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Abstract

The concept of energy in soft graphs are established and also present various findings
regarding the energy operations of soft graphs. We demonstrate that some of these results are
accompanied by illustrative examples.
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1. Introduction

D. Molodstov[1] introduced soft set theory in 1999, providing us with innovative
methods to address uncertainty. Akram[4] and Nawaz defined various operations on soft
graph. Thenge[4] has defined the adjacency matrix of a soft graph and derived several related
results. This framework offers a parameterized perspective for uncertainty and soft
computing. Let U denote the universal set, and let Erepresent the collection of all possible
parameters associated with the elements of U. These parameters may take the form of either
words or sentences. Generally, these parameters are considered as attributes, features, or
properties of the elements in U. The pair (U, E) is known as a soft universe. The power set of
U is denoted as P (U).

In this article, we introduce the concept of energy of soft graphs and provide various
examples. Additionally, we explore several operations related to the energy of soft graphs
and demonstrate these with examples.

2 Preliminaries
We will now explore some basic ideas related to soft set theory.

Definition 2.1[1] Let E be a set of parameters and U be an initial universe set. Let P (U)
represent the power set of U and A c E. A soft set over U is a pair (F, A), where F is a
mapping denoted by F : A — P (U).
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Definition 2.2[5] Let G* = (V, E) be a simple graph and A is non-empty set of parameters of
V. A soft set over V is defined as (S, A) and a soft set over E as (T, A). Subgraph (S (a), T
(a)) is therefore represented by F(a) and is referred to as soft graph G.

Another way to express a soft graph is as follows: G =(G", S, T, A) = {F(x), x € A }.
This soft graph is referred to in this paper as (F, A).

Definition 2.3[4] Consider G” = (V, E) be a simple connected graph, A € V and (F, A) be a
soft graph of G where the function S: A — P(V )isrepresentedas S (x)={y €V | d(x, y)
<1}, athe function T: A - P (E)is givenas T (xX)={xu € E | u€ S (x) } and F(x) = (S(x),
T (x)). Let C=Upec S(v) = {vy, vy, ... v,} . The adjacency matrix of the soft graph (F, A)
is a square matrix of order n x n represented as Ag;(F, A) = (ay), (i; j)™ entry aj; is given by

1, if v;is adjacent to v; .
al.]:{ fvi J J ,i,j=1,2,3,...,n

0, if v; is not adjacent to vj

Definition: 2.4 [5] Let G, = (G*, S;,T1,A) and G, = (G*,S,, T,, B) be the soft graphs of
G*.Then G, is a soft subgraph of G; if B € A, H ,(x) is a subgraph of H, (x) for all xe B.

Definition: 2.5 [5] Let G; = (G*,S;, T4, A) and G, = (G, S,, T,, B) be the soft graphs of G*.
Then

the extended union of G; and G, is described as G; Ug G, = G = (S, T, C)
where C = A U B and for all eeC,

T.(e) ifee A—B
T(e) = {T,(e) ife eB— A

Tl(e) U Tz(e) lfe €E ANB

S, (e) ifee A—B
S(e) = <S,(e) ife eB— A

S,(e) U S,(e)ife € AN
Therefore, G, Ug G, = {H(e) = (S(e), T(e))/ eeC}.

Definition: 2.6 [5] Let G; = (G*,S;,T1,A) and G, = (G*, S,, T,, B) be the soft graphs of G*
such that AN # ¢.The restricted union of G; and G, is defined as G; Ug G, =
(G*, S, T,C), where C= AN Bandforall eeC, S(e) = S;(e) US,(e) and T(e) = T,(e) U
T, (e).

3. Energy of Soft Graph

Definition 3.1 Let G = (G",S, T, A) be a soft graph of a simple connected graph G* and
Agi (F,A) be the adjacency matrix of soft graph G. Then the energy of a soft graph G is

defined as the sum of the absolute values of its eigenvalues. That is, E€5;(G)= Y1, | Ai | :

Note that, Energy of soft graph is represented as €54 (G).
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Example 3.2 Let us take a simple graph G” = (V, E) as shown in below.

Vi eq Vo
Py >
e, e,
e ®
Vg es3 Vs

Let A ={vi, v2}. Define T( x) ={ xu € E|u€ S(x)} and S(x)= {z € V|d(x, 2) < 1}. Such
that, T(vi)={viv2, vivs} = {e1, es}, T(v2) ={vavi, vav3}= {ei1, €2} and S(vi) ={vi, v2, v3},
S(v2)={vi, V2, V3}.
Let €=U ,ec S(W)= {vi1, v2, v3}

Vi & Vo
V3
G=(G"5TA)

V1 V2 U3

. . . V1 0 1 1

The adjacency matrix of soft graph G s A (G) = v |1 0 1
V3 11 1 O

To find the eigenvalues of soft graph G:
The characteristic equation is | Asq (@) — Al | = 0
A AB-31-2=0
The eigenvalues of A (G) are -1,-1 and 2.

The energy of a soft graph G is E; (G)= Xit, |7\i|: |?»1|+|M|+|k3|= 1+1+2 =4
.. Energy of soft graph G =4.
Theorem 3.3 Let G; = (G*, S, T4, A) and G, = ( G, S,, T,, B) be two soft graphs of G* and

G, 1s a soft sub graph of G;. Then energy of soft sub graph G, is less than or equal to the
energy of soft graph G;. That is, €s;(G1) < E€55(G,).

