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1. Introduction
The graph described is finite, undirected, and has no loops or multiple edges. A k -total coloring is an
assignment of k colors to the elements (ie, vertices and edges) of G, for which two adjacent or incident

elements have distinct colors. The total chromatic number y (G), is the least k , for which G has a k
-total coloring. Behzad [2] and vizing [17] independently, suggested the famous conjecture, known as
TCC: for any graph G, A(G)+1< y (G) < A(G)+2. This conjecture was authenticated by Rosenfeld
[15] and Vijayadithya [16] for A =3, and by kostochka [8, 9] for A<5. This result was firstly given

in [3] for A>14. In [10], this result was protracted to A >9. A survey paper on total coloring would
likely include a comprehensive collection of articles covering various aspects of total coloring [4].
Jayaraman et al. [7, 11, 12, 13, 14] discussed the total coloring of line, middle, total and splitting graph
of double star graph, snake graph families, splitting graph of path, cycle and star graph and certain
convex polytope graphs

Total coloring provides a powerful tool for modeling and solving various practical problems arising in
scheduling, wireless networks, telecommunications. In [1], the author has extended the concept of the
double star graph to introduce the triple star graph. In this paper, we obtained the total chromatic
number of triple star, lobster graph and its line, middle, total graph and also splitting graph of triple
star graph.
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2. Preliminaries

Definition 2.1 Triple star graph ¢, =K [1] is constructed from the double star graph K, = by

Ln.n.n

adding a new pendent edge to each existing pendant node, then it forms a tree structure. It has 37 +1
nodes and 37 edges.
Definition 2.2. The lobster graph y, =L, (2,r) [6] is constructed by the path on 7 nodes as a

backbone. Each node in the backbone is attached to two distinct node hands, and each node hand is
connected to rdistinct node fingers, each of which has degree one, throughout this article, we take
r=1.

Definition 2.3. The line graph L(G) [7] has nodes that are edges of G, and two nodes in
L(G) are adjacent, whenever their edges are adjacent in G.

Definition 2.4. The middle graph M (G) [5, 13] is formed by subdividing each edge exactly once and
connecting these newly obtained nodes of adjacent edges of G.

Definition 2.5. The total graph T(G)[13] is a middle graph, adding an edge between the vertices
whenever they are adjacent inG .

Definition 2.6. The splitting graph S(G) [12] is obtained by adding a new vertex v’ corresponding to
each vertex v of G such that N(v) = N(v).

Lemma 2.7. [18] For any simple graph G, » (G)>A(G)+1.

n, if nisodd

Theorem 2.8. [18] Let K be the complete graph, then 7 (K ) = o
= " PIete grap 7 () {n+1, if nis even

3. Results and Discussion

Theorem 3.1. Forany 7>4, y (£,)=n+1.

Proof: Let V(&) ={u}U{u, :1< & <n}U{v.;1< & <mpU{w, ;1< & <7}, where uis the root

vertex of the triple star graph. E(¢,) ={e. =uu,, f. =u.v,,e. =v.w, 1< & <n}

Define total coloring ¢, such that ¢:V (¢, )UE(S,) ={1.2,3,...n+1}

For 1<&£<np

p(u.)=n+1; @U,)=ep(w,)=<&+1(mod 7);

p(v.)=&+4(mod 7); ¢(e.)=¢(9,)=5(mod 7);

o(f.)=¢&+3(mod 7)

By this procedure, the graph ¢, is attained with 77 +1 total colorable. So, itis clear that y (¢,) <n+1.
Since A(S,)=7 and by lemma 2.7, it follows that »'(£,)>A(S,)+1=n+1.  Therefore
x (&) =n+1. Equivalently, this is true for all other values of 7>4. Hence x ({,)=n+1.
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Fig 1: Total coloring of triple star graph ¢,

Theorem 3.2: Forany >4, y (L({,)=n+1.
Proof: Let V(L(£,)) ={u,, V., W, :1< & <n}and
E(L(S,)) ={u.v,,vw. 1< E<pU{u.y, (1< E<n,y > &, +1<y <n}

Define ¢, such that ¢:V (L(¢,))UE(L(S,)) > {L2,3,....n +1}.

n+l if £=1n
u.)=¢, forall1<&é<n; = i :
p(u;) =¢ g1 o(V;) {5_1’ it 2<e<n 1
2+¢&, if 1<E<n-1 2£, if 2& 0 (modz +1)
p(W;) =4, . p(u.V;) = : ;
Lif &E=7p n+1, otherwise
, if 0 (modn+1
p(vw,) =&, forall 1< £ <p; p(u.u,) = sy 1 (o+7)#0 (modyy +1)
7" |m+1, otherwise y > &, E+1<y<p

