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Abstract: This paper presents a hybrid adaptive wavelet thresholding method for denoising underwater multipath Binary Phase Shift Keying 
(BPSK) communication signals corrupted by real ambient noise. A raised-cosine pulse-shaped BPSK signal is transmitted through simulated 
underwater acoustic channels with varying delay spreads and channel conditions to model realistic underwater propagation. Real ambient 

underwater noise is added to the transmitted signal at input SNRs of -15, −10, −5, 0, and 5 dB to evaluate the proposed method's robustness under 
different noise levels. The noisy signal is decomposed using the Continuous Wavelet Transform (CWT) with the Analytic Morlet wavelet. The 
proposed hybrid method combines adaptive covariance-based weighting with soft thresholding to preserve the transient burst features. Delay-
dependent correlation parameters are also incorporated to adapt the thresholding to the severity of multipath propagation. The denoised signal is 
reconstructed using the inverse Continuous Wavelet Transform, and the performance is evaluated using output Signal-to-Noise Ratio (SNR), 
Root Mean Square Error (RMSE), Correlation Coefficient (CC), Signal Preservation Index (SPI), computational runtime, and statistical 
significance analysis. The proposed method is compared with Universal, SURE (Stein's Unbiased Risk Estimate), Minimax, BayesShrink, 
Empirical Mode Decomposition (EMD)-based, and Variational Mode Decomposition (VMD)-based denoising methods. Monte Carlo simulations 

show that the proposed hybrid method provides improved denoising performance and better preservation of the transmitted BPSK signal under 
varying underwater channel conditions. 
 
Keywords: Underwater acoustic communication, binary phase shift keying (BPSK), hybrid adaptive thresholding, multipath propagation, wavelet 
denoising, ambient noise suppression. 
 

1   INTRODUCTION 
 

Underwater acoustic communication has emerged as a key technology for applications such as ocean monitoring, offshore 

exploration, and autonomous underwater vehicles. Because electromagnetic waves attenuate rapidly in water, acoustic signaling 

remains the most practical solution for long-range communication. However, underwater acoustic channels are highly challenging 

because of severe multipath propagation, limited bandwidth, Doppler spread, and high ambient noise. These factors significantly 

degrade system performance and reliability. Early research on underwater sensor networking has highlighted the fundamental 

challenges related to varying channel conditions and resource constraints in such environments [1]. In addition, studies on 

underwater acoustic telemetry have identified limitations in communication performance due to signal distortion and reduced data 

rates caused by channel characteristics [2]. Propagation-related effects, such as attenuation, delay spread, and channel variability, 

further underscore the need for robust signal processing techniques in underwater communication systems [3]. 

 

To address these challenges, researchers have explored advanced signal processing techniques to improve the reliability of 
underwater acoustic communication. Wavelet-based signal denoising has emerged as a powerful tool for analyzing non-stationary 

signals because of its time-frequency localization and multiresolution representation. Traditional wavelet-based denoising 

approaches often struggle to handle non-stationary and time-varying underwater signals. This motivates more flexible and adaptive 

methods for suppressing noise while preserving important signal features. Techniques based on tunable wavelet transforms, sparse 

representations, and adaptive threshold selection have shown improvements in handling non-stationary signals [4,5]. However, 

most existing methods do not incorporate channel-specific characteristics such as multipath delay spread, which plays a critical 

role in underwater acoustic communication. Motivated by this limitation, this paper proposes a multipath-aware hybrid wavelet-

based denoising framework for underwater acoustic signals. The proposed method integrates Bayesian adaptive thresholding with 

covariance-assisted coefficient weighting and delay-dependent correlation modeling to adapt the denoising process according to 

underwater channel conditions.  
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By jointly exploiting signal statistics and channel propagation characteristics, the proposed framework achieves a better 

balance between effective noise suppression and preserving the transmitted BPSK signal in low-SNR underwater acoustic 

environments. 

 

2   LITERATURE REVIEW 

 
The communication reliability and system performance of underwater communication systems are inherently challenged by 

severe multipath propagation, limited bandwidth, and Doppler effects. Earlier foundational research established the relationship 

between communication capacity and transmission distance in underwater channels and highlighted the impact of attenuation and 

noise on system performance [6]. Researchers have analyzed acoustic propagation characteristics and channel behavior in 

underwater environments and emphasized the need for robust signal design and processing techniques for underwater 

communication systems [7]. Early works on adaptive equalization showed that channel estimation techniques effectively reduce 

multipath effects and aid signal recovery in underwater environments [8]. Furthermore, dynamic channel conditions and energy 

constraints were identified as key challenges in underwater acoustic sensor network research, underscoring the importance of 

efficient communication strategies [9]. To overcome these limitations, chirp-based signaling techniques are used due to their 

robustness to multipath interference and Doppler shifts.  

 

Chirp-signal-based underwater communication systems provide improved detection performance and low probability of 
detection/interception capabilities [10]. Advanced modulation schemes such as Orthogonal Chirp Division Multiplexing [11] and 

multiuser chirp modulation [12] are used to enhance spectral efficiency and for reliable transmission in underwater environments. 

Recent developments have incorporated multipath-aware communication strategies [13] and generalized chirp-spread-spectrum 

techniques [14] to enhance resilience to channel distortions and interference. Although these studies primarily focus on 

communication waveform design, they highlight the importance of addressing channel-induced distortions, which motivates the 

development of robust denoising techniques for underwater communication signals. 

 

In parallel, signal processing techniques for denoising underwater communication signals were also studied. Wavelet-based 

methods provide effective analysis in both the time and frequency domains by suppressing noise while preserving important signal 

features [15]. Classical wavelet thresholding approaches, including soft thresholding [16] and wavelet shrinkage [17], form the 

foundation of modern denoising techniques. A data-driven threshold selection approach for wavelet-based denoising was proposed 

for image denoising and compression [18]. Their method adapts the threshold according to the statistical characteristics of the 
wavelet coefficients rather than relying on a fixed threshold, thereby improving the preservation of important signal components 

while suppressing noise. However, the method was primarily developed for image denoising and does not explicitly incorporate 

underwater acoustic channel characteristics such as multipath propagation, delay spread, or channel-dependent coefficient 

weighting. 