Proof: Given that, Giand G,are soft graphs with G, being a soft subgraph of G; and A is a
subset of B.

Let A1, A2, A3, ..., A and A1, A2, A3, ..., Am be the eigenvalues of the adjacency matrix of the soft
graphs Gqand G, .

According to the definition of a soft subgraph (definition 3.4), the count of eigenvalues of
soft graph G, is less than or equal to that of soft graph G;. Since A is a subset of B, the energy
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of soft graph G, 1is less than or equal to the energy of soft graph G;.
Therefore ESG (Gl) < ESG (Gz)

Example 3.4 Consider a simple connected graph G* = (V, E) as shown in figure.

a b c

f € d

Let A = {b,d, f} and B = {b} be the parameter sets.

We defined S;:A - P(V) by S;(x) ={yeV/xRy & d(x,z) <1} for any xeA. Such
that, S;(b) = {a,b,c,e,f}, $1(d) ={c,d,e} and S$;(f) ={a,b,e, f}. We defined T,: A —
PE) by T,(x)={uweE/{ uv}<S(x)} for all xeA. That is, T,(b)=
{ab,bc,bf,be, fe,af}, Ti(d) = {cd,de,ce}, T.(f) = {af,ef,fb,ab}. Thus, H,(b) =
(S1(b)»T1(b )):H1(d) = ( S1(d)'T1(d)): H, (f) = (51( f),Ti( f)) are subgraphs of G

Here C = Uyec S1(x) ={a,b,c,d, e, f}

a b c a b c

The adjacency matrix of soft graph G, is Ag;(G1) =

N ==
R R OR O R
oORrRr RO RO
oror oo
R ORR RO
ORrR OO R R

The characteristic equation is | A (G)— M | =0
A — oAt —8A3 +10A2 +12A+3 =0
The eigenvalues of Ag;(G) are -1.8019, -1.5884, -0.5936, 0.4450, 1.2470, 3.1819.

The energy of a soft graph G, is Eg; (G1) = Xi=4 | Ai | =8.8578.

We defined S,: B - P(V) by S,( x) ={y eV /xRy & d(x,z) < 1} for any xeB. That is,
S,(b) ={a,b,c,e,f}.

We define T,:B - P(E) by T,(x) = {uv € E /{u, v} € S,(x)} for each xeB.
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Such that, T,(b) = {ab, bc, bf, be, fe,af}.

Thus, G,= H,(b) = (Sz (b),Tz(b)) is subgraph of G*.

Hence G, is a soft graph of G”.

Here D= st]D) SZ(x) = {a, b, Ge, f}
0 1 0 01
[1 01 1 1
The adjacency matrix of soft graph G, isAgss (G2) = |o 1 0 1 0
0 1.1 01
l1 1 01 0

The characteristic equation is | Agz(G;) — M |=0

The eigenvalues of Ag; (G,)are -1.6180, 1.4728, 0.4626, 0.6180, 2.9354

The energy of a soft graph G, is Eg; (G2) = Xiy | A | =7.1068.

Thus, €56 (G1) < €56(G2).

4. Operations on Energy of soft graphs

Theorem 4.1 Let G; = (G*, S, Ty, A) and G, = (G*, S, T,, B) be the soft graphs of G*. Then
€56(G1 U Gy) < E56(G1) + Es6(G).

Proof: Consider A1, A2, A3, ..., Ao and pq, Uy, ..., Wy, represent the eigenvalues of the adjacency
matrix of the soft graphs G and G, respectively, while Y;,Y5, ..., Y, denote the eigenvalues
of the adjacency matrix of the union of the soft graphs G and G,.

According to Theorem 3.2, the union of the soft graphs G;and G, is as a subgraph of G*.

Based on theorem 3.3, it follows that Eg;( G;) < Eg( G U Gy) and &gz ( Gy) <
€s¢(G1 VU G3)

We  know that, Hermann Weyl inequalities of eigenvalues, we  get,
ZkeK Vp < Ziel Ai + Zje] .uj

Hence, the energy of the union of the soft graphs G;and G, is less than or equal to the sum of
the energy of the soft graphs G and G,.

Therefore, we obtain E5;(G; U Gy) < E56(G;1) + E54(G>).

Proposition 4.2 Let G; = (G*,S;,T{,A) and G, = (G*,S,, T,, B) be two soft graphs of G*
andA N B = (1) Then ESG (Gl L]E Gz) S SSG (Gl) + SSG (Gz)

Proof: Let A1, Ao, A3, ..., An and pq, Uy, ..., Uy, represent the eigenvalues of the adjacency
matrix of the soft graphs Giand G, respectively, while Yq,Y,, ..., Y, denoting the eigenvalues
of the adjacency matrix of the soft graph G, Ug G, of the parameterized set C = AN B = ¢.
According to Theorem 3.2, the extended union of the soft graphs G; and G, is as a subgraph
of G*.
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By theorem 3.3, it follows that €5;(G;) < €55(Gy U Gy) and E;(G,) < E5(Gy Ug Gy)
By Hermann Weyl inequalities of eigenvalues, we get, Yyex Vp < Xierdi + Xjej i)
Hence, the energy of the extended union of the soft graphs G;and G, is less than or equal to

the sum of the energy of the soft graphs G,and G,.
Therefore, we get ESG (Gl UE Gz) < ESG (Gl) + ESG( Gz)

Example 4.3 Now we take a simple connected graph G* = (V, E) as shown in figure:

Let A = {s,v}and B = {r,t} be two parameter sets.
We defined S;:A - P(V)byS;( x) ={yeV/xRy & d(x,z) < 1} for all xeA.
That is, S;(s) = {r,s, t,w}and $; (v) = {u,v,w, t}.

