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Abstract

Among the varius coloring of graphs, the concept of equitable
total coloring of graph G is the coloring of all its vertices and edges
in which the number of elements in any two color classes differ by
atmost one. The minimum number of colors required is called its
equitable total chromatic number. In this paper, we obtained an
equitable total chromatic number of middle graph of path, middle
graph of cycle, total graph of path and total graph of cycle.

Keywords: Middle graph, Total graph, Equitable total coloring and Eq-
uitable total chromatic number.

1 Introduction

All the graphs considered here simple, finite and undirected graph. Let
G = (V(G), E(G)) be a graph with vertex set V(G) and edge set E(G),
respectively. A coloring of a graph G is an assignment of colors to the
vertices or edges or both. A vertex-coloring(edge-coloring) is called proper
coloring if no two vertices(edges) receive the same color. So many different
proper colorings are available in graph theory such as a-coloring, b-coloring,
acyclic coloring, star coloring, list coloring, harmonious coloring, total col-
oring, equitable total coloring. In the present work we focused an equitable
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total coloring of graph. The concept of total coloring was independently
introduced by Behzad [1] and Vizing [10]. A total coloring of a graph G is
an assignment of colors to both the vertices and edges of G, such that no
two adjacent or incident vertices and edges of G are receive the same color.
They both conjectured that for any graph G the following condition holds:
A(@)+1 < x"(G) < A(G)+2, where A(G) is the maximum degree of G. We
observe that A(G) + 1 is the suitable lower bound. In general, an equitable
total coloring problem is comparatively very difficult than the total coloring
problem. In 1994, Fu[4] first introduce the concept of equitable total color-
ing and the equitable total chromatic number of a graph. A total coloring
of a graph G is said to be equitable, if the number of elements(vertices and
edges) in any two color classes differ by at most one, for which the required
minimum number of colors is called the equitable total chromatic number
and it is denoted by x.:(G). Gong Kun et.al[3] proved some results on the
equitable total chromatic number of W, V K,,, F,,, V K,and S,, V K,,. In
2012, Ma Gang and Ma Ming[6] proved some results concerning the eg-
uitable total chromatic number of P,, V S,, P, V F;, and P,, V W,,. Tong
et.al[8] proved that the equitable total chromatic number of C,,,0C,,. Girija
et.al[2] proved that equitable total chromatic number of Double star graph
and fan graph. Gang et.al[7] proved that on the equitable total coloring of
multiple join graph. Zhang Zhong-fu[12] proved that on the equitable total
coloring of some join graphs. Veninstine vivik et.al[9] proved an algorithmic
approach to equitable total chromatic number of wheel graph, Gear graph,
Helm graph and sunlet graph.

2 Preliminaries

Definition 2.1. The middle graph of a graph G, denoted by M(G) is define
as follows, the vertex set of M(G) is V(G) U E(G). Two wvertices z,y in
the vertex set of M(G) are adjacent in M(G) in case one of the following
condition holds: (i) x,y are in E(G) and z,y is adjacent in G. (i) x is in
V(G),y is in E(G) and z,y are incident in G. The total graph of a graph
G, denoted by T(G) is define as, the vertez set of T(G) is V(G) U E(G).
T'wo vertices x,y in the vertex set of T(G) are adjacent in T(G) in case one
of the following condition holds: (i) x,y are in V(G) and x 1s adjacent to y
in G. (i) z,y are in E(G) and z,y is adjacent in G (#1) z 1s in V(G),y 1s
in E(G) and z,y are incident in G. For a simple graph G, let f be a proper
k— total coloring of G, ||T3|—|Ty|| <1, fori,j=1,2,... k.

The partition {T;} = {V;UE; : 1 < i < k} is called a k— equitable total
coloring and xe(G) = min {k/ k-equitable total coloring of G} is called
the equitable total chromatic number of G, where for allz € T; = V; U E;,
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f(z) =1, fori=1,2,...k.

Conjecture 2.4([4]) For any simple graph G(V, E), xe:(G) < A(G) + 2.
Conjecture 2.5([13]) For any simple graph G(V, E),

xet (G) = X (G) > A(G) + 1.

Conjecture 2.6([11]) For every graph G, G has an equitable total k—
coloring for each k > maz{x"(G), A(G) + 2}

proposition 2.7([5]) Any four regular multi-graph can be total colored
with 6 colors

proposition 2.8([7])For complete graph K,, with order =,

n, ifn= 1 (mod 2)
K )=
Xer(Kn) {n +1, ifn= 0 (mod 2)
In this paper, we obtained an equitable total chromatic number of middle
graph of path, Middle graph of cycle, Total graph of path and Total graph
of cycle.

3 Main Results

Theorem 3.1. For any positive integer n > 3, xet(M(Py,)) = 5.