Fig 2: Total coloring of L(¢;)

By this procedure, the graph L(¢,) is attained with 7+1 total colorable. So, it is clear that

7 (L(&,)) <n+1. Since A(L(S,))=7 and by lemma2.7, it follows that » (L(,)) = A(L(S,))+1

>n+1. Therefore ;("(L(gn)) =n+1. Equivalently, this is true for all other values of > 4. Hence

x (L&) =n+1.
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Theorem 3.3: Forany n>4, y (M(¢,)) =n+3.
Proof: V(M (¢,)) = {{vFUV. ULV, HU{u T USu, JUw. FUSw, 3 1 1< & <y} and
E(M(S,)) = {w'f;v;gvg;véu;:;u;ug;ugwg;wéwf;wgu;;uévg 1<éE< 77} U
{vv, 1<é<t-1&+1<y<n}

The vertices u,u.(1<&<n)induced a clique of order n+3 inM(¢,). Define ¢, such that
V(M ))NUEM(S,)) »{L2,3...,n+3}. Consider the following two cases

Case (i): When n iseven, for 1<&<p

p(V)=n+3; o(V.)=n+2,p(.)=7; p(v.)=¢&; o) =n+1; oW,)=n+3;
. : ,  ¢=1 : . : .

(0(W¢)=77+2, ¢(V§V§)={2_L 2S§S77’ (D(Vgug):n’ (0(U§U§)=U+3,

puw)=n-2;  oWw)=7-3;  pWu)=n-1;  pUuy,)=7+2

E+y, if (E+y)#0 (modny+3)for1,2,...,n-1

w.)=2¢&, if 260 (modn+3) ;p(V.V)) = _
p(We) =25 ¢ #0 (modn+3) 3(v.v,) {77+3,0therWISE}/>§,§+1SQ/S77

Case (ii): When n isodd, for 1< <np
p(V)=n+3; o(V.)=n+2,0.)=7n;0(V.)=&;0(U,) =n+1;0W.) =7+3;

n+3, <¢=1

&-1, 235377; ¢(V§u§)277; ¢(u'§u§):,7+2;

p(W.)=n+2; qo(v;;vg)z{
P(uw,) =n—2;p(W.W,) =17-3;0(W.u.) =n—1;0(u.v,) =n+2;
Exy, if (E+)#0 (mody+2)for 1,2,...,n7-1

W.)=2&, if 260 (modn+2) ;p(v.v)= .
o) =2¢ &#0 (mod7+2) s o(vv,) {77+2, otherwise y >¢& , S+1<y<p

Fig 3: Total coloring of M (&)

https://internationalpubls.com 497



Communications on Applied Nonlinear Analysis
ISSN: 1074-133X
Vol 31 No. 8s (2024)

By this procedure, the graph M(¢,) is attained with 7+3 total colorable. So, it is clear that
2 (M(¢,)) <n+3. Since A(M(¢,)) =7 and by lemma 2.7, it follows that (M (¢,)) =AM (<)) +1
>1n+3. Therefore ;("(M(g“n)):n+3. Equivalently, this is true for all other values of 7 > 4. Hence
2 ME)=n+3

Theorem 3.4: Forany n >4, y (T(£,)) =2n+1.

Proof: Let V(T (¢,)) = {v}U{u; V., w3 U{u, . v., w.}:1< £ <p} and

E(T(S,)) :{W;‘;Vlévé;vtfué;u;*ué;ué §;W%W¢;W%u§;u§ 21UV We s WU, :1S§S”}U
v, 1< E<p-1E+1<y <n)

The vertices u,u.(1<&<n)induced a clique of order n+3 in T({,). Define ¢, such that
o V(T(NUET(S)) >1{23....2n+1}.

