝑦0                                                                                          (17) 

𝑀2 : 
𝑑v2

dt
+ 𝛾v2 − 𝑏𝛿𝑦1     
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4. Analytical Expression of Virotherapy 

The analytical solution of equations (1) through (5) is solved in this part using a homotopy perturbation method, and the 

extended derivative of the HPM is provided below. 𝑥(𝑡) =  0.000008𝑒(0.20𝑡) + 0.00000000000000000224𝑒(0.175𝑡)          

𝑦(𝑡) = 0.000001𝑒(−0.05556𝑡) + 0.00000000000002429𝑒(0.175𝑡)                       (19) 

𝑛(𝑡) = 0.000002599𝑒(−0.0209𝑡) − 0.000001599𝑒(−0.05556𝑡)                              (20) 

𝑣(𝑡) =  0.0000001909𝑒−0.0250𝑡 − 0.00000009091𝑒(−0.05556𝑡)                         (21) 

5. Numerical Results and Discussion 

A comparison is made between the numerical solution and the analytical results. This comparison is shown 

graphically in Figures (1) - (9). 

Figure 1 indicates the densities of cancer cells with regard to time, thus depicting that when the growth rate of 

cancer cells increases, so does their population, which increases steadily over time. Figure 2 depicts the population of 

cancer cells that are infected with the virus over time, thus showing that when the rate of cancer cell infection diminishes, 

so does the cell population. Figure 3, on the other hand, displays the population of cancer cells infected with the disease 

with respect to time.   It is observed that with an increase in mortality rate of cancer cells suffering from the disease, there 

is a slight change in the number of cancer cells. Figure 4 depicts that when the value of increases, the number of count of 

dead cells is also increasing, which reaches the peak value at t = 13 and is gradually increasing with respect to time. Figure 

5 depicts that when the removal rate debris of dead cells increases, then the number of count of dead cells decreases with 

respect to time. Figure 6 depicts that when the value of b is decreased, then the number of count of virus particles not in 

the cancer cell is increasing up to t = 7 and then starts decreasing rapidly with respect to time. Figure 7 depicts that when 

the value of decreases, then the number of count of virus particles not in the cancer cell is decreasing gradually with 

respect to time.    

 

Figure 1: Variation of Number of densities of Cancer cells 
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Figure 2: Variation of infected individuals birth rate and contact rate 

 

Figure 3: Variation of  individuals birth rate and contact rate 

 

 

 

 

 

 

 

 

 

 

 

 

Figure 4: Count of dead cells 
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Figure 5: Comparison of dead cellscount 

 

 

 

 

 

 

 

 

 

 

 

 

Figure 6 Comparison of count of virus particles that are not contained in cancer cellsFigure 8 shows that when 

the value of "b" decreases, the number of virus particles outside the cancer cells starts to reduce gradually with time. 

Figure 9 illustrates the case when there is an increase in the value of then the count of the cancer cells for the 

infected is increasing gradually over. 

  

 

 

 

 

 

 

 

 

 

Figure 7: The count of γ virus particles not contained in cancer cells 
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Figure 8: Thecount of 𝛾, 𝑏 virus particles not contained in cancer cells 

 

Figure 9: The count of 𝛽, 𝛾 virus particles not contained in cancer cells 

5. Conclusion 

The essential equation of virotherapy mathematics can be stated as: "the equation is a system of nonlinear differential 

equations; it contains = count of cancer cells, = count of infected cancer cells, = count of dead cells, = count of virus 

particles which are not contained in cancer cells". Nonlinear differential equation solutions are achieved analytically with 

the aid of homotopy perturbation method (HPM) technique. In this paper, solutions to the virotherapy equation were 

achieved analytically using the homotopy perturbation method, and this was seen to have worked well with the numerical 

solution. Variations in parameterization are shown in the above equation, and this is done graphically in MATLAB 

programming. It is also important to note that numerical solutions are achieved with the aid of MATLAB programming 