 

 Bivariate shrinkage methods exploit inter-scale dependencies among wavelet coefficients to improve denoising performance 

[19]. Statistical modeling approaches, such as scale mixtures of Gaussians, have also been developed to model dependencies among 

wavelet coefficients and improve image denoising performance [20]. Wavelet-based denoising with translation-invariant techniques 

has been developed to improve signal reconstruction and remove unwanted artifacts introduced during denoising [21]. The 

stationary wavelet transform has been used, along with adaptive shrinkage functions, to improve performance in underwater image 

processing applications [22]. In addition, hybrid decomposition-based denoising methods have shown improved effectiveness in 

suppressing non-stationary ambient noise in underwater acoustic environments [23]. An adaptive wavelet denoising method with 
dynamically adjustable threshold estimation and hardware implementation for real-time high-definition image processing is 

proposed [24]. Although the method improves threshold adaptability and computational efficiency, it was developed for image 

processing and does not incorporate underwater acoustic channel characteristics such as multipath delay or channel-aware 

coefficient weighting. 

 

Table 1. Comparison of the proposed method with representative adaptive wavelet denoising methods. 
 

Work 
Adaptive 

Threshold 

Multipath-

aware 

Covariance 

Weighting 

Delay-dependent 

Correlation 

Real Ambient 

Noise 

Yang et al. [25]  ✓ ✗ ✗ ✗ ✓ 

Zhang et al. [26] ✓ Partial ✗ ✗ ✓ 

Xing et al. [27] ✓ Partial ✗ ✗ ✓ 

Li et al. [28] ✓ ✗ ✗ ✗ ✓ 

Proposed Method ✓ ✓ ✓ ✓ ✓ 
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Recent studies have further explored hybrid denoising strategies by integrating adaptive wavelet thresholding with advanced 

signal decomposition techniques. A Tuneable Q-factor Wavelet Transform (TQWT)-based framework was proposed, combining 

sparse basis pursuit and adaptive wavelet thresholding for underwater acoustic signals. Correlation-based sub-band identification 

was introduced to improve denoising. Although the proposed method demonstrated robustness to underwater noise, it relied on the 

signal’s statistical characteristics and did not consider underwater channel parameters [25]. An underwater acoustic signal denoising 

framework based on Ensemble Empirical Mode Decomposition (EEMD), correlation coefficient analysis, permutation entropy, and 

wavelet threshold denoising was developed. Their hybrid approach effectively improved the output SNR, reduced RMSE, and 
enhanced the correlation coefficient for both simulated and real underwater acoustic signals.  

 

However, the algorithm does not explicitly incorporate channel-aware adaptive threshold estimation for varying underwater 

propagation conditions [26]. A denoising method that combines Symplectic Geometry Mode Decomposition (SGMD) with wavelet 

thresholding was proposed to suppress complex underwater noise. However, the method does not explicitly incorporate channel-

aware covariance weighting or delay-dependent threshold adaptation [27]. More recently, a hybrid framework, WDnet, was 

introduced that combines wavelet denoising with deep learning for enhancing underwater acoustic signals. It significantly improved 

the denoising performance under complex underwater noise conditions. However, its deep-learning architecture introduces 

additional training and computational requirements compared with conventional wavelet thresholding methods, which may 

increase the complexity of real-time implementation [28]. Table 1 summarizes the key characteristics of representative adaptive 

wavelet denoising methods and compares them with the proposed method. 

 
Despite these advancements, a significant research gap exists. Existing studies address either communication design or 

wavelet-based denoising independently, without incorporating channel-aware parameters such as multipath delay spread into the 

denoising process. Based on the studies reviewed in this work, multipath delay spread, delay-dependent correlation, and covariance-

assisted coefficient weighting do not appear to have been jointly exploited within a single adaptive wavelet thresholding framework 

for underwater acoustic signal denoising. To address this gap, the proposed methodology integrates Bayesian adaptive thresholding, 

covariance-assisted coefficient weighting, and delay-dependent correlation modeling into a unified multipath-aware denoising 

framework. 

 

3   METHODOLOGY 
 

The proposed methodology consists of signal generation, underwater channel modeling, underwater ambient noise addition, 

CWT-based time-frequency decomposition, hybrid adaptive wavelet thresholding, signal reconstruction, and performance 

evaluation. Fig. 1 illustrates the complete framework. 

 

3.1. Signal Generation 

 
A Binary Phase Shift Keying signal is generated to simulate the transmitted underwater acoustic communication signal. The 

binary data sequence is mapped to bipolar symbols and pulse-shaped with a raised-cosine filter to minimize inter-symbol 

interference before carrier modulation. The transmitted passband signal is expressed as, 

 

𝑠(𝑡) = 𝑏(𝑡)cos⁡(2𝜋𝑓𝑐𝑡) (1) 

 

where 𝑏(𝑡) denotes the pulse-shaped baseband signal and 𝑓𝑐 is the carrier frequency. In this work, the carrier frequency is 10 kHz, 

the sampling frequency is 32 kHz, and the symbol rate is 1000 symbols/s. The raised cosine filter employs a roll-off factor of 0.25 

and a span of six symbols. 

 

3.2. Multipath Channel Modeling 

 

To represent realistic underwater propagation, the transmitted signal is passed through different channel models, including 5-

Path, Rayleigh, and Rician fading channels. For the multipath channels, the impulse response is represented as: 

 

ℎ(𝑡) =∑𝑎𝑖

𝐿

𝑖=1

𝛿(𝑡 − 𝜏𝑖) (2) 

 

where 𝑎𝑖 denotes the gain of the 𝑖𝑡ℎ propagation path, 𝜏𝑖 represents the corresponding propagation delay, and 𝐿 is the number of 

propagation paths. The received multipath signal is 
 

𝑥(𝑡) = 𝑠(𝑡) ∗ ℎ(𝑡) (3) 
 

where * denotes convolution. The simulations consider RMS delay spreads of 2 ms and 3 ms for all multipath channel models 

investigated in this work.  
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Fig. 1. Overall flow of the proposed hybrid method. 
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For the 5-path channel, the propagation delays are adjusted to achieve the specified RMS delay spread while keeping the path 

gains fixed. In the Rayleigh channel, each propagation path experiences independent Rayleigh fading with RMS delay spreads of 

2 ms and 3 ms. Similarly, the Rician channel consists of four propagation paths: one dominant line-of-sight (LOS) component and 

three scattered Rayleigh components. The Rician K-factor parameter is set to 5. This enables a consistent evaluation of the proposed 

denoising algorithm under different multipath propagation conditions. The 5-Path channel represents a separate deterministic 

multipath model with five propagation paths, whereas the Rayleigh and Rician channels are independent fading channel models. 
The Rician channel considered in this work consists of one LOS component and three scattered components. 
 