Fig 4: Total coloring of T(¢,)

Forl<¢&<np

p(V)=2n+1;0(v.) =&;0(V.) =25 oUu,) =& p(W,) =2n+1;

. E+2,if £+2#0 (modn +2) . E+1 if £+1£0 (mod n7+1)
(0(U§)= . ; (ﬂ(Wg): . ;
n+ 2, otherwise n+1, otherwise
. 2&, 1f 2£ #0 (mod 27) : n+1+¢&, if p+l+&£0 (mod 27+1)
(D(Wg): . ; (0(V§V§)= .
2n, otherwise 2n+1, otherwise
(Vv) = E+y, if (E+y)#0 (mod2ny-1) for 1<&<p-1
UL =00 1, otherwise y > &, £+1<y < ’
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E+1 if £+1#£0 (mod 7n7+1)
n+1, otherwise

2&-1, if 2£-1#£0mod(277-1)
2171, otherwise ’

n+3+¢&, if n+3+£+£0 (mod 277 +1)
217 +1, otherwise ’

P(V.u;) :{ o(u.u,) :{

P(u W) =21 +1; p(Ww,) =1; go(wé):{

n+2+¢&, it n+2+&5#£0 mod(2n+1)
2n +1, otherwise ’

(D(U‘gv"g) = ¢(U§V§) :{
p(Wu,)=1+2; p(WU,)=2+¢

By this procedure, the graph T(&,) is attained with 27 +1 total colorable. So, it is clear that
2 (T(&,)) <2n+1. Since A(T(&,)) =7 and by lemma 2.7, it follows that (T (¢,)) 2 A(T (<)) +1
>n+3. Therefore ;("(r(gﬂ)) =2n+1. Equivalently, this is true for all other values of > 4. Hence
2 (T(E,)=2n+1.

Theorem 3.5: Forany >4, y (S(£,)) =2n+1.

Proof: Let V(S(¢,)) = {v}U{u;,v.,w.}U{u,,v,, w.}:1< & <7} and

E(S(,) = {uug;u'uf;uu%;ufvg;u;vg;uﬁvg;vgwf;v'gwf;vgw;& 1<EL 77}

Define ¢, such that ¢:V (S(£,))UE(S(S,)) »{1.2,3..2n+1}.

E+1 if (§+1)#0 (modr+1)

o) =p(u)=2n+1; p(u.) =p(u.) = {;7 +1, otherwise

p(V.)=p(V,)=n+2;p(W,) = (W) =17+3

n+&, if n+&+#0 (mod2z;)

N ey )G if £#£0 (modn)
2n, otherwise ; p(uu;) =o(u ug)_{ ’

n, otherwise

(D(uug) = {

2n, if 1<&<n-1

s (VW) =775 @(u.V,) = o(u.v,) =27 +1;
n-2 E=n £ Ve Ve

¢(U§V§) = {

¢(V§W;;) =1; ¢(V'§W§) =2
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Fig 5: Total coloring of S(¢;)

Based on the above procedure, the graph S(&,) is attained with 27 +1 total colorable. So, it is clear
that  » (S(¢,))<2p+1. Since A(S(¢,))=n and by lemma 27, it follows that
2 (S(C,)=A(S(S,)+1 2n+3. Therefore 7 (S(¢,)) =2n+1. Similarly, this result is true for all
values of > 4. Hence z (S(¢,))=2n7+1.

Theorem 3.6: let », =L, (2,1) be the lobster, then y (7,) =5.
Proof: let V (y,) ={v.,u.,W.,W,,u. :1< & <7} and

E(y,) ={v.u.,u.u.,v.w, ww, :1<E<gpU{vv,,,:1<E<n-1
Define ¢:V (y,)UE(y,) —{L2,3,4,5}as follows.

The assigning of colors is given below:

Forl<é<n

p(u.)=p(w,)=21if £=1,0(mod2); ¢(v.)=12;if £=1,0(mod2);
(W) =34, if £=10(mod2);  ¢o(v.Uu)=5; @ww.)=5; @u,)=3;
(W) =2; p(uu,)=4

Forl<&<np-1

P(V.V.,,)=3,4; if £=1,0 (mod2)
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Fig 6: Total coloring of lobster graph .

Based on the above coloring approach, the graph 7, is total colored with 5 colors. Thus y (y,) <5.

Since A(y,) =4 and by lemma 2.7, x'(y,) = A(y,) +1=4+1>5 and hence x (y,) =5.
Theorem 3.7: let L(y,) be the line graph of lobster graph, then z (L(y,)) =5.