using "ode45 function," which has a clear consistency with the above solutions.   Variation of the parameters in the graph 

suggest some possible values for: growth factor, the number of viral replications when the cancer cell which was infected 

died, rate of proliferation of cancer cells, rate of infection of viruses to cancer cells, rate of death of diseased tumor cells 

and rate of removal of dead cell debris. Control parameters have a big impact. 
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Application of this model :Includes the determination of optimum controllability of diseases by comparing the number 

of virus particles contained and not contained in the cancerous cell.Means to that assist us with greatly reducing the impact 

of the cancer cell has been discussed. 
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Abstract: Groundwater pollutes by leachate is the most harming ecological effect over the whole existence of a hazardous 

waste landfill (HWL). To date, the percolation of bacteria and viruses through landfill leachate into the groundwater table 

poses a potential risk and potential hazards towards the public health and the ecosystem, remains an aesthetic concern. 

In this paper, we developed a mathematical model to study the mean concentration of contaminants (bacteria and viruses) 

by leachate, employing generalized-dispersion technique. Solute transport in porous media is discussed by means of 

advection - dispersion equation. The dispersion and mean concentration are obtained by Generalized-Dispersion method 

. Results are obtained analytically and the numerical values are computed graphically. 

Keywords: Landfill, Generalized-Dispersion model, Groundwater, Contaminants, Porous medium.  

1. INTRODUCTION  

 Groundwater contamination is a problem which affects every individual [1]. Groundwater flow and transport 

analysis have been an important research topic in the last three decades. Micro-organic (MO) contaminants in 

groundwater can have adverse effects on both the environment and on human health. They enter the natural environment 

as a result of various processes, their presence in groundwater is the result of current anthropogenic activity and pollution 

loads from the past[14]. The transport of dissolved contaminants or suspended contaminants (bacteria and virus) by 

flowing water is of great significance to study the relation between environmental protection and resource utilization[13]. 

 Municipal solid waste (MSW) has become one of the main factors, which adversely influence the environment. 

With the MSW problems being increased, the occurrence of groundwater contamination is also increasing accordingly. 

Hence the study of groundwater contamination resulting from MSW landfill leachate has become a focused issue 

nowadays [12].  

 The extent of contamination depends on the nature of the contaminant and hydrogeology of the area. Most of 

the contaminants occur in nature as either point sources or distributed sources. Examples of point source contamination 

are municipal waste sites (landfill), industrial discharges, leaks and spills etc. Distributed sources occur as a result of 

effluent from leaking sewers and septic tanks, oil and chemical pipelines. 

 Landfilling has long been the major disposal method for both domestic and industrial wastes. Bacteria and virus 

from sewage sludges, waste water, septic tanks and other sources can be transported  from groundwater to drinking water 

wells. During this transport, bacteria and virus can be either irreversibly or reversibly stored on surface material [5]. 

Valsamy and Nirmala P.Ratchagar[11] developed a mathematical model to study the unsteady transport of bacteria and 

virus in groundwater.  

This paper deals with the study of a viscous , incompressible, contaminated fluid (bacteria and virus) flowing 

between two parallel plates. The  particles are assumed to be spherical in shape and uniform  in size. The number density 

of the contaminated particles is taken constant.  

 The main objective of this paper is to study the concentration of contaminants following the generalized 

dispersion model[2] .They showed that an exact solution of the unsteady convection diffusion equation valid for all time 

can be developed  by using the series expansion originally proposed by Gill [1].The generalized dispersion theory 

developed can be extended to consider the dispersion phenomena for a wide variety of flows which are too complex to 

solve analytically [4,6,8,9].  
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2. MATHEMATICAL  FORMULATION  
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2.1 Dispersion 

 The concentration of contaminants(bacteria and virus) in the groundwater which diffuse in a fully developed 

flow, is given by  
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The equation (1) becomes, 
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Following Gill and Sankarasubramanian(1970), the solution to equation (3) can be written as a series expansion 

in the form 
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where, m  is the dimensionless cross sectional average concentration, given by 
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The generalized dispersion model with time dependent dispersion coefficient can be written as   
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Introducing equations (5) and (8) in (7) and making use of the boundary condition (ii) of (4) gives 
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Substituting equation (5) in (3) 
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Following Gill and Sankarasubramanian(1970) and noting 
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To evaluate sK i '  we should know sfk ' . Therefore we have to solve equation (14) subject to the initial and boundary 

conditions, 
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 and  mm  . 

