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ON TWIN EDGE COLORING OF SOME LADDER
GRAPHS, LINE GRAPH OF COMB GRAPH AND
TWIG GRAPH

M. VIMALA VARSHINI, G. JAYARAMAN*, A. PUNITHA

ABSTRACT. A twin k-edge coloring of a graph G is a proper edge coloring
of GG that requires colors from Zj, and that induced a proper vertex coloring
on (G, where the color of a vertex v is the sum in Zj of the colors of the
edges incident with v. The least k for which G has a twin edge k-coloring
is known as twin chromatic index of G and it is denoted by x¢'(G). In this
paper, we obtained the twin chromatic index of ladder graph, triangular
ladder graph, slanting ladder graph, line graph of comb graph and line
graph of twig graph.
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1. Introduction

Let G(V,E) be a simple graph. A proper vertex coloring of a graph is an
assignment of colors to the vertices of a graph such that no two adjacent vertices
share the same color. The chromatic number of G, denoted as x(G) is the least
k-colors required for an appropriate vertex coloring. Each edge in G is assigned
a color from a set of k-colors such that no two adjacent edges share the same
color. The chromatic index of G, represented by x/(G), is the minimum k- colors
suffice for proper edge coloring.

In Chartrand [5], a related coloring was promptly introduced and also stud-
ied [2] and [3]. The above specific topic was explored in this paper. The twin
edge coloring is defined as the following: let ¢ : E(G) — Z; be a proper edge
k—coloring of G for some integer k > 2. A vertex k—coloring ¢’ : E(G) — Z is
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defined by

eckE,
in Zy, where F,, is the set of edges of G incident with a vertex u and the indicated
sum is computed in Z. If the induced vertex k— coloring ¢/(u) is proper, then
c is called a twin edge k— coloring of G. The minimum k for which G has a
twin edge k— coloring is called the twin chromatic index of G' and it is denoted
by x¢'(G). As a twin edge coloring is a proper edge coloring of G as well as its
induces a proper vertex coloring of G, and it follows that

xt'(G) = maz{x(G),x'(G)}.

In [2], the twin chromatic index of path, complete and complete bipartite
graphs are presented. In [3], Andrews present results for trees, grids, prisms
and permutation graphs of 5 cycles with A = 6 and also verified the conjecture.
Furthermore, in [4], the results have been verified for different types of tree
graphs such as brooms, double star and some regular trees.

Anantharaman [1] determines the twin chromatic indices of total graph of
path and cycles and also established twin chromatic indices of some special
graphs are A + 2. In [8], provides the twin chromatic indices of wheel graphs,
Tolentino et.al [12]investigates the twin chromatic indices of some graphs with
A = 3 namely circulant graphs C,(1, %), where n > 8 and n = 0(mod 4) and
some generalized Peterson graphs. In [9], calculates the twin chromatic index of
splitting, middle, shadow graph and direct product of path and cycle. In [11],
presents the results in twin chromatic index of the square graphs and product
graphs. If n > 4, then x,/(P?) = 4,x,/(P2) = 4, and for n > 6, x,/(P2) = 5. If
n > 6 and n # 7 then x,/(C2) =5, and x;'(C2%) = A(C?) +2 =6. If m > 3 and
n > 3, then the twin chromatic index of cartesian product of cycle with path
is 5. In [14] determines the twin chromatic index of infinite square, hexagonal
and triangular lattices. Tolentino et.al [13] determines on twin edge coloring in
m-ary trees and also identifies upper bound for the twin chromatic index of all
trees of order at least 3. Johnston et al. [7] obtained an upper bound for the twin
chromatic index of a graph. Naveen [10] investigated the twin edge coloring of
the alternate triangular snake, Triangular snake and double alternate triangular
snake.

Conjecture 1.1[3]: If G is a connected graph of order at least 3 that is not a
5— cycle, then x,(G) < A(G) + 2.

Observation 1.2[3]: If G is a connected graph, contains two adjacent vertices
of degree A(G), then x;(G) > A(G) + 1.

2. Preliminaries

Definition 2.1. The Ladder graph L, formed by taking two parallel paths of
length n and connecting corresponding vertices with additional edges.
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Definition 2.2. The Triangular ladder TL,,, n > 2 is the attachment of edges
between certain pairs of vertices on the ladder. Specifically, attaching the edges
u;V;+1 between the vertices u; and v;41 for each i € {1,2,...,n — 1}.

Definition 2.3. The Slanting ladder SL, is a graph constructed by taking
two copies of path P, then forming edges by connecting u;y; and v;, for all
i€{1,2,..,n—1}

Definition 2.4. The Comb graph P, [6] is the graph obtained from a path by
attaching one pendent edge at each vertex of a path.

Definition 2.5. The Twig graph T,, [6] is a tree obtained from a path by at-
taching exactly two pendant edges to each internal vertices of the path.

In the subsequent section, the twin edge chromatic index of ladder L,,, trian-
gular ladder T'L,,, slanting ladder SL,, line graph of comb graph L(P;}), and
line graph of twig graph L(T,,) are obtained.