We defined T1: A — P(E) by T,(x) = {uv € E/{u, v} € S;(x)} for all xeA. Since, T,(s) =
{rs,st,sw,rw} and T, (v) = {vw, uv, vt, ut}.

Thus, HH, (s) = (S1(5), T1(s)), H;(v) = (S;(v), T1(v)) are subgraphs of G*.

Hy(r) = ($2(r), T2 (1) , Ho () = (Sz(t)'Tz(t)) are subgraphs of G*.

Hence G, = {H,(s), H(v)} is a soft graph of G
Here C = Uyec S1(x) = {w,v,w, 1, s, t}

r

S

;
WA
v t v ‘t
u

010 0 0 1
101 0 0 1
The adj trix of soft hG,isA (G)= |01 0 1 1 0
eaJacencymarlxo SO grap 1IS SG(l) 0 0 1 () 1 0
0 01 10 1
110 0 1 0

The characteristic equation is | Asq(G)— M | =0
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A6 —8A* — 423+ 1202 +81A =0

The eigenvalues of A (G) are -2, 1.4142, -0.734, 0, 1.4142, 2.7321

The energy of a soft graph G, is Eg; (G1) = Y= | Al | =8.3026.

Hence G, is a soft graph of G*.
Here D = Uyep S2(x) ={r,s, t, u,v,w}
0 1.0 0 0 1

[0 0 1 0 O 1}

The adj trix of soft h G, is Ag (G)= (010110
e adjacency matrix of soft grap , I8 Age (Gy) 001010
0 0110 O

1 1.0 0 0O

The characteristic equation is | A (Gy) — Al | = 0.

A — 72 —4AX3 + 1102+ 120+ 3 =0
The eigenvalues of  Ag;(G,) are -1.7321,-1,-1,-0.4142, 1.7321, 2.4142.
The energy of a soft graph G, is Es(Gy) = o |7\i | = 8.2926.
The extended union of G, and G, is G; Ug G, = (S, T,C) where C= AU B ={r,s,t, v}
and S(r) = S;(r) ={r,s,w}, T(r) = T,(r) = {rs,sw,wr}, S(s) =5:(s) =
{r,s,t,whT(s) =Ti(s) = {rs,st,sw,rw}, (&) = $(8) ={s,t,uv}, T@) = T.(0) =
{st, tu, tv, uv}, Sw)= S;(v) ={w,v,w,t}, Tlv) = T,(v) = {vw, uv, vt, ut}.
Subgraphs of G* are  H(r) = (§(r), T(r)), H(s) = ($(s), T(s)), H(t) = ($(), T(¥)),
H(v) = (S(v), T(v)).
Hence, G, Ug G, = {H(r), H(s), H(t), H(v)}.
Here, C=UyecSi1(x) ={u,v,w,r,s,t}.
The adjacency matrix of soft graph G, Ug G, is givenby Ag;(G, Ug G,) =

01 0 0 0 1

1 01 0 0 1
01 0 1 1 0
0O 01 0 1 0
0 011 0 1
1 1.0 0 1 O
The characteristic equation is | Asq (G Ug Gy) — M | = 0

A6 —8A* —4A3 + 1202 + 80 =0
The eigenvalues of Ag; (G, Uy Gy)are -2, 1.4142, -0.734, 0, 1.4142, 2.7321

The energy of a soft graph (G, Ug G,) is Es¢(Gy Up G,) ) =21, | Al | = 8.3026.
Thus, €56(G1 Ug G2) < E€s6( G1) + Es( G2).

Proposition 4.4 Consider G; = (G*,S;,T1,A) and G, = (G*, S,, T,, B) be two soft graphs of
G* Wlth A N ]B * Cl) Then SSG(GI UR Gz) S SSG( Gl) + ESG( Gz)
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Proof: Assume A1, A2, A3, ..., An and pq, Uy, ..., Wy represent the eigenvalues of the adjacency
matrix of the soft graphs G; = (G*,S;,T,,4) and G, = (G",S,, T,, B)respectively, while
Y1, Yy, ..., Yy, denote the eigenvalues of the adjacency matrix of the soft graph G; Ug G, of
the parameterized set C=ANnB # ¢.
According to Theorem 3.2, the union of the soft graphs G;and G, is as a subgraph of G*.
Based on theorem 3.3, it follows that Es;( G1) < Egq( G; Ug G) and &g ( Gy) <
Esc( Gy Ug G3)

By Hermann Weyl inequalities of eigenvalues, we get, Yjcx ¥p < Xierdi + Xjej i)
Hence, the energy of the restricted union of the soft graphs G,and G, is less than or equal to

the sum of the energy of the soft graphs Gqand G,.
Therefore, we obtain Eg; (G; Ui G,) < E56(G1) + E56(G).

