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Abstract

An equitable edge coloring of a graph G is a proper edge coloring of G where the sizes of any
two color classes differ by at most one. In this paper, we determine the Equitable Edge

Chromatic Number (EECN) for S(S'(P)),S(S(C,)),S(S(K,,)). S(D,(P,)),S(D,(C,))and

S(D, (K, ,)) respectively.
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1. Introduction

Let G be a graph with V(G) and E(G) denote the set of vertices and the set of edges of G,
respectively. In 1880, the fundamental article of edge coloring was written by Tait. A p-edge

coloring of G is an edge coloring that uses exactly p distinct colors, say ¢,,c,,...,c,. Let E(c;)
represent the set of edges assigned the color ¢, for i =1,2,...., p and d(v)-degree of a vertex v.

The chromatic index y (G), is the smallest number of colors needed to color the edges of G.
Clearly 7 (G)>A(G).

In 1964, Vizing [9] proved that the chromatic index y (G) satisfies y (G) <A(G)+1. Later,

Meyer|[7] established the concept of equitable coloring and equitable chromatic number in
1973. The notion of equitable edge coloring was established by Hilton and de Werra[2]. It
involves assigning colors to all the edges of a graph G such that the edges are partitioned into
color classes, with the size difference between any two classes being at most one.
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An edge coloring of G is said to be equitable, if the number of edges in any two color classes
differ by atmost one. An equitable edge chromatic number y,(G)is minimum number of colors

suffice to color the edges of the graph. A color class is a set of edges that are collect the same
color. Kumar and Jayaraman [5] calculated the EEC for prism, anti-prism and n-crossed prism
graph. Jagannathan et al.[3] determined the EECN for splitting graph of W ,DW and G, .

Veninstine Vivik et al.[8] proved the EECN for splitting graph of helm and sunlet graph. In
2020, Manikandan et al.[6] proved that EEC of strong product of path and cycle.

2. Preliminaries
Definition 2.1. For a simple graph G, let f be a proper k- edge coloring of G, such that
NE|-|E <1, i,j=12,..,k, 7.(G)=min {k/ k- equitable edge coloring of G }

Definition 2.2. For a graph G , the splitting graph S (G) [4] of a graph G is obtained by adding

anew vertex v’ corresponding to each vertex v of G such that N(v) =N ).

Definition 2.3. The shadow graph D,(G) is constructed by taking two copies of G say G and
G'. Join each vertex u in G to the neighbors of the corresponding vertex v'in G .

Definition 2.4. The subdivision graph S(G) of the graph G 1is obtained from G by adding a
vertex in the middle of every edge of G

Lemma 2.5 [1]. For any simple graph G, 7.(G) > A(G).
Lemma 2.6[1]. For any simple graphGandH,y,(G)>y (G)and if H < Gthen
7 (H)< ' (G), where y (G) is the proper edge chromatic number of G .

3. Results and Discussions
Theorem 3.1: Let S(S(P)) be the subdivision of splitting graph of path then
7.(S(S(B))=4, n=3.
Proof: Let S'(P,) contains 2n vertices and 3n—3edges and so its subdivision graph S(S (P,))
has following vertices and edges as follows
Let V(S(S'(P)) ={u,,v, :1<i <n}U{u;,v,,v, :1<i<n—1}and
E(S(S'(Pn))):{ei,e;,ji,fi',gi,g;:ISiSn—l}, Where e =uu, e =uu,,, fi=uyv,,

Ji =vau,,, g =vy,and g, =vy

i7i° i+1°

From the lemma 2.5, 7. (S(S'(P))) = A(S(S'(P,)) 2 4.