3.3. Noisy signal 
 

The experiments utilized a pinger noise recording obtained from the National Institute of Ocean Technology (NIOT), Chennai, 
sampled at 25 kHz. The recording consists of 10,500,000 samples, corresponding to a total duration of 420 s. This provides a 

sufficiently long recording from which different noise segments can be randomly selected for the Monte Carlo simulations. The 

recorded noise is pre-processed to ensure consistent analysis. It includes removing the DC component to eliminate unwanted low-

frequency bias components and amplitude normalization to ensure consistent noise power before scaling and input SNR adjustment. 

During each Monte Carlo realization, a random segment of the normalized noise having the same length as the transmitted signal 

was selected and subsequently scaled to the required input SNR level (−15, −10, −5, 0, and 5 dB). 
 

𝑠𝑐𝑎𝑙𝑒 = √
𝑃𝑠𝑖𝑔𝑛𝑎𝑙

𝑃𝑛𝑜𝑖𝑠𝑒10
𝑆𝑁𝑅 10⁄  (4) 

 

𝑃𝑠𝑖𝑔𝑛𝑎𝑙  is the average signal power and 𝑃𝑛𝑜𝑖𝑠𝑒  is the average noise power. The noisy signal y(t) is given as, 

 

𝑦(𝑡) = 𝑥(𝑡) + 𝑛(𝑡) (5) 
 

where n(t) represents the additive underwater ambient noise. 
 

3.4. Time-Frequency Decomposition 

 

The noisy signal is decomposed using the CWT. The wavelet used is the Analytic Morlet [15]. CWT provides a multi-scale 

representation of the signal and is given by 

 

𝑊(𝑠, 𝑡) = ∫𝑦(𝜏)𝜓∗ (
𝜏 − 𝑡

𝑠
)𝑑𝜏 (6) 

 

Here 𝑊(𝑠, 𝑡) represents the wavelet coefficients, 𝜓(𝑡)⁡is the mother wavelet, 𝜓∗(. ) denotes the complex conjugate of the mother 

wavelet, s is the scaling parameter, and τ is the translation parameter. Separate wavelet decompositions are computed for both the 

noisy signal and the noise to support adaptive threshold estimation at each scale. 

 

3.5. Proposed Hybrid Denoising Method 

 

For each CWT scale, the noise variance is first estimated from the CWT coefficients for the noise recording. If 𝜎𝑛
2(𝑠) is the 

noise variance at scale 𝑠, 

 

𝜎𝑛
2(𝑠) = 𝑣𝑎𝑟(𝑊𝑛(𝑠)) (7) 

 

where 𝑊𝑛(𝑠)⁡denotes the CWT coefficients of the noise-only signal at scale 𝑠. The variance of the corresponding noisy received 

signal coefficients is calculated as, 

 

𝜎𝑦
2(𝑠) = 𝑣𝑎𝑟(𝑊𝑦(𝑠)) (8) 

 

where 𝑊𝑦(𝑠)⁡represents the CWT coefficients of the noisy received signal. Assuming that the observed coefficient variance consists 

of signal and noise contributions, the signal-related variance 𝜎𝑥
2(𝑠) is estimated by 

 

𝜎𝑥
2(𝑠) = max[𝜎𝑦

2(𝑠) − 𝜎𝑛
2(𝑠), 𝜖] (9) 

 

where ϵ is a small positive constant introduced to avoid numerical instability when the estimated signal contribution approaches 

zero. The corresponding signal standard deviation is obtained as 
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𝜎𝑥(𝑠) = √𝜎𝑥
2(𝑠) (10) 

 

The scale-dependent BayesShrink threshold 𝑇 [18] is then obtained as 
 

𝑇 =
𝜎𝑛
2(𝑠)

𝜎𝑥(𝑠)
 (11) 

 

Thus, the threshold is determined independently at each CWT scale from the estimated noise and signal statistics. A larger 

noise contribution results in a larger threshold, whereas a stronger estimated signal contribution reduces the threshold, allowing 

signal-related wavelet coefficients to be retained. The threshold is applied using soft thresholding 
 

𝑊𝑠𝑜𝑓𝑡 = 𝑠𝑖𝑔𝑛(𝑊).max⁡(|𝑊| − 𝑇, 0) (12) 
 

In soft thresholding (𝑊𝑠𝑜𝑓𝑡), the coefficients below the threshold are reduced. This helps maintain continuity in the 

reconstructed signal. Channel-dependent parameters like the correlation factor 𝜌 are incorporated into the adaptive weighting 

parameter to improve robustness under multipath conditions. The multipath correlation factor is computed as 
 

𝜌 = 𝑒−𝜏𝑟𝑚𝑠 𝜏𝑟𝑒𝑓⁄   (13) 

 

The reference delay spread 𝜏𝑟𝑒𝑓 is set to 0.5 ms. The adaptive weighting parameter γ is calculated as, 

 

𝛾 =
1

1 + 𝜏𝑟𝑚𝑠 𝜏𝑟𝑒𝑓⁄
 (14) 

 

To incorporate the covariance information into the adaptive weighting, the covariance between adjacent CWT scales is 

calculated from the noisy received signal coefficients. For two adjacent scales s and s+1, the inter-scale covariance is defined as, 

 

𝐶𝑠 =
1

𝑁 − 1
∑(𝑊𝑦(𝑠, 𝑡) −𝑊𝑦(𝑠)̅̅ ̅̅ ̅̅ ̅̅ )

𝑁

𝑡=1

(𝑊𝑦(𝑠 + 1, 𝑡) −𝑊𝑦(𝑠 + 1)̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅)
∗
 (15) 