Example: 4.5 Now take a simple connected graph G* = (V, E) as shown below:

r

Let A= {r,t} and B = {t,v} be the parameter sets. We represented S;:A - P(V) by
Si(x )={ye V/xRy © d(x,z) < 1} for all xeA. That is, S;(r) = {r,s,w} and S,(t) =
{s,t,u,v} . We defined T;:A - P(E) by T,;(x) ={uve E/{u,v} € S;(x)} for all xeA.
Hence T, (t) = {st, tu, uv, tv} and T, (r) = {rs,sw,rw}.
Thus, H,(s) = (Sl(r),Tl(r)),H-Hl(t) = (S(t),Tl( t)) are subgraphs of G* as depicted in
figure:

r v t
i j v t
Hi(r) Hi(t) Gy
Hence G, = {H,(r), H,(t)} is a soft graph of G*.
Here C=UrecSi1x) ={u,v,w,r,s,t}
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0 1.0 0 0 1
1 01 0 0 1
The adjacency matrix of soft graph G; is Ag(Gy) = 8 é (1) (1) i 8
0 0110 1
l1 1 0 0 O OJ
The characteristic equation is | A (Gy) — M | = 0

A —7A* —4AX3 + 1102+ 120+ 3 =0

The eigenvalues of A (G;) are M= - 1.7321, A = -1, A3 = -1, A = -0.4142, A5 =1.7321, s
=2.414 .
The energy of a soft graph G; is Ee(Gy) = * |7&i | = 8.2926
Energy of soft graph Esc(Gy) = 8.2926
We defined S,:B—-P(V) by S,(x) ={yeV/xRy © d(x,z) <1} for each xeB.
Therefore, S,( t) ={s,t,u,v}and S,( v) ={u,v,w,t}. We defined an approximate
function T,:B — P( E) by T,(x) ={ uve E/{u,v} € S,(x)} for any xeB. Such that,
T,(t) = {st, tu, tv,uv} and T,(v) = {vu, vw, vt, tu}.

Thus, H,(t) = (Sz(t),Tz(t)) and H,(v) = (Sz(v),Tz(v)) is subgraph of G* as shown in
figure:

w
s w s
! v | ‘
v t t %
t
u
u
u

H o(t) H 2(v) G2

Hence G, is a soft graph of G".
Here D = UyepS2(x) ={s,t,u,v,w}
0 1.0 0 O

1 01 1 0

The adjacency matrix of soft graph G, is Ag(Gy) = 010 1 0
0 1 1 0 1

0 0 01 0

>
(S

The characteristic equation is | Agq(Gy)— |

AS =503 4+222+30=0

The eigenvalues of Ag; (G,)are A = -1.6168, ko = -1.3028, k3 = 0, s = 0.6180, As = 2.3028.
The energy of a soft graph G, is Eg; (G,) = Y=g | Al | =5.8416
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The restricted union of G, and G, is G, Ug G, = (S, T,C) where C = AN B = {t} and
$S(8) = $,(1) ={s, t,u, v}, T(¥) = Ta(t) = {st, tu, tv, uv}

Subgraphs of G” is H(t) = (S(t), T(t))
Hence, G, Ug G, = {H(t)}.

Gl LIE Gz

Here C = Uyres S&) = {s,t,u, v}
01 0 0

The adjacency matrix of soft graph G, Ug G, is Ag;(Gy Ug Gy) = é g (1) i
0 1.1 0

The characteristic equation is | A6 (Gy Ug Gy)) — AL| =

M =322 -2A+1=0

The eigenvalues of Ag;(G; Ug Gy)are A = -1.4812, ko = -1, A3 = 0.3111, A4 = 2.1701

The energy of a soft graph Es;(Gy Ug Gy) is  Egq (G Ug Gy) = Xiey 7\i|= 4.9624

Thus, €56(G1 Ug G2) < €56(G1) + Es6(G2).

Corollary: 4.6 Let G, = (G*,Sy, Ty, A), G, = (G",S,, Ty, B) and G5 = (G*, S, Ts, C) be the

soft graphs of G*. Then E5;(G; U G, U G3) < E54(G1) + E54(G,) + E5¢(Gy).

Corollary: 4.7 Assume G;, G,, Gs,...G, be the soft graphs. Since E5;(G, UG, U G5 U
v Gn) < Es6(Gy) + E56(G2) + E56(G2) + Es6(G3) + -+ E56(Gr).

Theorem 4.8 Let G; = (G*,S;, T, A) and G, = (G*, S,, T,, B) be two soft graphs of G*. Then
€s6(G1 N G3) < E56(G1)- Es6(G2).

Proof: Assume A1, A2, A3, ..., A and pq, Uy, ..., Wy represent the eigenvalues of the adjacency
matrix of the soft graphs Gand G, respectively, while Yq,Y,, ..., Y, denote the eigenvalues
of the adjacency matrix of the intersection of soft graphs G;and G,.
According to Theorem 3.2, the intersection of soft graphs G and G, is as a subgraph of G*.
Based on theorem 3.3, it follows that E¢; (G; N G,) < E5¢(G;) and E54(Gy N Gy) < E54(G5)
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Hence, the energy of the intersection of soft graphs G;and G, is less or equal to the product of
energy of soft graphs G, and G;.
Therefore, ESG (Gl N Gz) < ESG (Gl) ESG (Gz)

Proposition 4.9 Let G; = (G*,S,,T{,A) and G, = (G*,S,, T,, B) be two soft graphs of G*.
Then E56(G1 Mg G2) < E56(G1)- Es6(G2).