To prove the upper bound, 7, (S(S'(Pn ))) < A(S(S'(Pn ))) <4.
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Consider a mapping c: E (S(S'(Pn)))—>{1,2, 3,4} as follows. The edge set E(S(S(P,)))are

partition into four equitable edge coloring has given below. We consider the following two
cases

Case (i): When n is odd

E ={e,e,....e, ,} U{fs, frrer [, 1 ULE15 €300 &, 0}

E, ={e €5, JULS fir 12} UA81 850 80}

Ey={ey ey, s} UL froenns £,0 U2, 84500 8,00

E,={e,0, U oo £, U180, 84008001}

Case (ii): When n is even

E ={e,e5,....e, .} ULy forn [ ot UL €300 €1}

E, ={e,, ey, JULS, fir 12} UA81 850 €0}

Ey=teysepne, o UL fion 1,0 U480, 850 8,0

E,={ey,epe, s UL i £i0 3 U8 8000 810

The edges of the graph S(S'(P))) are categorized into distinct independent color classes
E,E,,E;and E,. Also for example (See Figure 1), if n=6,for which £, =E,=E,=E, =7.
The condition of equitable edge coloring “ E |-|E, |‘ <1 for i # j 1s satisfied. Thus the graph
S(S'(P,)) is 4-equitably edge colored. This implies that ;(;(S(S'(Pn)))s A(S(S'(Pn)))£4.
Hence 7, (S(S'(R,)))=4.

[ [ ] ’
o, o, w o, W, W U o, Uy o, 2'.44 U U o, U

Y Vs %

Figure 1: S(S'(P,))and its equitable edge coloring

Theorem 3.2: Let S(S(C,)) be the subdivision of splitting graph of cycle then
7.(8(5'(C,))=4, n=3.

Proof: Let S'(C,) contains 2nvertices and 3nedges and its subdivision graph S(S(C,)) has

following vertices and edges as follows,
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Let V(S(S'(C)) ={u.u;,v, :1<i<nfU{v,v, :1<i<n—1}and

ES(S(C ) ={e.e. [ f;-8n8 1<i<n—1}, Where e =uu;, e =up, panr f; =1V,
S = Vithi1) moans & = Viavi>and g =v,.

From the lemma 2.5, 7. (S(S'(C,))=A(S(S'(C,))) = 4.

To prove the upper bound, ¥, (S(S'(Cn ))) < A(S(S'(Cn ))) <4,

Consider a mapping c:E(S(S'(Cn))) — {1,2,3,4} as follows. The edge set E(S(S(C,)))are

partition into four equitable edge coloring has given below. We consider the following two
cases

Case (i): When n is even

E ={e.e),...e,}Ulg,, 8458, 0 Ulg,}
E, ={e,e,...,}U{g), €50 &, 1)

Ey={f, forn [} U L8, €450 €}

E, =i frsn S UL, €500 800}

Figure 2: S(S'(C,)) and its equitable edge coloring

Case (ii): When 7 is odd and for i € {1,2,3,...,n}

E ={e,epne,fULS, frons o} Udgs, 800 8, U e,
E, ={e, e e, S UL, fos foo 10 UAE €50 850800
E;={e;,ep 5.6, YU, fos S Y UL Q4o 8,0}

E, ={ey,erne, JULSos fir [ 3 ULV UL 855000 8,0
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The edges of the graph S(S(C,)) are categorized into distinct independent color classes
E,,E,,E, and E,. For example (See Figure 2, 3), if n=35, for which |E,| = |E,| =|E,|=|E,| =7

and if n=>5.for which |E|=|E,|=|E,|=|E,|=12. The condition of equitable edge coloring

‘| E |-|E, |‘ <1 for i# j is satisfied. Thus, the graph S(S'(C,)) is 4-equitably edge colored.

This implies that 7, (S(S'(C,)))< A(S(S'(C,)))<4. Hence z,(S(S'(C,))=4.

Figure 3: S(S'(C;)) and its equitable edge coloring

Theorem 3.3: Let S(S(X,
2.(SS(K,,))=2n, n=3.

)) be the subdivision of splitting graph of star, then

N

Proof: Let S'(Kl,n) contains 2n+2 vertices and 3n edges and its subdivision graph

S(S'(Kl,n)) has contains of 5n+2 vertices and 6. edges as follows:
Let V(S(S'(K,,))) = {u,u',ui,u;,vi,v;,v; (1<i< n} and

E(S(S'(K,,)) :{ei,e;,ﬁ,fi',gi,g; :ISiSn}, Where e, =uv,, e, =uy,, f =uyv, [, =uv,

g, =uv,and g, =vu,.

From the Lemma 2.5, 7, (S(S'(K,,)))=A(S(S'(K,,)))> 4.