Therefore substituting 
1f  in equation (11) gives the solution of 

2K . 

Similarly )(3 K , ),...(4 K  are obtained and we found that 2),( iKi   are negligibly small compared to )(2 K . 

The dispersion model (8) takes the form 

                                          
2

1

2

2
X

K mm








 




                                                                               (27) 
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 3. Mean Concentration 

 The solution to equation (27) can be solved with the initial and boundary conditions 

),0( 1Xm  = 














2
,0

2
,1

1

1

s

s

X
X

X
X

                                                                                        (28) 

can be obtained using Fourier Transform[10] as   
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   where, 


x

z dzexerfanddyyKT
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2

22
)()(





 

4. RESULTS AND DISCUSSIONS 

In this paper we have studied the concentration of contaminants consisting a mixture of solid phase (bacteria and 

virus) and fluid phase. Results of dispersion coefficient and mean concentration are obtained analytically and the 

numerical values have been computed using MATHEMATICA 8.0. 

Figure 2 shows that the dispersion coefficient is greatest for bacteria(G>1) when compared with virus( G<1) and 

the fluid (G=1). 

 Figure 3 shows the mean concentration m  with axial distance 
1X for the contaminated phase and fluid phase. 

It depicts the marked variation of concentration with the axial distance and the dimensionless time. The curve is bell 

shaped and perfectly symmetrical about the origin. Also it is apparent from the figure the mean concentration is greater 

for bacteria compared with fluid and virus.   

Figures 4 and 5 represents the graph of mean concentration versus dimensionless time   for  contaminated phase 

and fluid phase outside the slug ( sX  = 0.02) and (
1X =0.1) and inside the slug ( sX  = 0.02) and (

1X =0.05). In general for 

both the cases, we observe a gradual decrease in m , for increasing time  . Also for very smaller values of  , the 

concentration outside the slug and inside the slug shows a rapid decrease.  

5. CONCLUSION   

Groundwater contamination by pathogenic bacteria and viruses has long been recognized as a serious hazard to 

human health[3]. An analytical approach for analyzing two dimensional contaminant transport from a landfill has been 

described in detail by advection - dispersion equation. The behavior of dispersion coefficient 
2K increases with increase 

in time. Regarding the mean concentration, for smaller values of time  , concentration  m  shows a rapid decrease for 

both contaminated fluid phase. 
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Figure 4: Mean concentration (outside the             Figure 5: Mean concentration (inside the slug) 

slug) varying with dimensionless time for             varying with dimensionless time for contaminated 

contaminated and fluid phase                                     and fluid phase 
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Abstract 

     In this paper, fuzzy inventory model with shortages has been considered. Trapezoidal fuzzy number with Weibull 

distribution is used to fuzzify the data of an inventory model. All the parameters used in the inventory model is converted 

to trapezoidal fuzzy numbers using function principle. We find the estimate of the total inventory cost by defuzzifing the 

trapezoidal fuzzy numbers using the the graded mean integration. The optimum total cost for the inventory model is 

found.  

Keywords: Inventory · Trapezoidal fuzzy numbers · Defuzzification 

  1. Introduction 

          Inventory models are the models which is used to determine the optimum levels of the inventories which has to 

be maintained during the various stages of production, storing, ordering and managing the goods. 

      Inventory models deals with certainty and uncertainty of demand which occurs before and after the production of 

goods. The inventories during manufacturing can be classified as raw materials, work-in-progress and finished goods. 

After finishing the product, we have two costs that deals with holding the inventories. They are named as ordering costs 

and carrying costs. 