Proof: Let A1, A2, A3, ..., A and pq, Uy, ..., Uy, Tepresent the eigenvalues of the adjacency
matrix of the soft graphs G;and G, respectively, while Y4,Y5, ..., Y, denote the eigenvalues

of the adjacency matrix of the extended intersection of soft graphs Giand G, of the

parameterized set C=ANnB=¢
According to Theorem 3.2, the extended intersection of soft graphs G;and G, is as a subgraph
of G*.

Based on theorem 3.3, it follows that Eg;(G; Mg Gy) < E55(Gy) and Eg;(G; Mg Gy) <
€s6(G2)

Hence, the energy of the extended intersection of soft graphs G;and G, is less or equal to the
product of energy of soft graphs G, and G;.
Therefore, ESG (Gl Mg Gz) < ESG (Gl) ESG (Gz)

Example: 4.10 Let a simple connected graph G* = (V, E) as shown

r

G¢*=V,E)

Let A = {r,t,s} and B = {u, v} be the parameter sets. We defined S;: A — P(V) by $;(x) =
{yeV/xRy & d(x,z) < 1} for all xeA. That is, S;(r) = {r,s,t, v}, S;(s) = {r,s, t,u, v}
and S;(t) = {s, t,u, v}.

We defined T;: A — P(E) by T;(x) = {uv € E /{u, v} € S,(x)} for all xeA. That is, T,(r) =
{rv,rs,rt,sv}, T.(s) = {rs, su, sv, st,rv,uv,ut} and T,(t) = {st, tu, tr, su, rt}.

Thus, H, () = (S1(T);T1(T)),H1(S) = (51(5),T1 (S)),]Hh(t) = (S1(t)»T1(t)) are
subgraphs of G* as shown in figure:
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Ny

t t u t u t
H; () H; (s) H, (¢) Gy
Hence, the soft graph of G* is G; = {H, (), H;(s), H,(t)}
Here C = UyecSi(x) ={r,s,t,u,v}
[0 1 1 0 1]
) ) ) | 1 01 1 1
The adjacency matrix of soft graph G; is Asq(G) = 1 1.0 1 0
lo 11 0 1
1 1 0 1 0
The characteristic equation is | A6 (Gy) — AL| = 0

A5 —8A3—8A%2 =0
The eigenvalues of Ag;(Gy)are M= -2, b = -1.2361, A3 = 0, 4 = 0, A5 = 3.2361
The energy of a soft graph G, is Es; (G1) = Xi=q |7\i | =6.4722

We defined S,:B —» P(V) by S,(x) ={yeV /xRy & d(x,z) < 1} for all xeB. That is,
S,(w) ={s,t,u,v}and S,(v) = {r,s,u,v,}

We defined T,: B —» P(E) by T, (x) = {uv € E /{u, v} € S,(x)} for all xeA. Thatis, T,(u) =
{uv, ut, us, st,sv} and T,(v) = {vr,uv, us, vs, rs}

Thus, H,(u) = (Sz(u),Tz (u)) and H,(v) = (Sz (v), T, (v)) is subgraph of G* as shown in
figure:

S v s
u t u : t
Hl, (w) H, (v) G,
Hence G, is a soft graph of G*.
Here D = Ugep S2(x) ={s,t,u,v,w}
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0 1 0 01
[1 0 1 1 1}
The adjacency matrix of soft graph G, is As(G.)= o 1 0 1 0
0 1.1 01
l1 1 0 1 OJ
The characteristic equation is | A6 (G2) — AL| = 0

A5 —723 —6A2+304+2=0
The eigenvalues of Ag(G,) are M= -1.6180, Ay = -1.4726, ks = - 0.4626, 4 = 0.6180, As =
2.9354

The extended intersection of G, and G, is G, Mg G, =(S,T,C) where C=AUB =
{r,s,t,u,v}and S(r) = {r,s, t,v}, T(r) = {rv,rs,rt,sv}, S(s) ={r,s,t,u,v},T(s) =

{rs, su, sv, st, rv,uv, ut}, S(t) ={r,s, t.u}, T(t) = {st, tu, tr, su, rt}, S(u) =
{u,v,s,t}, T(w) = {uv, ut, us, st,sv}, S(wv) = {r,s,u,v,},T(v) = {vr,uv, us, vs, rs}.

The subgraphs of G* are H(r) = ($(r), T(r)), H(s) = (§(s), T(s)), H(¢t) = (5(t), T(t)),
H(uw) = (Sw), T(w)),H() = (S(v), T(v)).

Hence G, Ng G, = {H(r), H(s), H(t), H(u), H(v)}.
Here R = Uy S(x) = {r, s, t,u, v}

r

v S Y
t u t u t
H(r) H(s) H(t)
v s
u t
H(w) H(v) Gy Ng Gy
0 1 1 0 1
_ _ _ 101 11
The adjacency matrix of soft graph G, Mg G, is Ags (G Mg Gy) = 1 1.0 1 0
0 1 1 0 1
1 1 0 1 0
The characteristic equation is | Asq (G Ng Gy) — Al | =
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A>—8A3—-8A2=0

The eigenvalues of Ags; (G, Mg Gy)are M= -2, A2 = -1.2361, A3 = 0, A4 = 0, As = 3.2361

The energy of a soft graph (G, Mg Gy) is € (G NpGy) = Xy |)\i | = 6.4722
Energy of soft graph Esc (G, Ng Gy) = 6.4722.

Hence €56(G1 Mg G2) < €56(G1)- Es6(G2).

