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Abstract

A total coloring of a graph G is an assignment of colors to both
vertices and edges of G, such that no two adjacent or incident vertices
of G receive the same color. In this paper, we have discussed the total
coloring and total chromatic number of twig graph T,,, splitting graph

of comb graph S(R;"), and shadow graph of comb graph D,(P;).
1. Introduction

All graphs considered here are finite, smple and undirected. Let
G = (V(G), E(G)) be a graph with the vertex set V(G) and the edge set
E(G), respectively. A coloring of a graph G is an assignment of colors to
the vertices or edges or both. A total coloring of Gisamapping f : V(G)U

E(G) —» C, where C is the set of colors satisfying the following three
conditions:
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(i) No two adjacent vertices receive the same color.
(i1) No two adjacent edges receive the same color.
(iii) No edges and its end vertices receive the same color.

The total chromatic number of a graph G, denoted by %"(G), is the
minimum number of colors that suffice in a total coloring. It is clear that
1"(G) > A(G) + 1, where A(G) is the maximum degree of G. The concept
of total coloring was introduced by Behzad [1] and Vizing [8]. Also, they
have posed the conjecture that for any simple graph G, A(G)+1 < %"(G)
< A(G) + 2. If a graph G is total colorable with A(G) +1 colors, then the
graph is called of type-I, and if it is total colorable with A(G) + 2 colors,
then it is of type-Il. Rosenfeld [5] and Vijayaditya [7] verified the “total
coloring conjecture (TCC)”, for any graph G with maximum degree < 3.
Borodin [2] verified the TCC for maximum degree > 9 in planar graphs.
Muthuramakrishnan and Jayaraman [4] obtained the total chromatic number
of splitting graph of a path, a cycle and a star graph. In the present work, we
investigate the total chromatic number of a twig graph, splitting graph of a
comb graph, and shadow graph of a comb graph.

2. Preliminaries

Definition 2.1 [6]. The splitting graph of a graph G is obtained by
adding to each vertex v, a new vertex v' such that V' is adjacent to every

vertex that is adjacent to v in G, which means N(v) = N(v'). It is denoted by
S(G).

Definition 2.2. The shadow graph D,(G) of a graph G is constructed

by taking two copies of G say G’ and G" and joining each vertex u' in G’

to the neighbours of the corresponding vertex u” in G”.

Definition 2.3 [3]. The comb graph P, is the graph obtained from a
path by attaching pendent edge at each vertex of a path.



Total Coloring of Certain Graphs 33
Definition 2.4 [3]. A twig graph is a tree obtained from a path by

attaching exactly two pendant edges to each internal vertex of the path and is
denoted by T,,.

3. Results and Discussion

Theorem 3.1. Let T, be the twig graph. Then its total chromatic
number is A(T,) + 1.

Proof. Let
V(T,) ={ug, wp : 1<k <n=2}U{v : 1<k <n}
and
E(T,) = {upvists wivierg 1<k <n=2}U{vvpy 1<k <n—1}
We construct the total coloring f : S — C, where S =V(T,)U E(T,)

and the set of colors C = {1, 2, 3, 4, 5}. Now, we apply the total coloring to

these vertices and edges as follows:

For 1<k <n,

1, if kis odd,
2, if k is even.

f(Vk)={
For1<k<n-2,

flug) =3, fw) =4, flupves) =5,

1, if kis odd,
2, if k is even.

S gy ) = {

For1<k<n-1,

3, if kis odd,

4, if k is even.

SOvea) = {
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By using the above rule of total coloring, the graph 7,, is properly total
colored with A(7,) + 1 colors. Hence, for the total chromatic number of the

twig graph T,,, 1"(T,) = A(T,) + 1.

Illustration 3.2. Total coloring of twig 7, as shown in Figure 1.

1 2 1
4 4 4 4
Wy W> W3 Wa
Figure 1

Theorem 3.3. Let S'(P,) be the splitting graph of a comb graph. Then

its total chromatic number is A(S'(P,))+ 1.

Proof. Let
V(P )={vi, wp : 1<k <n}
and
E(PS) = {ugwy, viviesy 1 1< k < n}.

Now, construct the splitting graph of a comb graph by adding the new

vertices {u; :1 < k < n} corresponding to the vertices {v; :1 < k < n} and
{s; 11 <k <n} corresponding to the vertices {w; : 1 < k < n} of P, and

joining them to obtain S'(P, ). Thus, the vertex set and the edge set of

splitting graph of a comb graph are as given below:
S'(V(P)) = {uy, v, wg, s 11 < k < n},
S’(E(P,: )) = {kak, UpWie s ViSk - 1<k < I’l}

U vkvists vittgesrs wpvg s 1<k <n =15
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Define a total coloring f:S — C, where S=V(S(FR ))U
E(S'(P)) and the set of colors C ={l, 2,3, 4,5, 6, 7}. Assign the total

coloring to these vertices and edges as follows:

For 1<k < n,

flu) =4, f(s)=3, flw)=5,

1, if kis odd,
2, if k is even,

Sfv) = {
flugwi) =6,  f(vsg) = 6,

2, if k is odd,
1, if k is even.

f(Vka)Z{
For1<k<n-1,

3, if kis odd,
S Ovienn) = {4, if k is even,
fpve) =7, fugi) = 5.
It is clear that the graph S'(P;) is properly total colored with
A(S'(P,))+1 colors. Hence, the total chromatic number of the splitting
graph of the comb graph is given by x"(S'(B,)) = A(S'(P,)) + 1.

Ilustration 3.4. Total coloring of splitting graph of a comb graph
S'(P;") as shown in Figure 2.
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Theorem 3.5. Let D,(P;) be the shadow graph of the comb graph.
Then its total chromatic number is A(D,(P)) + 1.

Proof. Let

V(PF) = {up, vy : 1<k <n}
and
EP))={uyvy 1<k <nfU{vpvpp i 1<k <n—1}

We construct the shadow graph of the comb graph. Take two copies of

the comb graph, say (P, )’ and (P, )". Now, join each vertex of (P, )’ to

the neighbours of the corresponding vertex of (P, )". Thus, the vertex set

and the edge set of the shadow graph of the comb graph are as given below:
V(Dy(P)) = {uy, vi, s, Wy 1 1<k < n}
and
E(Dy(P))) = {ugvp, upwi, spvie, spwg 1< k < n}
U kViests WeWeats ViWes1> Wivksr s 1<k <n =1}
Define a total coloring f:S — C, where S =V(D,(P))U
E(D,(P;)) and the set of colors C = {1, 2, 3, 4, 5, 6, 7}.

Assign the total coloring to these vertices and edges as follows:

For 1<k <n,

fly) =4, f(s) =4,

1) 1, if kis odd,

Vv =
k 2, if k is even,
1, if kis odd,

2, if k is even,

f(Wk)={
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Slugwe) =6,  f(vesg) =6,

2, if k is odd,
1

, 1f k is even,

S () :{

2, if kis odd,
S(spwi) = :

, 1f k is even.
For1<k<n-1,

3, if kis odd,
4, if k is even,

AT {

3, ifkis odd,

4, if k is even,

S wwg 1) = {

SWeviea) =5 fewgeir) = 7.

By using the above pattern of the total coloring, the graph D,(P,) is
properly total colored with A(D,(P]))+1 colors. Hence, the total
chromatic number of the shadow graph is given by y"(D,(P))) =

A(Dy(P))) + 1.

Ilustration 3.6. Total coloring of the shadow graph of the comb graph

D,(PB;") as shown in Figure 3.

Figure 3
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