     There are two major models in the world of inventory. One is the deterministic model which deals with no uncertainty 

of demand and replenishment of inventories. The Probabilistic model which deal with uncertainty with demand pattern 

and lead time of the inventories. 

     Inventory models with and without Back orders are considered by Yao et al [24] in fuzzy environment. Trapezoidal 

number is used to fuzzify the order quantity q. With the help of centroid strategy along with the extension principle, they 

found the membership functions of fuzzy total cost. 

*Corresponding Author                                    

2. Preliminaries 

 “Definition 2.1: A Weibull distribution is defined as a random variable X is said to have a Weibull distribution with 

parameters α and β (α > 0; β > 0) if the probability density function of X is f(x;α,β)= {
α

βα
xα-1e

(
x

β
)
α

x≥0

0                        x<0

   where α is a 

shape parameter and β is a scale parameter.” 

 

3. Methodology 

      Graded Mean Integration by Chen and Hsieh [6] is used to defuzzify the fuzzy number which is based on the mean 

integral value with h-level. The generalised fuzzy number is described as follows.  

      Suppose X̃ is the fuzzy number considered then X̃⊆R. The following conditions are met by the membership function 

μ
X̃

 of X̃ 
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i) μ
X̃

: R
continuous
→      [0,1]. 

ii) μ
X̃

=0, -∞<x≤x1, 

iii) μ
X̃

=L(x) is strictly increasing on [x1,x2], 

iv) μ
X̃

=wX, x2≤x≤x3, 

v) μ
X̃

=R(x) is strictly decreasing on [x3,x4], 

vi) μ
X̃

=0, x4≤x<∞, 

Where 0<wX≤1, and x1, x2, x3 and x4 are real numbers. 

 1                                                              Ã  

      wX 

 

 

 

 

Ã=(a1,a2,a3,a4)LR 

 

     Also, the generalised fuzzy number is denoted by X̃=(x1,x2,x3,x4;wX)LR 

.When wX=1, it can be simplified as X̃=(x1,x2,x3,x4)LR 

 Second, by Graded Mean Integration Representation method  L-1
 and R-1

are the inversed functions of L and R, 

respectively, and the graded mean h-level value of generalized fuzzy number X̃=(x1,x2,x3,x4;wX)LR is 
h(L-1(k)+R-1(k))

2
. Then 

the Graded Mean Integration Representation of X̃ is P(X̃) with graded wX, where  

 P(X̃)=
∫

k(L-1(k)+R-1(k))

2
df

wX

0

∫ fdf
wX

0

⁄  With 0<k≤wX and0<wX≤1.  -----(3.1) 

      In the proposed fuzzy inventory model, we will now represent the fuzzified number as the parameter type. Let us 

assume that Ỹ as a trapezoidal fuzzy number which is represent as Ỹ=(y
1
,y

2
,y

3
,y

4
). Calculation of the Graded Mean 

Integration of  Ỹ is given by the formula (3.1) as  

 

                                P(Ỹ)=
∫ k (

y1+y4+(y2-y1-y4+y3)k

2
) dk

1

0

∫ kdk
1

0

⁄  

              

                                    P(Ỹ)=
y1+2y2+2y3+y4

6
                                                   ------(3.2)                       

 

4. Function Principle’s Arithmetical Operations: 

Arithmetic operations on trapezoidal fuzzy number is done using Function. The following are the arithmetical operations 

on fuzzy numbers done under the function principle. 

      Suppose λ̃=(λ1,λ2,λ3,λ4) and Θ̃=(Θ1,m2,m3,m4) are the two trapezoidal fuzzy numbers. Then, 

  x1    𝐿
−1(𝑘)           𝑥2              𝑓

(𝐿−1(𝑘)+𝑅−1(𝑘))

2
                  𝑥3         𝑅

−1(𝑘)      𝑥4      

k 

 0 

𝑅(𝑥) 
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1. The addition of λ̃ and Θ̃ is λ̃⊕Θ̃=(λ1+Θ1, λ2+Θ2,λ3+Θ3,λ4+Θ4), 
where  λ1,Θ1, λ2,Θ2,λ3,Θ3,λ4 and Θ4  are any R. 