Proposition 4.11 Let G; = (G*,S;,T1,4) and G, = (G*,S,, T,, B) be the soft graphs of G*

and ANB # . Then Esc(G1 Ny Gy) < E56(G1). E56(GY).

Proof: Let A1, A2, A3, ..., An and pq, U, ..., Uy represent the eigenvalues of the adjacency

matrix of the soft graphs G;and G, respectively, while Y4,Y5, ..., Y, denote the eigenvalues

of the adjacency matrix of the restricted intersection of soft graphs Giand G, of the

parameterized set C=ANnB #¢
According to Theorem 3.2, the restricted intersection of soft graphs G and G, is as a subgraph
of G

Based on theorem 3.3, it follows that Eg;(G; Mg G,) < E55(Gy) and Eg; (G, My Gy) <
€s6(G2)

Hence, the energy of the restricted intersection of soft graphs G,and G, is less or equal to the
product of energy of soft graphs G, and G;.
Therefore, ESG (Gl Mg Gz) < ESG (Gl) ESG (Gz)

Example 4.12 Let G* = (V, E)be a simple connected graph as shown in figure:

u t

Let A = {r,t,s} and B = {u, t} be the parameter sets.

We defined S;:A - P(V) by S;(x) ={yeV/xRy & d(x,z) < 1} for all xeA. That is,
Si(r) ={r,s,t,v},S:(s) ={r,s,t,u,v}and S;(t) = {s, t,u, v}.

We defined T;: A - P(E) by T1(x) = {uv € E /{u, v} € S;(x)} for all xeA. That is, T,(r) =
{rv,rs,rt,sv}, T.(s) = {rs, su, sv, st,rv,uv,ut} and T,(t) = {st, tu, tr, su, rt}.

Thus, H, () = (S1(T);T1(T)),H1(S) = (51(5),T1 (S)),]Hh(t) = (S1(t);T1(t)) are
subgraphs of G* as given in figure:
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Ny

t u t u t u t
Hy (1) Hy (s) H, (t) Gy
Hence the soft graph of G*is G, = {H,(r), H,(t), H,(s)}
Here C = UyecS1(x) ={r,s,t,u, v}
0 1 1 0 1
1 0 1 1 1]
The adjacency matrix of soft graph Gyis Ag;(G1) = 11 0 1 0
0 1 1 0 1
1 1 0 1 0
The characteristic equation is | Age (Gy) — Al | = 0

A —8A—-8A%2=0

The eigenvalues of As;(Gy) are M= -2, A2 = -1.2361, .3 = 0, M = 0, As = 3.2361
The energy of a soft graph G; is &y (Gy) = * |7&i|= 6.4722
Energy of soft graph Esc (Gy) = 6.4722.
We defined S,: B - P(V) by S,(x) ={yeV/xRy & d(x,z) < 1} for all xeB. That is,
S,(w) = {s,t,u,v}and S,(t) = {r,s, t,u}.

We defined T,:B - P(E) by T,(x) ={uveE/{u,v} €S,(x)} for all xeB. That is,
T, (u) = {uv, ut, us, st,sv} and T, (t) = {rs, st,rt, tu, us}.

Thus, H,(u) = (Sz(u),TZ(u)) and H,(t) = (Sz(t),Tz(t)) is subgraph of G* as shown in
figure:

) s
v s s
u t u .
u t u t
H, (¢) Hl, (w) G, Gy Ng G,
Hence G, is a soft graph of G".
Here D = Uyep S2(x) ={r,s, t,u, v}
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0 1.1 01
1 01 1 1
The adjacency matrix of soft graph G, is Ags(Gy) = L 1 0 1 0}
0 1.1 01
l1 1 0 1 OJ
The characteristic equation is | A6 (G2) — AL| = 0

A =703 —-602+31+2=0
The eigenvalues of Ag;(G,) are A= -1.6180, ko = -1.4728, A3 = -0.4626, As = 0.6180, As =
2.9354

The energy of a soft graph G, is Eg; (G,) = Xi=q | Al | =7.1068

The extended intersection of G, and G, is Gy Mg G, = (S, T,C) where C = AN B = {t} and
S(t) ={r,s, t.u}, T(t) = {uv,us,ut, vs, st}.

Subgraphs of G” is H(t) = (S(t), T(t)).
Hence G, Mg G, = {H(r), H(s), H(t), H(u), H(v)}.
Here D = Uyec S(x) = {r,s,t,u}

0 11 0

The adjacency matrix of soft graph G, Ny G, is Ag;(Gy Mg Gy) = i (1) (1) i
01 1 0
The characteristic equation is | Age (Gy Ny Gy) — Al | = 0
A* =522 —41=0

The eigenvalues of Ag;(Gy Mg Gy)are A= -1.5616, A = -1, A3 = 0, A = 2.5616
The energy of a soft graph (G; Mz G,) is &g (G MR Gy) = Xie,g |7\i|= 5.1232
Hence €6 (G1 Mg G2) < €56(G1)- E56(Go).