 

where 𝑊𝑦(𝑠, 𝑡)⁡represent CWT coefficients of the noisy received signal at scale s and time index t, 𝑊𝑦(𝑠)̅̅ ̅̅ ̅̅ ̅̅ ⁡represents its mean value 

at scale s, (.)* denotes the complex conjugate, and N is the number of CWT time samples. The magnitude of the covariance is 

normalized using the corresponding scale-dependent coefficient variances to obtain a dimensionless covariance factor, 

 

𝜅𝑠 =
|𝐶𝑠|

√𝜎𝑦
2(𝑠)𝜎𝑦

2(𝑠 + 1) + 𝜖
 (16) 

 

The normalized inter-scale covariance factor 𝜅𝑠⁡quantifies the statistical consistency between adjacent CWT scales. This 

factor is combined with the delay-dependent correlation factor 𝜌 and weighting parameter 𝛾 to obtain the covariance- and delay-

assisted weighting factor 𝜔𝑠. The resulting effective signal variance incorporates both covariance information and the severity of 

multipath propagation, thereby enabling channel-aware adaptive thresholding. 

 

𝜔𝑠 = 1 + 𝛾𝜌𝜅𝑠 (17) 

 

The effective signal variance used in the adaptive weighting is consequently expressed as, 

 

𝜎𝑒𝑓𝑓
2 (𝑠) = 𝜎𝑥

2(𝑠)[1 + 𝛾𝜌𝜅𝑠] (18) 

 

where 𝜎𝑥
2(𝑠) is the estimated signal-related variance obtained from Eq. (9), ρ represents the delay-dependent multipath correlation 

factor, γ controls the delay-dependent weighting strength, and 𝜅𝑠 ⁡represents the normalized inter-scale covariance. Thus, the 

proposed weighting explicitly incorporates both wavelet-domain covariance information and multipath delay characteristics. The 

resulting effective variance is therefore a covariance- and delay-adaptive estimate of the signal variance, enabling improved 

threshold adaptation under time-varying underwater acoustic channels. The adaptive coefficient α is calculated by 

 

𝛼(𝑠) = 𝑚𝑖𝑛 [
𝜎𝑒𝑓𝑓
2 (𝑠)

𝜎𝑒𝑓𝑓
2 (𝑠) + 𝜎𝑛

2(𝑠)
, 0.85] (19) 
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where 𝛼(s) is limited to a maximum value of 0.85 based on empirical evaluation to prevent excessive amplification. The final hybrid 

denoised coefficients are obtained by combining the original and soft-thresholded coefficients as 

 

𝑊ℎ𝑦𝑏𝑟𝑖𝑑(𝑠, 𝑡) = ⁡𝛼(𝑠)𝑊𝑠(𝑠, 𝑡) ⁡+⁡(1⁡ − ⁡𝛼(𝑠))𝑊𝑠𝑜𝑓𝑡 (20) 

 

Here 𝑊𝑠(𝑠, 𝑡) is the original coefficient and 𝑊𝑠𝑜𝑓𝑡  represents the soft-thresholded coefficient. The proposed hybrid method 

preserves important signal features using the original coefficients and suppresses noise using thresholded coefficients. Unlike 

conventional methods that rely on thresholded coefficients, the proposed method combines Bayes thresholding with adaptive 

coefficient weighting to preserve important signal components while suppressing noise. Table 2 summarizes the computational 

complexity of the denoising methods compared in the paper. 

 

The EMD algorithm performs repeated sifting operations to extract intrinsic mode functions, resulting in a computational 

complexity of approximately 𝑂(𝐾𝑁²), where 𝐾 denotes the number of extracted Intrinsic Mode Functions (IMFs), and 𝑁 is the 

number of samples. Similarly, VMD requires iterative optimization to estimate multiple signal modes, resulting in a computational 

complexity of 𝑂(𝐾𝑁𝐼), where 𝐾 denotes the number of modes and 𝐼 the number of optimization iterations. The proposed hybrid 

denoising framework requires 𝑂(𝑆𝑁) operations, where 𝑆 is the number of wavelet scales. It includes the Continuous Wavelet 

Transform and the Inverse Continuous Wavelet Transform. After wavelet decomposition, adaptive threshold estimation, inter-scale 

covariance estimation, covariance-based weighting, and delay-dependent weighting are calculated for each scale. These operations 

involve variance and inter-scale covariance estimation together with elementary arithmetic operations and therefore do not increase 

the asymptotic computational complexity.  
 

Table 2. Computational complexity of the compared denoising methods. 
 

Method Dominant Operations Computational 

Complexity 

Universal Threshold CWT + thresholding + ICWT 𝑂(𝑆𝑁) 
SURE Threshold CWT + adaptive threshold selection + ICWT 𝑂(𝑆𝑁) 
Minimax Threshold CWT + threshold computation + ICWT 𝑂(𝑆𝑁) 
Bayes Threshold CWT + variance estimation + ICWT 𝑂(𝑆𝑁) 

Proposed Hybrid 
CWT + covariance estimation + delay weighting 

+ adaptive thresholding + ICWT 
𝑂(𝑆𝑁) 

EMD Iterative empirical mode decomposition 𝑂(𝐾𝑁²) 
VMD Iterative variational optimization 𝑂(𝐾𝑁𝐼) 

 
Therefore, the overall asymptotic computational complexity of the proposed algorithm remains of the same order as that of 

conventional CWT-based thresholding approaches such as Universal, SURE, Minimax, and Bayes thresholding. Thus, the proposed 

approach maintains the same asymptotic computational complexity, O(SN), as conventional CWT-based thresholding methods 

while incorporating additional adaptive weighting operations. To evaluate the contribution of each component of the proposed 

hybrid framework, an ablation study is performed.  

 

Four configurations are investigated:  

i. Bayes thresholding alone,  

ii. Bayes thresholding with covariance-based weighting,  

iii. Bayes thresholding with delay-adaptive weighting, and  

iv. the complete hybrid method combining both covariance weighting and delay-dependent adaptation.  
 

Section 4 presents and discusses the corresponding results. 

 

3.6. Signal Reconstruction 

 

The signal is reconstructed using the Inverse Continuous Wavelet Transform (ICWT). 