To prove the upper bound, ¥, (S(S'(Kl’n ))) < A(S(S'(Kl’n))) <4.

Consider a mapping c: E (S(S'(Kl’n ))) —{1,2,3,4} as follows. The edge set £ (S(S'(Klyn))) are

partition into four equitable edge coloring has given below.
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E ={e, f,8}
E, ={e,, /,,8,}
E, ={e, 15,8}
E, ={e,, [1,84}

Es ={es, f5, 85}

E, ,={e, 2 [ 2802}
E,  ={e /1801
E, ={e,.[,.8,}
E, . ={€.> > &)

En+2 = {e)1+2 4 -](;'l+2 4 gn+2 }

E, = {e;z—l’f;z'—lﬂglz—l}
E2n = {e;z’f;ﬁg;z}

The edges of the graph S(S'(K,,)) are categorized into distinct independent color classes
E.E, E,E,,. . E,. For example (See Figure 4), if n=6,, for which
|E|=|E,|=...=|E,,,

=|E,,|=3. The condition of equitable edge coloring “ E|-|E, |‘ <1 for
i # j is satisfied. Thus, the graph S(S '(Kl’n )) is equitable edge colored with 27 colors . This
implies that y, (S(S'(Klyn ))) <2n. Hence g, (S(S'(Klyn ))) =2n.
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Figure 4: S(S '(K],é)) and its equitable edge coloring

Theorem 3.4: Let S(D,(P)) be the subdivision of splitting graph for the shadow graph of
path, then 7, (S(D,(P,)))=4, n>3.

Proof: Let D,(P)) contains 2n vertices and 3n+2 edges and its subdivision graph 7" has

vertex set and edge set as follows:

Let V(S(Dy(B))) = {u,, v, :1<i < n}U{u,u;,v,,v; :1<i<n—1}and

27

E(S(D,(P))) = {el.,e;,fl.,fi',gi,g; 1<i< n—l}, , Where e =uu,e=uu,, [f=uv,

S =Vl &=V, &=V Vs b =vu, and B =uv, .
From the Lemma 2.5, 7, (S(D,(P,))) = A(S(D,(PR,)))=> 4.

To prove the upper bound, z, (S(D,(P,)))<A(S(D,(P)))<4,

Consider a mapping c: E(S(D,(P,))) — {1,2,3,4} as follows. The edge set E(S(D,(F,)))are

partition into four equitable edge coloring has given below.

Forie {1,2,3,...,11}

E ={e,ey e, YULLy foreo foatULg 850 @, S UL By B, )
E,={e,epne, YU fosns £, UAE &5 & U s
E ={e,,e,.re, s UL}, fareos fo Y ULGss Careen g, o YU AR By B
E,={eyepene, UL, fronn £ Udg 8o €00 Ul By B )
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The edges of the graph S(D,(P)) are categorized into distinct independent color classes
E,E,,E;and E,. Also for example (See Figure 1), if n=6,for which E, = E, = F, = E, =10..
The condition of equitable edge coloring “ E|-E, |‘ <1 for i+ j is satisfied. Thus the graph
S(D,(P)) is equitable edge colored with 4 colors. This implies that ;(;(S(S(Dz(f;))))é
A(S(D,(P,))) < 4. Hence #,(S(D,(P))=4.

! ’
1 1l J ! U 4

!
U
2 P

1 2

Vs % 3 4

1 2

=

Figure 5: S(D,(F,)) and its equitable edge coloring

Theorem 3.5: Let S(D,(C,)) be the subdivision of splitting graph for the shadow graph of
path, then 7, (S(D,(C,)))=4, n>3.

Proof: Let D,(C,) contains 2n vertices and 4n edges and its subdivision graph S(D,(C,))

has vertex set and edge set as follows:

Let V(S(Dy(C,))) = {u;,v,,u;,u,v,,v; :1<i <n}and

E(S(Dz(cn))) = {eiﬁezi’f;’f;"gi’g;’ 1<i< n}a ,  Where e = ”i”;" e;' = u;u(i+1)modn’ fz = uiv;’

fi =Vill iiiymodn> i = ViVi> 8i = ViViis)modn > h, =vu, and hi = UV ymodn*

From the Lemma 2.5, z,(S(D,(C,)))=A(S(D,(C,)))=> 4.
To prove the upper bound, z, (S(D,(C,)))<A(S(D,(C,)))<4.