Proof. Let V(P,) = {v; : 1 <i<n}and E(P,) ={e; : 1 <7< n-—1}
where {e; : 1 < i < n — 1} be the edges v;v;11(1 < i < n —1). By the
definition of middle graph, each edge {e; : 1 < ¢ < n — 1} is subdivided by
the vertices {u; : 1 <i <n—1}. In M(P,), the vertex set and the edge set
is given by V(M (P,)) ={vi: 1 <i<n}|J{u;: 1 <i<n-—1} and
EM(P,)) ={e;:1<i<n—1}{e;: 1 <i<n—1}U{e; : 1 << n—2},
where e;(1 < ¢ < n)isanedge v;iu;(1 <71 <n-1),¢&'(1 <i<n-1)
is an edge wv;4q(1 < i < n—1)and e, (1 < i < n— 2) is an edge
uiui+1(1 S 7 S n — 2)

Define an equitable total coloring f, such that f : S — C, where S =
V(M(P,))UE(M(P,)) and C = {1,2,3,4,5}. Now we assign an equitable

total coloring to these vertices and edges as follows.

1, ifi= 1 (mod 3)
flo;)) =<2, ifi= 2(mod3) forl1<i<n
3, ifi= 0 (mod3)
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3, ifi= 1 (mod 3)
flu))=14¢1, ifi= 2(mod3) forl1<i<n-—1
2, ifi= 0 (mod 3)

fles) =4, for 1<i<n-—1
f(e) =5, for 1<i<n-1

2, ifi= 1 (mod 3)
flei'y=1<3, ifi= 2(mod3) forl1<i<n-—2
1, ifi= 0 (mod 3)

Based on the above procedure of coloring, the graph M(P,) is equitable
total colored with 5 colors, such that the color classes are T(M(P,)) =
{11, T, T3, T4, Ts}. We observe that these colors classes Ty, Ty, T3, Ty, Ty are
independent sets of M(P,,) and its satisfies the inequality ||T;|—|T;|| < 1, for
i # 7. Hence xe:(M(P,)) < 5. Further, since A = 4, we have xe:(M(FP,)) >
X' (M(Pp)) > A+1>4+412>5. Therefore xe:(M(FP,)) = 5. 0

Theorem 3.2. For any positive integer n > 4, xet(M(Cp)) = 5.

Proof. Let V(Cy) = {v; : 1 <i < n} and E(C,) = {e; : 1 <7 < n}, where
{e; : 1 <i < mn— 1} be the edges v;v;41,% + 1 taken modulo n(l <: < n).
By the definition of middle graph, each edge {e; : 1 <13 < n} is subdivided
by the vertices {u; : 1 < i < n}. In M(C,), the vertex set and the edge set
is given by V(M (Cy)) ={v; : 1 <i<n}U{u;: 1 <i<n}and
EM(Cy)={e;:1<:< n}U{e; 1< L n}U{e;l : 1 < ¢ < n}, where
ei(1 <7 < n) be an edge v;u;(1 < i < n), ¢'(1 <7< n-—1) be an edge
uir1,% + 1 taken modulo n(1 < i < n) and e; (1 < i < n) be an edge
u;u;y1,%+ 1 taken modulo n(l < i < n).

We define an equitable total coloring f, such that f : S — C, where S =
V(M(C,))UE(M(C,)) and C = {1,2, 3,4, 5}. The equitable total coloring
pattern is as follows. we consider the following two cases

Case(i): when n is even

flos) = 4, ifi= 1(mod2) forl1<i<n
Y18, ifi= 0 (mod 2)

1, ifi= 1(mod?2) forl1<i<n
flug) = . ( )
2, ifi= 0 (mod 2)

f(e-)— 2, ifi=1(mod2) forl1<i<n
Y1, ifi= 0 (mod2)
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fle)=5, for1<i<n

fle) = 3, ifi=1(mod2) forl<i<n
’ 4, ifi= 0 (mod 2)

Case(ii): when n is odd

Figure 1: Equitable Total Coloring of middle graph of Cycle M(Cs)

’Ul)—2
3, ift=0(mod2) for2<i<
flog= {3 Hi=0mod?) Hor2sisn
4, ifi= 1 (mod 2)
1, ifi= 1(mod2) forl1<i<n
2, ifi= 0 (mod 2)
ifi= 0(mod2) for2<i<n-—2
ifi= 1 (mod 2)
fler) =4, (en—1)=f(6n)=1, fle) =5, for1<i<nm

fle) = 3, ifi=0(mod2) for1<i<n
’ 4, ifi= 1 (mod 2)

fled) =

Using the above pattern of the coloring, we see that the graph M(C,)
is equitable total colored with 5 colors. The color classes of M(C,,) are
grouped as T(M(C,)) = {T1,T»,T3,T4,T5}. We observe that these colors
classes T1, T2, T3, T4, T5 are independent sets of M (C,,) and its satisfies the
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condition ||T;] —|T}|| < 1, for ¢ # j. For example consider the middle graph
of cycle with 6 vertices (see Figure 1), for which |T}| = |T3| = |T3| = |T4] =
|T5| = 7 and it holds the inequality ||T;| — |T;]| < 1, for ¢ # 7 and it is
equitable total colored with 5 colors. Hence x.:(M(C,)) < 5. Further,
since A = 4, we have x(M(C,)) > x'(M(Cpn)) 2 A+12>4+12>05.
Therefore x..(M(C,)) = 5. a

Theorem 3.3. For any positive integer n > 3, xet(T(Pr)) = 5.