2. The multiplication of λ̃ and θ̃ is λ̃⊗θ̃=(ϕ
1
,ϕ

2
,ϕ

3
,ϕ

4
), where                                                    T={λ1θ1, 

λ1θ4,λ4θ1,λ4θ4},     T1={λ2θ2, λ2θ3,λ3θ2,λ3θ3}, ϕ1
=minT, 

ϕ
2
= min T1 ,ϕ

3
= max T1 ,ϕ

4
= max T1 .  If λ1,Θ1, λ2,Θ2,λ3,Θ3,λ4 and Θ4 are R which are  ≥ 0 , then 

λ̃⊗θ̃=(λ1θ1,λ2θ2,λ3θ3,λ4θ4), 

3. -θ̃=(-θ4,-θ3,-θ2,-θ1), then the subtraction of λ̃ and θ̃ is λ̃⊖θ̃=(λ1-θ4,λ2-θ3,λ3-θ2,λ4-θ1), Where  λ1,Θ1, 

λ2,Θ2,λ3,Θ3,λ4 and Θ4 are R. 

4. 
1

θ̃
=θ̃

-1
= (1 θ4
⁄ , 1

θ3
⁄ , 1

θ2
⁄ , 1

θ1
⁄ ), whereλ1,Θ1, λ2,Θ2,λ3,Θ3,λ4 and Θ4 R which are  ≥ 0, then the quotient of L̃ and θ̃ 

is 
λ ̃

θ̃
= (

λ1

θ4

,
λ2

θ3

,
λ3

θ2

,
λ4

θ1

)  

5. Let α ε R. Then 

(i) α≥0,α⊗λ̃=(αλ1,αλ2,αλ3,αλ4) 

(ii) α<0,α⊗λ̃=(αλ4,αλ3,αλ2,αλ1)  

 

5.  Symbols used in the Model: 

R̃ : Fuzzy demand rate 

Q̃ : The fuzzy order quantity during a cycle of length T 

Q̃ 1 : The positive inventory fuzzy level at time t, 0≤t≤t1 

Q̃ 2 : The negative inventory fuzzy level at time t, t1≤t≤T 

SC̃ : Fuzzy shortage cost/ time unit 

Ã : Fuzzy ordering cost / order 

TC̃ (t1,T): Fuzzy total cost / time unit 

λ̃, θ̃ :  Fuzzy numbers 

 

Trapezoidal Fuzzy Numbers: 

R̃=(r1,r2,r3,r4) :  Fuzzy Demand rate 

l̃=(l1,l2,l3,l4) :  Fuzzy number 

m̃=(m1,m2,m3,m4):   Fuzzy number 

Ã=(k1,k2,k3,k4)     : Fuzzy ordering cost / order 

The above are the representation of generalized fuzzy numbers in trapezoidal format. 
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Mathematical Formulation: 

      During the positive stock interval [0, t1] and shortage interval [t1, T], the rate of change of the inventory is given 

by the differential equations as follows. 

dQ̃ 1(t)

dt
+θ(t)Q1(t)= -R̃      ….. (5.1) 

 

dQ̃ 2(t)

dt
= -R̃    ------ (5.2)                                                                

With the boundary conditions  

                                         Q1(t)=Q2(t)=0 at t=t1 and                   ------ (5.3) 

                                         Q1(t)=IM and Q2(t)=IB at t=T            -------(5.4) 

 

6. Mathematical Solution for the Model 

Case I: Inventory Level Without Shortage: 

      The inventory diminishes due to demand in the interval [0,t1]. Therefore, level of the inventory at any time in 

the interval [0,t1] is described by differential equation              

From equation (5.1)                        

    
dQ̃1(t)

dt
+φ(t)Q̃1(t)= -R̃    -------(6.1) 

With the boundary conditions are Q1(0)=IM and Q1(t1)=0. 