 

𝑥(𝑡) = 𝐼𝐶𝑊𝑇(𝑊ℎ𝑦𝑏𝑟𝑖𝑑) (21) 

 

For comparison, Universal, SURE, Minimax, Bayes, Empirical Mode Decomposition, and Variational Mode Decomposition 
are also implemented. 
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3.7. Performance Evaluation 

 

The denoising performance is evaluated using Output SNR, RMSE, Correlation coefficient, Signal preservation index, 

computational runtime, Monte Carlo simulations, and statistical significance analysis. 

 

Output SNR: Reconstruction quality is measured using output SNR, as given in Eq. (22). 
 

𝑆𝑁𝑅𝑜𝑢𝑡 = 10 ∗ log⁡10 (
𝑃𝑠𝑖𝑔𝑛𝑎𝑙
𝑃𝑒𝑟𝑟𝑜𝑟

) (22) 

 

Here, error power   is given by  

 

𝑃𝑒𝑟𝑟𝑜𝑟 =⁡
1

𝑁
‖𝑥(𝑡) − 𝑥(𝑡)‖2 (23) 

 

where 𝑥(𝑡) represents the clean received signal, 𝑥(𝑡) is the reconstructed signal, and 𝑁 is the number of samples. 

 

Root Mean Square Error: The reconstruction error is quantified using RMSE, as given in Eq. (24). 
 

𝑅𝑀𝑆𝐸 = √
1

𝑁
∑(

𝑁

𝑖=1

𝑥𝑖 − 𝑥𝑖)
2 (24) 

 

where 𝑥𝑖and 𝑥𝑖 denote the clean and reconstructed signals, respectively. Lower RMSE values indicate better reconstruction 
accuracy. 

 

Correlation Coefficient: The correlation coefficient evaluates the similarity between the clean and reconstructed signals. 
 

𝐶𝐶 =
∑(𝑥𝑖 − 𝑥̄)(𝑥𝑖 − 𝑥̄)

√∑(𝑥𝑖 − 𝑥̄)2∑(𝑥̂𝑖 − 𝑥̄)2
 (25) 

 

A CC value closer to 1 indicates higher similarity. 

 

Signal Preservation Index: The SPI quantifies how effectively the original signal characteristics are preserved.  

 

𝑆𝑃𝐼 = 1 −
∥ 𝑥 − 𝑥 ∥2

∥ 𝑥 ∥2
 (26) 

 

Higher SPI values indicate better preservation of the original signal characteristics. 

 

Runtime: The computational complexity of each denoising algorithm is assessed by measuring the average execution time over 

200 Monte Carlo trials. Runtime indicates the algorithm's computational efficiency and suitability for practical implementation. 

 

Monte Carlo Simulation: For every combination of input SNR, channel model, and delay spread, 200 independent Monte Carlo 

simulations are performed. During each realization, a new random BPSK bit sequence is generated, a different random segment is 

selected from the recorded underwater noise, and independent fading coefficients are generated for the Rayleigh and Rician channel 
models. This produces statistically independent realizations while preserving the channel characteristics and target input SNR. 

 

Statistical Validation: Statistical significance is assessed using paired t-tests by comparing the proposed hybrid algorithm with 

Bayes, EMD, and VMD. Statistical significance is determined using a significance level of 𝛼 = 0.05. In addition to the p-value, 

Cohen's d effect size is reported to assess both the statistical and practical significance of the observed improvements. 

 

4   RESULTS AND DISCUSSION 

 
The proposed hybrid adaptive wavelet thresholding method was evaluated using 200 Monte Carlo simulations to ensure 

statistical stability. A BPSK signal with a carrier frequency of 10 kHz was generated at a sampling frequency of 32 kHz and a 

symbol rate of 1000 symbols/s. The recorded noise was resampled from 25 kHz to the 32 kHz sampling frequency of the 
communication signal before noise addition. Pulse shaping was carried out using a raised-cosine filter with a roll-off factor of 0.25 

and a span of 6 symbols. Real underwater ambient noise dominated by pinger noise was added to the BPSK signal.  
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The received signal was scaled to input SNRs of -15 dB, -10 dB, -5 dB, 0 dB, and 5 dB and then transmitted through a 5-path, 

Rayleigh, and Rician underwater acoustic channel model with multipath delays of 2 and 3 ms. The Rayleigh fading channel was 

modeled using three independently faded multipath components with path gains of 1, 0.6, and 0.4. All simulations were performed 

in MATLAB R2022a on a Windows 11 (64-bit) workstation equipped with an Intel Core Ultra 5 processor and 16 GB RAM. The 

reported runtimes correspond to the average execution time obtained over 200 independent Monte Carlo realizations. The denoising 

performance was compared with Bayes, Universal, SURE (Stein’s Unbiased Risk Estimate), Minimax, EMD (Empirical Mode 

Decomposition), and VMD (Variational Mode Decomposition) methods. The performance was evaluated using output SNR, 
RMSE, correlation coefficient, SPI, and computational runtime. Statistical significance was evaluated using a paired t-test at α = 

0.05, and the practical significance of the observed differences was quantified using Cohen's d.  

 

Table 3 presents the output SNR for the 5-path channel under different input SNRs and delay spreads. Fig. 2 show the time-

frequency representations of the noisy and hybrid-denoised BPSK signals corresponding to the highest output SNR obtained during 

the 200 Monte Carlo simulations for the 5-Path model at an input SNR of 5 dB and an RMS delay spread of 3 ms.  

 

Table 3. Output SNR (dB) for the 5-Path channel under different input SNRs and delay spreads. 
 

Input SNR (dB) Delay (ms) EMD VMD Universal SURE Minimax Bayes Hybrid 

-15 2 -15.010 -13.064 -8.895 -7.229 -4.824 -0.691 -0.261 

-15 3 -15.003 -13.116 -9.251 -7.740 -5.381 -0.644 -0.236 

-10 2 -9.996 -8.134 -5.203 -3.953 -3.216 0.736 1.698 

-10 3 -10.014 -8.072 -5.106 -3.635 -2.996 0.395 1.342 

-5 2 -5.000 -2.840 -0.885 -0.211 -1.151 3.131 4.169 

-5 3 -5.014 -2.913 -1.069 -0.672 -1.477 3.392 4.424 

0 2 -0.019 3.334 2.532 2.182 -0.339 6.552 7.455 

0 3 -0.022 2.679 2.650 2.263 -0.148 6.656 7.529 

5 2 5.024 9.795 6.393 4.771 0.649 9.691 10.382 

5 3 5.064 9.711 6.422 4.710 0.664 9.744 10.438 

 

 
 

Fig. 2. Time-frequency representation of the 5-Path channel signal corresponding to the highest output SNR before and after the 

proposed hybrid adaptive wavelet denoising (input SNR = 5 dB, RMS delay spread = 3 ms). 