Proof. Let V(P,) = {v; : 1< i< n}and E(P,) ={e;: 1 <i<n-1}
where {e; : 1 < ¢ < n — 1} be the edges v;v;41(1 < ¢ < n —1). By the
definition of total graph, each edge {e; : 1 < i < n — 1} is subdivided by
the vertices {u; : 1 <i <n—1}. In T(P,), the vertex set and the edge set
is given by V(T'(P,)) = {v; : 1 <i < n} L)J{uz :1<:<n-—1}and
ETP)) ={e;:1<i<n—-1}J{e:1<i<n—-1}U{e : 1<
1< n-— l}U{e;” 11 <7< n-—2}, where e;(1 < ¢ < n—1)is an edge
v;;/ui(l <i<n-1),¢e'(1 <i<n-—1)is an edge u,—vz—“”(l <i<n-1),
e;,(1<i<n-—1)isanedge vivi;1(1<i<n—1)ande (1 <i<n-—2)
is an edge uu;1(1 <t <n—2).

Define an equitable total coloring f, such that f : S — C, where § =
V(T'(P,)) U E(T(P,)) and C = {1,2,3,4,5}. The equitable total coloring
is obtained by coloring these vertices and edges as follows.

(1, ifi= 1 (mod 5)
3, ifi= 2 (mod5)
fvi)=<5, ifi= 3(mod5) for1<i<n
2, ifi= 4 (modb)
4, ifi= 0 (mod5)
(2, ifi= 1 (mod 5)
4, ifi= 2 (mod 5)
flus) =<1, ifi= 3 (mod5) for1<i<n-—1
3, ifi= 4 (mod 5)
|5, ifi= 0 (mod 5)
(4, ifi= 1 (mod 5)
1, ifi= 2 (mod 5)
flei) =<3, ifi= 3(mod5) forl<i<n-1
5, ifi= 4 (mod 5)
2, ifi= 0 (mod 5)
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(5, ifi= 1 (mod 5)
2, ifi= 2 (modb)
flei) =144, ifi= 3 (modb) for1<i<n-—1
1, ifi= 4 (mod 5)
3, ifi= 0 (mod5)

2, ifi= 1 (mod5)

4, ifi= 2 (mod 5)

fle/Y=<K1, ifi= 3 (mod5) forl1 <i<n-—1
3
5

, ifi= 4 (mod 5)
, ifi= 0 (mod 5)

3, ifi= 1 (mod)5)

5 ifi= 2 (mod b5

, ( )
f(ei”’)=J2, ifi= 3 (mod5) for1<i<n-—2

4, ifi= 4 (mod 5)

|1, ifi= 0 (mod5)

Based on the above method of coloring, it is clear that the graph T'(P,)

Figure 2: Equitable Total Coloring of total graph of Path T'(Ps)

is equitable total colored with 5 colors, such that the color classes grouped
are T(T(P,)) = {T1,T2,T3,T4,T5}. We observe that these color classes
{T1,T3,T3, T4, Ts }are independent sets of T'(P,,) and its holds the inequality
||T:} — |T5]| £ 1, for ¢ # j. For example consider the total graph of path
with 6 vertices (see Figure 2), for which |T}| = |T3| = |T4]| = |T5| = 7 and
|T>| = 8 and it satisfies the condition ||T;| — |T;|| < 1, for ¢ # j and so it is
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equitable total colored with 5 colors. Hence x¢:(T(P,)) < 5. Further, since
A =4, we have xe:(T(Py)) > X" (T(P,)) > A+1>4+1>5. Therefore
Xet(T(P,)) = 5. a