Proof: letV (L(y,)) ={u.,w.,w,,u, :1< & <p}U{v. :1< <y -1} and
E(L(y,)) ={u.w,,u.u., ww,. :1< & <m} UV U, ., UV, WV, VW, i 1<E<p -1}

Define ¢:V (L(y,)) UE(L(y,)) —{L2,3,4,5} as follows. The assigning of colors is given below:

Fig 7: Total coloring of L(,)

Forl<¢&<np

p(u,)=12;if £=10(mod2); p(u.u.)=21; if £=1,0 (mod2); p(w.)=3;

p(u)=3; oW,)=5; p(ww,)=14

Forl<&<np-1

o(v.) =5; p(u.v.)=3; p(vu., ) =4; p(w.v,) =1; p(v.W.,,) =2

Hence ¢ is a total coloring of L(y,) and therefore ;("(L(yf))s5. Since A(L(y,)) =7 and by lemma
2.7, ' (L)) 2 A(L(y.)+1=4+1>5and 7 (L(y.)) =5.

Theorem 3.8: let M (»,) be the middle graph of lobster graph, then z (M (y,)) =9.

Proof: let V(M (7,)) ={V.,u. U, Uz, U, W, W, W, W 1< E<pdULX, 1< E<np -1} and

EM(7,)) ={V.u,,u.u,, U, U, VW, WW,, WW,, WW,,UU,,UW,,WW, :1<& <7}
VWX, s X W gy VX XV U Xy XY 1S E <=1 XX, 11<E <=2},

Define ¢:V(M(y,)) UEWM (7,)) = {1 2,..9}as follows. The assigning of colors as noted below:
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STWs
,,L
5

Fig 8: Total coloring of M (y;)
For1<&<np
o(v.)=12,3; if £=1,2,0 (mod3); o(W,) =12; if £=1,0 (mod2); p(W,) =2
P(W)=56; if £=1,0(Mod2); (u))=1; @U)=9; @U)=6; @u)=8; @W,)=9;

Forl<&<np-1

p(x.)=2,13; if £=12,0 (mod3);¢(v.x.)=3,2,4; if £=1,2,0 (mod3);

P(XV.,,) =1,3,2; if £=12,0 (mod3); p(w.X.)=4; ¢p(X.W,,,)=7,;

@(u:X;)=5; p(X.U.,)=6

For1<&<n-2, p(x.X.,,)=8,9; if =10 (mod2)

Hence ¢ is atotal coloring of M (y, ) and therefore y (M (y,)) <9. Since A(M(y,)) =7 and by lemma
2.7, x M(7,)) =AM (y,))+1=8+1>9and z (M(r,))=9.

Theorem 3.9: let T(y,) be the middle graph of lobster graph, then » (T (,)) =9.

Proof: let V(T (y,)) ={v.,u;,u;,u;,u;,w.,w,,w,,w; :1< & <7}U{x, :1< £ <5—1} and

E(I'(;/,])):{vgug,ugug,ugug,ugué,vgwf,wgwé,wgwg,wéwé,ugug,ugué,ugvg,véwg,wgwg,
u,w.,w

W, WW, 1 1< E < HUQUAX, VLV gy XU gy WXy AW, g, VX, XY, 1 1< E<n =T}
Ufx.X.,, 11< &< -2}

Define ¢:V (T (r,))UE(T (7,)) = {L2,...9}as follows. The assigning of colors as noted below:
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Fig 9: Total coloring of T (y,)

For1l<¢&<np

p(v,)=12,3; if £=1,2,0 (mod3); p(u,)=6; o(u;)=5; (u;)=7; p(u;)=1; (W) =9

P(V.W.) =5; p(w.w.) =1; p(W.W,) =5; p(W.W.;)=7; ¢(u.u;)=3; p(u.u;)=2;

p(UV,) =4 (V. W) =6 p(w.w,)=3; p(uW.)=2; p(w,w,)=3

Forl<é<p-1

@(X.)=312; if £=12,0 (mod3);p(v.x,)=213; if £=1,2,0 (mod3);

P(XV,,,)=1,2,3; if £=1,2,0 (mod3); p(W.X.)=6; p(X.W,,,)=7;

P(U.X:)=5; p(xU,,)=4; o(v.v.,) =89 if £=10 (mod2)

Forl<&<n-—2

P(X:Xs,4) =8,9; if £=1,0 (mod2)

Based on the above procedure, the graph T(y,) is attained with 9 total colourable. Thus
2 (T(7,))<9. Since A(T(y,))=8 and by lemma 2.7, » (T(7,)) = A(T (7,))+1=8+1>9and Hence
2 (T(,)=9.

Conclusion

In this paper, the total chromatic number of triple star graph and its line, middle, total , splitting graph
and lobster graph are obtained, the proofs provides an optimal solution to the total chromatic number
for these graphs. Overall, delving into the total chromatic number of different graph classes and
exploring the determination of total coloring in allocation across various families of graphs can
contribute significantly to graph theory and related fields.
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