 

The proposed method achieves a higher output SNR than the conventional denoising methods across the investigated 5-Path 

conditions, with particularly clear improvements at low input SNRs. Fig. 2 further illustrates the preservation of the dominant signal 

components after denoising. The robustness of the proposed method under Rayleigh and Rician fading channels is subsequently 

evaluated using Tables 4 and 5 and Figs. 3 and 4. 
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Table 4. Output SNR (dB) for the Rayleigh channel under different input SNRs and delay spreads. 
 

Input SNR (dB) Delay (ms) EMD VMD Universal SURE Minimax Bayes Proposed 

-15 2 -15.021 -13.271 -10.130 -8.639 -6.457 -0.832 -0.414 

-15 3 -15.039 -13.234 -10.061 -8.453 -6.390 -0.862 -0.446 

-10 2 -10.043 -8.222 -5.286 -3.803 -3.173 0.718 1.715 

-10 3 -10.039 -8.213 -5.586 -4.076 -3.583 0.676 1.658 

-5 2 -5.022 -2.945 -1.158 -0.734 -1.535 3.117 4.222 

-5 3 -5.019 -2.863 -1.027 -0.634 -1.535 3.254 4.351 

0 2 -0.046 3.008 2.833 2.013 -0.284 6.367 7.297 

0 3 -0.056 2.989 2.699 1.855 -0.363 6.549 7.457 

5 2 5.055 9.922 6.505 3.744 0.380 9.446 10.193 

5 3 5.045 9.873 6.483 3.937 0.369 9.584 10.324 

 

 
 

Fig. 3. Time-frequency representation of the Rayleigh channel signal corresponding to the highest output SNR before and after 

the proposed hybrid adaptive wavelet denoising (input SNR = 5 dB, RMS delay spread = 3 ms). 
 

Table 5. Output SNR (dB) for the Rician channel under different input SNRs and delay spreads. 
 

Input SNR (dB) Delay (ms) EMD VMD Universal SURE Minimax Bayes Hybrid 

-15 2 -15.030 -13.099 -9.118 -7.522 -4.924 -0.534 -0.167 

-15 3 -15.025 -13.136 -9.512 -7.923 -5.533 -0.391 0.072 

-10 2 -10.013 -8.138 -5.204 -4.155 -3.106 0.561 1.579 

-10 3 -10.008 -8.060 -4.871 -3.875 -3.029 0.312 1.330 

-5 2 -4.989 -2.968 -1.364 -1.830 -2.038 2.986 4.241 

-5 3 -5.025 -2.764 -0.935 -1.242 -1.538 2.834 4.007 

0 2 -0.015 2.970 2.753 0.116 -0.649 6.354 7.382 

0 3 -0.074 2.848 2.824 0.645 -0.553 6.255 7.262 

5 2 5.021 9.635 6.309 0.864 -0.182 9.486 10.316 

5 3 5.018 9.868 6.554 1.794 0.013 9.336 10.169 
 

Figs. 3 and 4 further illustrate the preservation of the dominant signal components after hybrid denoising under the Rayleigh 

and Rician channel conditions, respectively. Tables 3–5 compare the output SNR achieved by the proposed hybrid wavelet 
thresholding method with the Universal, SURE, Minimax, Bayes, EMD, and VMD algorithms under 5-Path, Rayleigh, and Rician 

channel conditions for different input SNRs and delay spreads. The proposed hybrid method achieves the highest output SNR 

across all investigated scenarios. It demonstrates its superior denoising capability under both severe and moderate noise conditions. 

At low input SNRs such as -15 dB and -10 dB, conventional thresholding methods struggle to distinguish signal components from 

underwater noise. The proposed hybrid approach incorporates multipath-aware adaptive weighting based on channel 

characteristics. EMD performance is comparatively low for all SNR conditions considered. VMD performance improves with 

higher SNR, but remains limited compared to the proposed hybrid method. Beyond output SNR, reconstruction accuracy and signal 

preservation were further assessed using RMSE, correlation coefficient, and SPI, as summarized in Table 6. 
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Fig. 4. Time-frequency representation of the Rician channel signal corresponding to the highest output SNR before and after the 

proposed hybrid adaptive wavelet denoising (input SNR = 5 dB, RMS delay spread = 2 ms). 

 

Table 6. Comparison of RMSE, correlation coefficient, and signal preservation index between the Bayes and proposed hybrid 

methods. 
 

Channel 
Input 

SNR (dB) 

Delay 

(ms) 

