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Abstract

A total coloring of a graph G is an assignment of colors to both

vertices and edges of G, such that no two adjacent or incident vertices

of G receive the same color. In this paper, we have discussed the total

coloring and total chromatic number of twig graph ,nT splitting graph

of comb graph  , nPS and shadow graph of comb graph  .2


nPD

1. Introduction

All graphs considered here are finite, simple and undirected. Let

    GEGVG ,  be a graph with the vertex set  GV  and the edge set

 ,GE  respectively. A coloring of a graph G is an assignment of colors to

the vertices or edges or both. A total coloring of G is a mapping   GVf :

  ,CGE   where C is the set of colors satisfying the following three

conditions:
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  (i) No two adjacent vertices receive the same color. 

 (ii) No two adjacent edges receive the same color. 

(iii) No edges and its end vertices receive the same color. 

The total chromatic number of a graph G, denoted by  ,G  is the 

minimum number of colors that suffice in a total coloring. It is clear that 

  ,1)(   GG  where )(G  is the maximum degree of G. The concept 

of total coloring was introduced by Behzad [1] and Vizing [8]. Also, they 

have posed the conjecture that for any simple graph G,    GG   1  

  .2 G  If a graph G is total colorable with 1)(  G  colors, then the 

graph is called of type-I, and if it is total colorable with 2)(  G  colors, 

then it is of type-II. Rosenfeld [5] and Vijayaditya [7] verified the “total 

coloring conjecture (TCC)”, for any graph G with maximum degree .3  

Borodin [2] verified the TCC for maximum degree 9  in planar graphs. 

Muthuramakrishnan and Jayaraman [4] obtained the total chromatic number 

of splitting graph of a path, a cycle and a star graph. In the present work, we 

investigate the total chromatic number of a twig graph, splitting graph of a 

comb graph, and shadow graph of a comb graph. 

2. Preliminaries 

Definition 2.1 [6]. The splitting graph of a graph G is obtained by 

adding to each vertex v, a new vertex v  such that v  is adjacent to every 

vertex that is adjacent to v in G, which means    .vNvN   It is denoted by 

 .GS   

Definition 2.2. The shadow graph  GD2  of a graph G is constructed 

by taking two copies of G say G  and G  and joining each vertex u  in G  

to the neighbours of the corresponding vertex u   in .G   

Definition 2.3 [3]. The comb graph 
nP  is the graph obtained from a 

path by attaching pendent edge at each vertex of a path. 
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Definition 2.4 [3]. A twig graph is a tree obtained from a path by 

attaching exactly two pendant edges to each internal vertex of the path and is 

denoted by .nT  

3. Results and Discussion 

Theorem 3.1. Let nT  be the twig graph. Then its total chromatic 

number is   .1 nT  

Proof. Let 

     nkvnkwuTV kkkn  1:21:, U  

and 

     .11:21:, 111   nkvvnkvwvuTE kkkkkkn U  

We construct the total coloring ,: CSf   where    nn TETVS U  

and the set of colors  .5,4,3,2,1C  Now, we apply the total coloring to 

these vertices and edges as follows: 

For ,1 nk   

 




even.isif,2

odd,isif,1

k

k
vf k  

For ,21  nk  

      ,5,4,3 1  kkkk vufwfuf  

 


 even.isif,2

odd,isif,1
1 k

k
wvf kk  

For ,11  nk  

 


 even.isif,4

odd,isif,3
1 k

k
vvf kk  
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By using the above rule of total coloring, the graph nT  is properly total 

colored with   1 nT  colors. Hence, for the total chromatic number of the 

twig graph ,nT      .1  nn TT  

Illustration 3.2. Total coloring of twig 6T  as shown in Figure 1. 

 

Figure 1 

Theorem 3.3. Let   nPS  be the splitting graph of a comb graph. Then 

its total chromatic number is    .1 
nPS  

Proof. Let 

   nkwvPV kkn  1:,  

and 

   .1:, 1 nkvvwuPE kkkkn  
  

Now, construct the splitting graph of a comb graph by adding the new 

vertices  nkuk 1:  corresponding to the vertices  nkvk 1:  and 

 nksk 1:  corresponding to the vertices  nkwk 1:  of 
nP  and 

joining them to obtain  . nPS  Thus, the vertex set and the edge set of 

splitting graph of a comb graph are as given below: 

    ,1:,,, nkswvuPVS kkkkn    

    nksvwuwvPES kkkkkkn   1:,,  

 .11:,, 111  nkvuuvvv kkkkkk  
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Define a total coloring ,: CSf   where    U nPSVS  

   nPSE  and the set of colors  .7,6,5,4,3,2,1C  Assign the total 

coloring to these vertices and edges as follows: 

For ,1 nk   

      ,5,3,4  kkk wfsfuf  

 




even,isif,2

odd,isif,1

k

k
vf k  

    ,6,6  kkkk svfwuf  

 




even.isif,1

odd,isif,2

k

k
wvf kk  

For ,11  nk  

 


 even,isif,4

odd,isif,3
1 k

k
vvf kk  

    .5,7 11   kkkk uvfvuf  

It is clear that the graph   nPS  is properly total colored with 

   1 
nPS  colors. Hence, the total chromatic number of the splitting 

graph of the comb graph is given by       .1  
nn PSPS  

Illustration 3.4. Total coloring of splitting graph of a comb graph 

  6PS  as shown in Figure 2. 

 

Figure 2 
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Theorem 3.5. Let  
nPD2  be the shadow graph of the comb graph. 

Then its total chromatic number is    .12  
nPD  

Proof. Let 

   nkvuPV kkn  1:,  

and 

     .11:1: 1  
 nkvvnkvuPE kkkkn U  

We construct the shadow graph of the comb graph. Take two copies of 

the comb graph, say  
nP  and   .

nP  Now, join each vertex of  
nP  to 

the neighbours of the corresponding vertex of   .
nP  Thus, the vertex set 

and the edge set of the shadow graph of the comb graph are as given below: 

    nkwsvuPDV kkkkn  1:,,,2  

and 

    nkwsvswuvuPDE kkkkkkkkn  1:,,,2  

 .11:,,, 1111  nkvwwvwwvv kkkkkkkkU  

Define a total coloring ,: CSf   where    U nPDVS 2  

  
nPDE 2  and the set of colors  .7,6,5,4,3,2,1C  

Assign the total coloring to these vertices and edges as follows: 

For ,1 nk   

    ,4,4  kk sfuf  

 




even,isif,2

odd,isif,1

k

k
vf k  

 




even,isif,2

odd,isif,1

k

k
wf k  
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    ,6,6  kkkk svfwuf  

 




even,isif,1

odd,isif,2

k

k
vuf kk  

 




even.isif,1

odd,isif,2

k

k
wsf kk  

For ,11  nk  

 


 even,isif,4

odd,isif,3
1 k

k
vvf kk  

 


 even,isif,4

odd,isif,3
1 k

k
wwf kk  

    .7,5 11   kkkk wvfvwf  

By using the above pattern of the total coloring, the graph  nPD2  is 

properly total colored with    12  
nPD  colors. Hence, the total 

chromatic number of the shadow graph is given by     
nPD2  

   .12  
nPD  

Illustration 3.6. Total coloring of the shadow graph of the comb graph 

 
62 PD  as shown in Figure 3. 

 

Figure 3 
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