Consider a mapping c: E(S(D,(C,))) — {1,2,3,4} as follows. The edge set E(S(D,(C,)))are
partition into four equitable edge coloring has given below.

Case (i): When n is even

E ={e,e,,...e, tU{h, hy,....h}

E, ={e,e,,....e,} Uih,hy,....h}

Ey={/is Sy [} UL 82500 8,3
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E,={fs farer [} U{g2, €400 8, )

Figure 6: S(D,(Cy)) and its equitable edge coloring
Case (ii): When n is odd

E ={e,ey,...e,}U{fss foreos [ ULg1 55 80 ny ULy By B )

E,={e,epe, S UL froon £3UAEs 850 €, Ul By )

E = {fi.gHen e e, YU forn £, Uigss 8o 8 Uiy B B

E,={ey.epse, JU{fos fons [ 3 ULS 83 ULEL 8o 80 WU B P B

The edges of the graph S(D,(C,)) are categorized into distinct independent color classes
E,E,,E;and E,. For example (See Figure 6, 7), if n=38, for which E, =E, =FE, = E, =16;
and if n=5,, then E =E,=FE,=F,=10. The condition of equitable edge coloring
|E |- E, || <1 for i j is satisfied. Thus the graph S(D,(C,)) is equitable edge colored with

4 colors. This implies that 7, (S(S(D,(C,))))< A(S(D,(C,)))<4. Hence 7, (S(D,(C,)))=4.
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Figure 7: S(D,(C;)) and its equitable edge coloring

Theorem 3.6: Let S(D,(K,,)) be the subdivision of shadow graph of star, then
2. (S(D,(K,,))=2n, n=3.

Proof: Let D,(K,,) contains 2n+2 vertices and 4n edges and its subdivision graph

S(D,(K,,)) has contains of 5n+2 vertices and 6n edges as follows:
Let V(S(D,(K,,)) = {u,v,ul.,u;,u;,vi,v;,v; 1<i< n} and
E(S(D,(K,,)) :{ei,e;,e;,e;",ﬁ,fi',fi",fim :ISiSn}, Where ¢, = uv;, e; =uu;, e; =uu,

e, =uu,, f,=vu,, f, =vv, f, =vyv,and f, =vyv,.

From the Lemma 2.5, 7, (S(D,(K,,)))>A(S(D,(K,,)))> 4.
To prove the upper bound, y, (S (D, (K, ))) <A (S (D,(K,, ))) <4.

Consider a mapping c: E(S(D2 (K, ))) — {1,2,...,n} as follows. The edge set E(S(D,(K,,)))

are partition into four equitable edge coloring has given below.
E ={e.e. /. /i)
E,={e e, fis /i)
E,={e.e,. [, 2}
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E4={e4,e'2",ﬂ,f2m}
ES = {e3ae;:ﬂ,aﬂl'}

E, ={e ., 5 fosfos}
E, ={e,e, 5, [, 25 fra}
E,..={e.e. fi. 13}
E,,={ene. fin /i)
E,.;={ese. fi [y}
E,.={e,es [, [}

E,.s={es.e. f5. [}

E,s= {e;sz e;;yfz’f;;fzﬁﬂiz}
E, 5= {e;z—3>e/"1—l7f;z—l’]rnﬂ—l}
E, = {e;,—z > e:—l > .fr;—l > fn—l}
E, = {6;1—1 > e:l S fn}
Ey, ={e,.e,. [, 1}

The edges of the graph S(D,(K|,)) are categorized into distinct independent color classes
E.E, E,E,,. . ,E,. For example (See Figure &), if
|E|=|E,|=..=|E

2n-1

n=6,, for which
= 4. The condition of equitable edge coloring “ E |-|E,; |‘ <1 for
i # j is satisfied. Thus, the graph S(D,(K,,)) is equitable edge colored with 27 colors . This
implies that y, (S(D,(K,,)))<2n. Hence z,(S(D,(K,,)))=2n.

= |E2n
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Figure 8: S(D,(K,,))and its equitable edge coloring
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