RMSE Correlation coefficient Signal Preservation Index 

Bayes Proposed Bayes Proposed Bayes Proposed 

5-Path 

-15 
2 0.19175 0.17456 0.32346 0.53152 -0.00383 0.21432 

3 0.21637 0.19641 0.34145 0.54089 0.01125 0.22403 

-10 
2 0.16029 0.14304 0.36542 0.55028 0.05262 0.24917 

3 0.18143 0.16227 0.33451 0.52855 0.01562 0.21602 

-5 
2 0.12225 0.10771 0.71085 0.77096 0.47709 0.59419 

3 0.12812 0.11390 0.73600 0.78191 0.50679 0.61139 

0 
2 0.08165 0.07399 0.89857 0.90122 0.76376 0.80537 

3 0.08983 0.08135 0.89992 0.90253 0.76490 0.80680 

5 
2 0.05684 0.05239 0.96347 0.96150 0.88576 0.90310 

3 0.06381 0.05877 0.96270 0.96070 0.88372 0.90144 

Rayleigh 

-15 
2 0.15838 0.15167 0.14000 0.33976 -0.35246 -0.25000 

3 0.17349 0.16603 0.15453 0.35190 -0.33107 -0.23393 

-10 
2 0.13949 0.12378 0.33455 0.54103 0.02371 0.23557 

3 0.14148 0.12601 0.34278 0.53856 0.02979 0.23302 

-5 
2 0.10004 0.08769 0.69742 0.76268 0.45641 0.58274 

3 0.10544 0.09291 0.72160 0.77588 0.48821 0.60242 

0 
2 0.06734 0.06036 0.89804 0.90308 0.76150 0.80771 

3 0.07012 0.06301 0.89891 0.90280 0.76218 0.80712 

5 
2 0.04621 0.04229 0.96187 0.96032 0.88212 0.90126 

3 0.05037 0.04612 0.96334 0.96202 0.88567 0.90409 

Rician 

-15 
2 0.13487 0.12692 0.15453 0.35190 -0.35073 -0.25231 

3 0.14853 0.14037 0.13689 0.34576 -0.33107 -0.23393 

-10 
2 0.11386 0.10087 0.30561 0.52764 -0.00198 0.21774 

3 0.11989 0.10635 0.30028 0.51576 -0.02422 0.19675 

-5 
2 0.08515 0.07351 0.69132 0.77043 0.45470 0.59387 

3 0.09020 0.07869 0.68160 0.75671 0.43913 0.57344 

0 
2 0.05725 0.05081 0.89081 0.89970 0.74889 0.80221 

3 0.06057 0.05393 0.88993 0.89788 0.74660 0.79909 

5 
2 0.03965 0.03597 0.96215 0.96164 0.88237 0.90345 

3 0.04173 0.03786 0.96029 0.95957 0.87840 0.90020 
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Among the conventional approaches, the Bayes method performs better because of its adaptive statistical threshold estimation. 

However, the proposed hybrid method consistently improves SNR over Bayes across all investigated channel models. The 

improvements also remained stable for different delay spreads (2 ms and 3 ms). This indicates that the proposed algorithm is robust 

to variations in multipath propagation and channel dynamics. Table 6 presents RMSE, correlation coefficient, and signal 

preservation index values of the Bayes and proposed hybrid methods under different channel conditions and delay spreads. The 

proposed hybrid method consistently achieves a lower RMSE than the conventional Bayes thresholding across the 5-path, Rayleigh, 

and Rician channels. The reduced reconstruction error indicates that the hybrid method's adaptive, multipath-aware weighting 
preserves the original signal more accurately, especially in low-SNR environments. 

 

The proposed hybrid achieves a higher correlation than Bayes under most channel conditions. This indicates improved 

waveform preservation after denoising. Although Bayes exhibits a marginally higher correlation at 5 dB in a few cases, the hybrid 

consistently maintains strong signal similarity. These results indicate that the proposed adaptive threshold provides a favorable 

balance between denoising performance and signal fidelity. The hybrid method achieves higher SPI values than Bayes across all 

channels and input SNR levels investigated. This indicates improved preservation of the transmitted acoustic signal while 

minimizing distortion. The improvement is greater under severe noise conditions. This demonstrates the robustness of the proposed 

thresholding strategy. 

 

Table 7. Average runtime comparison. 
 

Algorithm Average Runtime (s) 

Bayes 0.010324 

Hybrid 0.023660 

EMD 0.053552 

VMD 0.066111 

 

Table 7 summarizes the average computational runtime of each denoising algorithm. The proposed hybrid method requires 

more computational time than conventional Bayes thresholding because of the additional adaptive weighting and multipath 

parameter estimation. However, its runtime remains lower than that of VMD and EMD while providing improved denoising 

performance. This trade-off demonstrates that the proposed hybrid algorithm offers an effective balance between computational 

complexity and reconstruction quality, making it suitable for practical underwater acoustic communication systems.  

 

Table 8. Ablation study of the proposed hybrid method under the 5-path channel. 
 

Input SNR (dB) Bayes Only Bayes + Covariance Bayes + Delay Factor Full Hybrid 

-15 -0.0199 0.2086 0.2196 0.2205 

-10 0.7900 1.7010 1.7405 1.7435 

-5 3.2398 4.2923 4.3084 4.3093 

0 6.5250 7.3769 7.3778 7.3776 

5 9.6260 10.3180 10.3200 10.3200 

 

Table 9. Ablation study of the proposed hybrid method under a Rayleigh channel. 
 

Input SNR (dB) Bayes Only Bayes + Covariance Bayes + Delay Factor Full Hybrid 

-15 -0.8324 -0.4568 -0.4173 -0.4136 

-10 0.6563 1.6033 1.6483 1.6518 

-5 2.9393 4.0490 4.0697 4.0710 

0 6.5829 7.5043 7.5096 7.5098 

5 9.4508 10.2030 10.2060 10.2070 

 

Table 10. Ablation study of the proposed hybrid method under a Rician channel. 
 

Input SNR (dB) Bayes Only Bayes + Covariance Bayes + Delay Factor Full Hybrid 

-15 -0.5881 -0.1621 -0.1415 -0.1400 

-10 0.5612 1.5282 1.5754 1.5791 

-5 2.9855 4.2073 4.2386 4.2410 

0 6.3542 7.3721 7.3813 7.3818 

5 9.4862 10.3100 10.3150 10.3160 

 

The ablation results in Tables 8 to 10 show the individual contributions of covariance-based weighting and the multipath delay 

factor under the investigated channel conditions.  
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Compared with the Bayes-only baseline, incorporating covariance-based adaptive weighting improves the output SNR by 

enhancing the discrimination between signal- and noise-dominated coefficients. Adding the delay-dependent factor further 

improves performance by adapting the threshold to the severity of multipath propagation. Combining both components in the full 

hybrid configuration generally produces the highest output SNR. These results indicate that the covariance and delay-aware 

components contribute complementary information to the proposed denoising framework. Table 11 presents a statistical comparison 

of the proposed hybrid denoising method with the Bayes, EMD, and VMD algorithms for a 3 ms multipath delay spread across the 

5-Path, Rayleigh, and Rician channel models, with varying input SNR.  
 

Table 11. Statistical comparison of the proposed hybrid method with Bayes, EMD, and VMD for a 3 ms delay spread. 
 