Proposition 4.13 Let G; = (G*,S,,T,,A) and G, = (G*,S,, T,, B) be two soft graphs of G*.
Then €56(G1VG2) < E6(Gr) + Es6(G2).
Proof: Let A1, 2, A3, ..., A and pq, Uy, ..., Uy, represent the eigenvalues of the adjacency
matrix of the soft graphs G,and G, respectively, while Y;,Y,, ..., Y, denote the eigenvalues
of the adjacency matrix of the OR operations of soft graph G;and G, denoted by G;VG,.
According to Theorem 3.2, the soft graph G;VG, is as a subgraph of G".
Based on theorem 3.3, it follows that E¢;(G,VG,) < €;(G,) and E5;(G1VG,) < E5¢(G)

By, Hermann Weyl inequalities of eigenvalues, we get, Yxex Vp < Dier di + Xjej U

Hence, the energy of the to the energy of the soft graph G,V G, is less than or equal to the
sum of the energy of the soft graphs Giand G,.
Therefore, we have E5;(G,VG,) < E55(G1) + E56(G).

Example: 4.14 Assume a simple connected graph G* = (V, E) as depicted in figure:
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b
" s C

YANVAN
VAV,

G*=(V,E)

Let A = {a,d} and B = {b, e} be the parameter sets.

We defined T;:A > P( E) by T;( x) ={ uveE/{ u, v} ©S;( x)} for any xeA. Such
that, T(a) = {ab, af,ad} and T,(d) = {cd, de, ad}.

We defined S1: A - P(V) by S1(x) ={y e V/xRy & d(x,z) < 1} for any xe€A. Therefore,
Sl(a) = {a, b! d! f} and Sl(d) = {a, G d, e}-

Thus, H, (a) = (Sl(r),Tl(r)) and H,(d) = (Sl(d),Tl(d)) are subgraphs of G* as given in

figure:

f

H, (@) H; (d) Gy

Hence G, = {H,(a), H,(d)} is a soft graph of G
Here C = UyxecS1(x) ={a,b,c,d, e, f}
0 1 0 1 0 1

1 0 0 0 0 O

The adj trix of soft h G is AgGy= |9 0 0 100
e adjacency matrix of soft grap 118 Agsq(Gy) 10101 0

0 01 0 0 O

1 0 0 0 0 O

The characteristic equation is | A (G)— M | = 0

A6 — 40 — A3+ 202+ 20 =0
The eigenvalues of Ag; (Gy)are M= -1.9230, A, = -1.7778, A3 = 1, Aa = - 0.5726 + 0.50711i, As
= - 0.5726 - 0.50711 , A6 =0.

The energy of a soft graph G, is Es; ( G1)=Xi~, | Al | = 5.846.

We defined S,:B— P(V) by S,( x) ={yeV/xRy © d(x,z) <1} for any xeB.
Since,S,(b) ={ a, b, ¢, e}S,(e)={ b, d, e, f}
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We defined T,:B - P( E) by T,(x) ={ uwveE/{ u, v} €S,( x)} for each xeB. Such
that, TZ(b) = { ab! bC, be}:TZ( e) = {be} ed} ef}

Thus, H,(b) = (Sz(e);Tz(e)) , Hy(e) = (52(3)'T2 (3)) is  subgraphs  of G~

c

b, c b
d
a d
a
f
e f e ©

H,(b) H,(e) Gy
Hence G, is a soft graph of G*.
Here D = U,p S2(x) ={a,b,c,d,e, f}
The adjacency matrix of soft graph G, is given by

0 0 O
0“

5
Q
~
D
N
—
I
—
=)
—_ ok O R
S OO - O

1
0 0
10|
0 1

SR OO0 O

Lo ]

0 0 O 1 0

The characteristic equation is | A (Gy)— M | =0

A6 —5A* +42%2 =0

The eigenvalues of Ag;(G,) are Mi=2, A =-1, A3=0, =0, As=1,A=2.

The energy of a soft graph G, is
Esc ( G2) = Xi4 |)‘i|: |7”1|+|>‘2|+|7”3|+|7“4|+|7‘5|+|7‘6|:6

The OR operations of Gyand G, is G, VG, =(S, T, AX B) where AXB =
{Ca b),(a e)(db)(d e)}and

S( a, b) = Sl(a) U SZ(b) = {a’ b, o d’ e,f}; T(a’ b) = Tl U TZ =
{ab,af,ad, ab, bc, be}

S( a, e) = Sl(a) U SZ(e) = {a’ b, d, e’f}’ T(a’ e) = Tl U TZ = {ab' af' ad' be' ef! ed}
S(d,b) =S,(d)uS,(b) ={a,b,c,d, e}, T(d,b) =TUT, ={ab,bc, be,dc,de,ad}
S(d, 8) = Sl(d) U 52(9) = {a, b, d, e, f}i T(d' e) = Tl U TZ = {dC, de' ad' ber ef' ed}
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Subgraphs of G* is H (a,b) = (S (a,b),T(a, b)), H(a,e) = (S(a,e),T(a,e)),
H(d,b) = (S(d,b), T(d, b)), H(d,e) = (S(d,e), T(d, e)) as given in figure:

b b

S

H(a, b) H(a,e) H(d, b)

SO VANANY
y\ <)

f e

H(d, e) G,V G,

Hence G, V G, = { H(a,e), H( c,e), H( d, b), H( d, e)}.
Here D =US(x,y) ={ a, b, ¢, d, e, f}
The adjacency matrix of soft graph G; V G, is given by
Asc( GV Gp) = As( GV G)—AM|=0
A6 —8A*+42%2 =0

The eigenvalues of Ag; (G, V G,) are A= - 2.7321, X =-0.7321, A3=0, M =0,As =
0.7321, A6 = 2.7321.