From equation (5.3) 

Q̃1(t)=R̃ [t1-t+αtβ+1+
eαt1

β+1

β+1
-

eαtβ+1

β+1
]  -----(6.2) 

                                                                                              

Case II: Inventory Level with Shortage: 

       Differential equation is used to describe the state of inventory during [t1,T].  

From equation (5.2) 

                  
dQ̃1(t)

dt
=-R̃                               

                                       

dQ̃1(t)

dt
=-(r1,r2,r3,r4) 

dQ̃1(t)

dt
=(r4,r3,r2,r1) 

where t1<t<T 

 

We have the boundary conditions as  Q2(t1) =0 and Q2(t) = IB 

Q̃2(t) = -R̃ (t-t1) 

The solution of differential equation, from equation (5.4) is                    

Q2(t)=R̃(t1-t) 

                                Q2(t)=(r1,r2,r3,r4)(t1-t)            
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          Therefore, for one renewal cycle the total cost has the following elements, 

Holding cost: 

         HC̃=∫ H(t)Q1(t)dt
t1

0
 

From the equation (6.2) 

 HC̃=l̃R̃ [
t1
2

2
+

αβt1
β+2

(β+1)(β+2)
] +m̃R̃ [

t1
3

6
+

αβt1
β+3

2(β+2)(β+3)
]   -----(6.3) 

HC̃={
(r1l

1
,r2l2,r3l3,r4l4) [

t1
2

2
+

αβt1
β+2

(β+1)(β+2)
]

+(r1m
1
,r2m2,r3m3,r4m4) [

t1
3

6
+

αβt1
β+3

2(β+2)(β+3)
]
}------(6.4) 

Shortage Cost during [t1,T]: 

                           SC̃=π∫  R̃(t1-t)dt
T

t1
 

SC̃=
1

2
 π R̃(T-t1)

2 ------(6.5) 

SC̃=
1

2
 π (r1,r2,r3,r4)(T-t1)

2 ------(6.6) 

                                                                                                   

Ordering Cost per order: 

                      Ã=(k1,k2,k3,k4)         -------(6.7)     

                        

Total cost function per time unit: 

                                 TC̃ (t1,T)=
1

T
[HC̃+SC̃+Ã] 

   From equations (6.3), (6.5) and (6.7) 

 

TC̃(t1, T)=
1

T
 

{
 
 

 
 

l̃R̃⊗[
t1
2

2
+

αβt1
β+2

(β+1)(β+2)
]⊕m̃R̃⊗ [

t1
3

6
+

αβt1
β+3

2(β+2)(β+3)
]

⊕R̃⊗
1

2
 π(T-t1)

2⊕Ã
}
 
 

 
 

   

From equations (6.4), (6.6) and (6.8) 

TC̃(t1, T)=
1

T
 

{
  
 

  
 (r1λ1

,r2λ2,r3λ3,r4λ4) [
t1
2

2
+

αβt1
β+2

(β+1)(β+2)
]

+(r1θ1
,r2θ2,r3θ3,r4θ4) [

t1
3

6
+

αβt1
β+3

2(β+2)(β+3)
]

+
1

2
 π (r1,r2,r3,r4)(T-t1)

2

+(k1,k2,k3,k4) }
  
 

  
 

  ------(6.8) 

The Necessary condition for the total cost per time unit to be minimized is  

∂TC̃

∂t1
=0 and

∂TC̃

∂T
=0 

Given 

(
∂

2
TC̃

∂t1
2
)(

∂
2
TC̃

∂T2
) - (

∂
2
TC̃

∂t1∂T
)

2

>0 and (
∂

2
TC̃

∂t1
2
) >0 
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7. Numerical Example and Sensitivity Study 

              In this paper, we consider an inventory problem with variables with correct units as follows: 

R=2000, λ=2.0, θ=1.5, C=10, O=50, α=0.15, β=1.5, A=50. 