Channel Input SNR (dB) Comparison p-value Cohen's d Interpretation 

5-Path 

-15 

Proposed vs Bayes < 0.001 2.06 Significant 

Proposed vs EMD < 0.001 5.37 Significant 

Proposed vs VMD < 0.001 4.44 Significant 

-10 

Proposed vs Bayes < 0.001 3.96 Significant 

Proposed vs EMD < 0.001 4.73 Significant 

Proposed vs VMD < 0.001 3.24 Significant 

-5 

Proposed vs Bayes < 0.001 3.09 Significant 

Proposed vs EMD < 0.001 5.02 Significant 

Proposed vs VMD < 0.001 2.72 Significant 

0 

Proposed vs Bayes < 0.001 3.73 Significant 

Proposed vs EMD < 0.001 4.63 Significant 

Proposed vs VMD < 0.001 1.27 Significant 

5 

Proposed vs Bayes < 0.001 4.96 Significant 

Proposed vs EMD < 0.001 4.39 Significant 

Proposed vs VMD 0.037 0.15 Significant 

Rayleigh 

-15 

Proposed vs Bayes < 0.001 1.70 Significant 

Proposed vs EMD < 0.001 4.88 Significant 

Proposed vs VMD < 0.001 4.10 Significant 

-10 

Proposed vs Bayes < 0.001 3.99 Significant 

Proposed vs EMD < 0.001 4.72 Significant 

Proposed vs VMD < 0.001 3.21 Significant 

-5 

Proposed vs Bayes < 0.001 3.21 Significant 

Proposed vs EMD < 0.001 4.54 Significant 

Proposed vs VMD < 0.001 2.56 Significant 

0 

Proposed vs Bayes < 0.001 3.95 Significant 

Proposed vs EMD < 0.001 4.33 Significant 

Proposed vs VMD < 0.001 1.54 Significant 

5 

Proposed vs Bayes < 0.001 5.23 Significant 

Proposed vs EMD < 0.001 4.98 Significant 

Proposed vs VMD 0.267 0.08 Not Significant 

Rician 

-15 

Proposed vs Bayes < 0.001 1.79 Significant 

Proposed vs EMD < 0.001 5.79 Significant 

Proposed vs VMD < 0.001 4.89 Significant 

-10 

Proposed vs Bayes < 0.001 3.86 Significant 

Proposed vs EMD < 0.001 4.70 Significant 

Proposed vs VMD < 0.001 3.33 Significant 

-5 

Proposed vs Bayes < 0.001 3.52 Significant 

Proposed vs EMD < 0.001 4.80 Significant 

Proposed vs VMD < 0.001 2.73 Significant 

0 

Proposed vs Bayes < 0.001 4.58 Significant 

Proposed vs EMD < 0.001 4.50 Significant 

Proposed vs VMD < 0.001 1.51 Significant 

5 

Proposed vs Bayes < 0.001 6.32 Significant 

Proposed vs EMD < 0.001 4.79 Significant 

Proposed vs VMD 0.133 0.11 Not Significant 
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The hybrid algorithm achieves higher output SNR than VMD under low and moderate SNR conditions (-15 dB, -10 dB, -5 dB, 

and 0 dB) across all channel models. At 5 dB, the difference remains statistically significant for the 5-Path channel (p = 0.037), 

whereas it is not statistically significant for the Rayleigh (p = 0.267) and Rician (p = 0.133) channels. This behavior may be 

attributed to the reduced impact of noise at higher SNRs, resulting in more similar reconstruction performance between the methods. 

Compared with VMD, statistically significant differences are observed mainly under low and moderate SNR conditions; at 5 dB, 

the difference is significant for the 5-Path channel but not for the Rayleigh and Rician channels. Overall, the experimental results, 

ablation studies, and statistical analyses consistently confirm that the proposed hybrid algorithm provides reliable, robust, and 
computationally efficient denoising for underwater acoustic communication systems. 

 

5   CONCLUSION 

 
This paper presented a multipath-aware hybrid adaptive wavelet thresholding algorithm for denoising underwater acoustic 

communication signals under realistic multipath propagation and ambient underwater noise conditions. The proposed method 

combines covariance-based adaptive weighting with multipath-delay-aware threshold adaptation to improve noise suppression and 

preserve useful signal components. The algorithm was evaluated using 200 Monte Carlo simulations under the 5-Path, Rayleigh, 

and Rician underwater acoustic channel models, with input SNRs ranging from -15 dB to 5 dB and RMS delay spreads of 2 and 3 

ms. Experimental results showed that the proposed hybrid algorithm achieved higher output SNR, lower RMSE, improved 

waveform correlation, and a higher Signal Preservation Index than the conventional Universal, SURE, Bayes, Minimax, EMD, and 

VMD methods. The improvements were particularly noticeable under severe noise conditions where the proposed method 
effectively distinguished noise and signal components. The ablation study showed that both covariance-based adaptive weighting 

and multipath delay compensation improve denoising performance, with the full hybrid configuration generally achieving the 

highest output SNR across the investigated channel models. The consistent performance gains across the three channel models 

indicate that incorporating both signal-domain statistics and channel-dependent characteristics enhances the robustness of the 

denoising framework under varying underwater propagation conditions. 

 

The proposed method requires slightly higher computational time than conventional Bayes thresholding because of the 

additional covariance and delay-dependent weighting operations. However, its runtime remains lower than those of EMD and 

VMD. Statistical validation using paired t-tests and Cohen’s d demonstrated statistically significant improvements over Bayes and 

EMD across all investigated SNR conditions. At 5 dB input SNR, the improvement over VMD was statistically significant for the 

5-Path channel (p = 0.037), whereas the differences were not statistically significant for the Rayleigh (p = 0.267) and Rician (p = 

0.133) channels. Overall, the proposed framework provides an effective balance between denoising accuracy, signal preservation, 
robustness to multipath propagation, and computational efficiency. This makes it a promising solution for reliable underwater 

acoustic communication systems in noise-dominated environments. Future work will focus on extending the proposed framework 

to real-time underwater communication systems, adaptive modulation scenarios, Doppler-affected channels, and experimental 

validation using sea-trial measurements. Further investigation will consider computational optimization and validation with diverse 

real-world underwater noise conditions to assess the generalizability of the proposed approach. 
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