The energy of a soft graph (G, V G,) is

¢ (GV Gy) = ?:1' 7\ilz | 7‘1|+| 7‘2|+|7‘3|+|7“4|+|7‘5|+|7‘6|:
6.9284

Hence SSG( GIVGZ) < ESG( Gl) + ESG( Gz)

Proposition 4.15 Assume G; = (G*,S;,T1,4) and G, = (G*,S,,T,, B) be the soft graphs

Proof:
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Consider A1, A2, A3, ..., An and pq, Uy, ..., Wy represent the eigenvalues of the adjacency matrix
of the soft graphs G;and G, respectively, while Yq,Y,...,Y, denote the eigenvalues of the

adjacency matrix of the AND operations of soft graph Gjand G, represented by G;AG,.
According to Theorem 3.2, the soft graph G; A G, is as a subgraph of G*.

Based on theorem 3.3, it follows that Es;( GiA G,) < Es( Gy) and  Es;( G1AG,) <
Esc( G2)

Based on by theorem 3.3, it follows that the energy of the soft graph G; A G, is less than or
equal to the product of the energy of soft graphs G;and G,.

Therefore, we have ESG( GIAGZ) < ESG (Gl) ESG( Gz)
Example: 4.16 (AND)

Consider G* = (V, E) is a simple graph

a b

G* = (V,E)
Assume A = {a,c}and B = {e} be the parameter sets.

We defined S1:A - P( V) by S1( x) ={ yeV/xRy & d( x,z) < 1} for any xeA. Such
that, §;( @) ={ a,b, d, e}and$,(c) ={ b, ¢,d, e}.

We defined T;:A->P( E) by T{( x) ={ wveE/{ u, v} < S;( x)} for any xeA. Since,
T,(a) = {ab,ad, de, eb,ae} and T,(c) = {bc, cd, ce, de, eb} .

Thus, H; (a) = (Sl(r),Tl(r)) , Hi( ¢) = (Sl(c),Tl( c)) are subgraphs of G*.

a b

H, (a) Hl; () Gy
Therefore G, = { H;( a), H;( c)}is a soft graph of G*.
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Since C = Uyec S1(x ) ={ a,b,c,d, e}

The adjacency matrix of soft graph G, Ag;( G;) =

(SR = =
—_ Ok O R
N =l = =
_ O O R
O RR R, R

The characteristic equation is | Asq(G)— M | =0
A —8A3—-8A2=0

The eigenvalues of Ag;(Gy)are Mi=-2, A =-1.2361, A3=0, =0, As=3.2361.
The energy of a soft graph G; is

Es6 (G =0y | A= | M| +| de|+ || +]|na]+]2s|=6.4722.

We defined T,:B - P( E) by To,( x) ={ uwve E/{ u, v} < S,(x)} for any xeB. Such
that, T,(e) = { ab, bc, cd,de,ae, ec, be,ed}

We defined S,:B - P( V) by S;( x)={ yeV/xRy & d( x,z) <1} for each xeB.
Therefore, S,(e) ={ a, b, ¢, d, e}

Thus, H,(e) = (Sz (e), T, (e)) is subgraph of G*.
Hence G, is a soft graph of G™.
Here D = Uyep S2(x) ={ a, b, ¢, d, e}

The adjacency matrix of soft graph G, is Ag; (G,) =

[ )
_ OR O R
[ =
_ Ok O R
O RR R, R

The characteristic equation is | A (Gy)— M | =0

A>—8A3 —8A2=0

The eigenvalues of Ag;(G,)are Ai=-2, A =-1.2361, A3=0, A=0, As=3.2361.
The energy of a soft graph&g; G, is

€56 (G) =Xy | Ail=] aa|+] Ma|+]ns]+]na]+]ns | =6.4722.

.. Energy of soft graph (G,) = 6.4722.
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The AND operations of Gyand G, is Gy AG, =(S,T, AX B) where AXB =
{C a,e),(c,e)}and

S( a, e)=51( a)nSZ( e):{ a, brd; e}' T( a, e)lenTZ =
{ab,ad,de, eb, ae}

SCc, e)=S;(c)nS,(e)={a,b,d, e}, T(c,e) =T, NT, ={bc,cd,ce,de, eb}

Subgraphs of G* is H( a,e) = (S( a,e),T(a,e)) and H( c,e) = (S(c,e), T( c,e))
as given in figure:

Hence G, AG, ={ H(a,e), H(ce)}.
Here ® = US(x,y) ={a,b,c,d, e}

0 1 0 1 1
[1 0 1 0 1]

The adjacency matrix of soft graph G, A G,is Ag;(Gy A Gy) = 01 0 1 1
{1 0 1 0 1‘

1 1 1 1 0

The characteristic equation is | Agq(Gy A G;) — A |=0
25— 823 — 8\ =0

The eigenvalues of Ag; (G A Gyare Mi=-2, A =-1.2361, A3=0, =0, As=3.2361.
The energy of a soft graph ( Gy A G3) is

€6 (G AG) =Xy [Ai]=] m|+] na|+|ns|+ || +]2s|=6.4722.
Hence E55(GiAG,) < E6(G1). Es6(Gy).

5. Conclusion

In this study, we established the concept as energy in soft graphs and presented
various operations related to the energy of soft graphs, such as union, intersection, AND, OR
along with examples to clarify these ideas. Lastly, we aim to broaden our research by
exploring the complement of the energy of soft graphs.
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