Theorem 3.4. For any positive integer n, Xet(T(Crn)) = {5’ n=3

6, n+#3
Proof. Let V(C,) = {v; : 1 <i < n} and E(C,) = {e; : 1 <7 < n}, where
{e; : 1 < i < n} be the edges v;v;;1,7 + 1 taken modulo n(1 < ¢ < n). By
the definition of total graph, each edge {e; : 1 < ¢ < n} is subdivided by
the vertices {u; : 1 < ¢ < n}. In T(C,), the vertex set and the edge set is
given by V(T'(Cp)) ={vi : 1 <i<n}U{u;: 1 <i<n}and
E(TC,) ={e;:1<i<n} He;:1<i<n}U{e; :1<i<n}U{e :
1 <1< n}, where e;(1 <14 < n) be an edge v;u;(1 <i<n), &'(1 <7< n)
be an edge u;v;41,i + 1 taken modulo n(1 < i < n), e; (1 <4 < n) be an
edge v;v;11,¢+ 1 taken modulo n(1 <: < n) and e;"(l <1 < n) be an edge
u;u;41,% + 1 taken modulo n(1 < i < n).
We define a function f, such that f : § — C, where S = V(T'(C,)) U
E(T(Cy,)) and C =11, 2,3,4,5,6}. Now we assign an equitable total color-
ing to these vertices and edges as follows. we consider following three cases
Case(i): When n =3

(1, ifi= 1 (mod 3)
flvi) =<3, ifi= 2(mod3) for1<i<3
|2, ifi= 0 (mod 3)

2, ifi= 1 (mod 3)
flu;)) =43, ifi= 2(mod3) for1<:<3
1, ifi= 0 (mod 3)

fle:s) =4, for 1<:¢<3
f(e') =5, for 1<i<3

2, ifi= 1 (mod3)
fley=<1, ifi= 2(mod3) for1<i<3
if i = 0 (mod 3)

o

3, ifi= 1 (mod 3)
fleY=14{2, ifi= 2(mod3) for1<i<3
1, ifi= 0 (mod 3)

From the above rule of total coloring, it is easy to see that the graph T'(C3)
is equitable total colored with 5 colors. The color classes of T'(C3) are
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grouped as T(T(C3)) = {I1,T2,T3,T4,T5}. We observe that these color
classes {T1,T2,T3,T4,T5} are independent sets of T'(C3) and its satisfies
the inequality ||T3| — |T;|| < 1, for ¢ # 3, for which |T1| = |T3| = |T3| = 4
and |Ty| = |T5| = 3 and it satisfies the inequality ||T;| — |T};|| < 1, for i # 5
and it is equitable total colored with 5 colors. Hence x.:(T(C3)) < 5. Fur-
ther, since A = 4, we have x:(T(C3)) > x"(T(C3)) > A+1>4+12>5.
Therefore x..(T(C3)) = 5.

Figure 3: Equitable Total Coloring of total graph of Cycle T'(Cs)

Case(ii): When n > 3, n=2k, k=23...

floy = { b M= 1lmed2) |
3, ifi= 0(mod2) for1<i<mn

flag={% 1= 1 med?) |
4, ifi= 0(mod?2) for1<i<n-1
fle)) =6, f(ey)=6 for 1<i<n-—1

fe) = 2, ifi= 1 (mod 2)
*TT )4, ifi= 0(moed?2) forl<i<n-—1



flen) =4

Fles) = 3, ifi= 1 (mod?2)
’ 1, ifi= 0(mod2) forl<i<n-—1

Flen) =1

Case(iii): When n > 3, n=2k+1, k=23...

f(vs) 1, ifi= 1 (mod?2)
Vi) = .
3, ifi=0(mod2) forl1<i<n-—1

f(vn) =5

2, ifi= 1 (mod 2)
4, ifi= 0(mod?2) forl<i<mn-1

flus) =

flun) =6, fle)=5, for 1<i<n-—-2

flen—1) =1, f(ep) =3
f(ei/) = 6’ f(en_ll) = 23 f(en/) =4 fO'f' 1 S 7 S n—2

fle) = 2, ifi= 1 (mod2)
)4, ifi= 0(mod2) forl<i<n—1

flen) =6

fled) = 3, ifi= 1 (mod?2)
’ 1, ifi= 0(mod?2) forl<i<n-—2

f(en_lll/) — 5’ f(en///) — 6
The above pattern of total coloring, the graph T(C,) is equitable to-
tal colored with 6 colors. The color classes of T(C,) are grouped as
T(T(Cp)) = {T1,T2,T3,T4,T5,Ts}. We observe that these color classes
{T1,T>,T5,T4,T5,T6} are independent sets of T(C,,) and its satisfies the
inequality ||T;| —| T;|| < 1, for ¢ # j. For example consider the total graph
of path with 6 vertices (see Figure 3), for which |T}| = |T2| = |T3]| = |T4| =
|Ts| = |Te| = 7 and it satisfies the inequality ||T;|—|T}|| < 1, for ¢ # j. When
n # 3, in this case every vertex is adjacent to exactly four vertices of same
degree and due to the incidence and adjacency of elements, five colors can
not be suffice for the total coloring. Thus xe:(T(Cr)) > X" (T(Cyn)) # 5.
Hence x..(T'(Cr)) = 6. a
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