         Let us convert the above-mentioned ordinary crisp numbers to trapezoidal fuzzy numbers using, “greater or less 

than Y” or “about Y”. 

1. “greater or less than X” = (0.92Y, 0.94Y, 1.02Y, 1.1Y),  and  

2. “about X” =(0.92Y,Y,Y,1.02Y) 

Then by the above injunction, the fuzzy parameters is modified as follows: 

i) Fuzzy Demand rate, R= “greater or less than 2000” R = (0) 

ii) Fuzzy ordering cost, A=” about 50” = (46, 50, 50, 51) 

iii) Fuzzy numbers, λ = “greater or less than 2” = (1.84, 1.88, 2.04, 2.2) 

                           θ = “greater or less than 1.5” = (1.38, 1.41, 1.53, 1.55) 

iv) α = “greater or less than 0.15” = (0.13, 0.14, 0.15, 0.16) 

β = “greater or less than 1.5” = (1.3, 1.4, 1.5, 1.6) 

Substituting the above values in the equations  

Table: Effect of changes in limitation of the inventory problem 

 Parameters %Change T t1 TC 

 

R 

+40% 1.419874156 0.011670695 70.41517205 

+20% 1.421459571 0.014699532 70.33800196 

-20% 1.424000822 0.019892018 70.20544017 

-40% 1.427021837 0.026078629 70.04716039 

 

α 

+40% 1.421875009 0.015634989 70.31200099 

+20% 1.422006363 0.015861028 70.30726674 

-20% 1.422288646 0.016343423 70.29726113 

-40% 1.422440702 0.016601405 70.29196484 

 

β 

+40% 1.422858828 0.017321356 70.27687361 

+20% 1.422670438 0.017019365 70.28255366 

-20% 1.42089431 0.013621192 70.36365589 

-40% 1.418544038 0.008423917 70.50600603 

 

λ 

+40% 1.420114479 0.011907429 70.44910654 

+20% 1.420985301 0.013696952 70.37548717 

-20% 1.423751973 0.01946766 70.22971249 

-40% 1.426105064 0.024501661 70.15754767 

 

θ 

+40% 1.42212196 0.016063117 70.30295457 

+20% 1.422132987 0.016079982 70.30265333 

-20% 1.422155194 0.016113922 70.30206671 
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-40% 1.422166377 0.016130998 70.30178115 

 

Substituting the above values in the equations  

t1=(0.015286761, 0.016010255, 0.017695545, 0.01853819) 

 T=(1.2867336, 1.3582188, 1.5011892, 1.5726744) 

Substituting the values of R, l, m, Aα, β in equation (6.8) the total cost is found as 

TC̃(t1,T)=(63.268925,66.774421,73.635413,77.541909) 

From the formula given in equation (3.1) and (3.2) and using the graded mean integration the total cost can be defuzzified. 

The Defuzzified Total Cost is given by TC=70.2716503 

      Comparing the above defuzzified value of the total cost with the crisp value of the total cost is negligible 

 

 

 

 

  

Figure-2 (TC Vs T at 𝑡1 = 0.01)                       Figure-3 (TC Vs T at 𝑡1 = 0.01) TC 

Vs. t1 at T=1.42) 

Figure-1(𝑇𝐶 𝑣𝑠 𝑡1𝑎𝑛𝑑 𝑇) 
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8. Conclusion 

The above example has been defuzzified using centroid method in Graded mean Integration and relative changes have 

been computed. We can see that the total cost maximizes or minimizes with mere change which is considered and within 

our expectation level. 

       An analytical solution of an inventory model with holding cost and shortages under Weibull distribution is obtained. 

Here all the variables are considered as fuzzy. We have used Function Principle to fuzzify the inventory model and 

Graded Mean Integration to defuzzify the trapezoidal fuzzify numbers and solved the model. Practical problem is 

illustrated to support the variability of the method given above. The fuzzy inventory model is more real world and accurate 

than the crisp inventory model.  
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