3. Main results
Theorem 3.1. Let L,, be the ladder with n > 3, then x¢'(Ly) = 4.

Proof. Consider L,,. For ¢ € {1,2,...,n},let V(L,) = {ue,ve}, for§ € {1,2,...,n—
1/]:, let the edges be r¢ = u5u5+1,ré = vever1 and for £ € {1,2,...,n}, let
Tf = UgV¢.

For n = 3, define ¢ : E(Ls) — Z4 as follows: ¢(r1) = 0,¢(ry) = 1,¢(r;) =
3,¢(ry) = 0,¢(ry) = 1, ¢(ry) = 2,¢(ry) = 3. The induced vertex coloring is:
d(uy) = 1, (u2) = 3, (uz) = 0,c(v1) = 0, (v2) = 1, (v3) = 3 and it is
proper. Hence x;(Ls) < 4. By observation 1.2, x;(Ls) > 4 and so x;(Ls) = 4.

For n > 4, define ¢ : E(L,) — Z4 as follows:

For ¢ € {1,2,...,n—1}

0, if&= 1 (mod4)

_ )1, i = 2 (mod 4)
=32 e = 3 (mod )
3, if&= 0 (mod 4)

1, if &= 1 (mod 4)

)2, ifE= 2 (mod4)
clre) = 3, if&= 3 (mod 4)
0, if&= 0 (mod4)

c(r,, ) =3, ifn= 3 (mod 4)
2, if&= 1 (mod 4)

N 3, lf§ = 2 (mOd 4)
=00 ire= 3 (mod 4)
1, if &= 0 (mod 4)
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c(r, ) =2,if n= 3 (mod 4); c(r, ) =0, if n = 0 (mod 4); ¢(r,,) = 0, if
n= 0 (mod 4)

The induced vertex coloring is:

d(u) =clr)+e(r))=0+2=2;¢(v1) =c(r) +c(r]) =142 =

For £ €{2,3,...,n—1}

0, if¢&= 2 (mod 4)
" 37 lff = 3 (mod 4
(ug) = c(re—1) + clre) +crg) = 2, if&E=0 Emod 4;
1, if&= 1 (mod4)
2, ifn= 0 (mod 4)
Cl(un) =<1, ifn= 1,3 (mod 4)
3, ifn= 2 (mod4)
2, if&= 2 (mod 4)
, , , 1, if &= 3 (mod 4
C/(Ug) = C(Tffl) + C(Tg) + C(Té) = 0 1f§ = ( Emod 4;
3, if &€= 1 (mod4)

3, ifn= 0,3 (mod4)
d(vp) =<2, ifn= 1 (mod4)

0, ifn= 2 (mod4)
Hence ¢ is a twin edge 4—coloring of L,, and therefore x;(L,) < 4. By observation
1.2. This implies that X;(Ln) > 4, and so X;(Ln) = 4. O

Example 3.2. The graph L7 and its twin edge coloring is shown in Fig. 1.

u 1 0 MZ ; u A 5 u A B u, s 0 l/l6 ; M7
2 0 3 2 ] 3 1
2 3 0 1 2 2 0
3 2 1 0 3 2 3
v, Iy, 2 v, v oy v 3 v,

FIGURE 1. L7 and its twin edge coloring

The edges ¢(r1), ¢(r2), . . ., ¢(rg) is of the form 0, 1, 2, 3,0, 1; the edges ¢(r1’), c(r2’),
...,c(rg’) is of the form 1,2,3,0,1,3; ¢(r1”), c(r2"), ..., c(r;) =2,3,0,1,2,2,0,
the induced vertex coloring, the sequence of vertices ¢'(uy), ¢ (ua),. .., (u7) is
of the form 2,0,3,2,1,3,1; the vertices ¢/(v1),c (v2),...,c¢ (v7) is of the form
3,2,1,0,3,2,3 and it is proper. Hence c is a twin edge 4—coloring of L7 and
therefore x:'(L7) < 4. By observation 1.2, x;'(L7) > 4, and so x:'(L7) = 4.

Example 3.3. The graph Lg and its twin edge coloring is shown in Fig. 2.
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u u
oy bl W 6 1 % o, U
2 0 3 2 1 0 3 2
2 3 0 1 2 3 0 0
3 2 1 0 3 2 1 3
v 1 2 v 3 0 V. 1 2 3
1 Y, 3 Y 5 Y v, Vv,

FIGURE 2. Lg and its twin edge coloring

Theorem 3.4. Let TL,, be the triangular ladder with n > 3, then x'(TL,) = 5.

Proof. Consider T'L,,. For £ € {1,2,...,n}, let V(TL,) = {ue,ve}, for § €
{1,2,...,n— 1}, let the edges be r¢ = u5u§+1,ré = vgvgﬂ,rg = ugvgy1 and for
£e{l,2,...,n}, let rg/ = Ugg.
For n = 3, define ¢ : E(TL3) — Z5 as follows:
C(T‘l) = 17C(T2) = O7C(T/1) = 170(T,2) = Oac(rllu) =0,
c(ry ) =c(rg ) =3,c(ry) =4,¢(ry) =2.
The induced vertex coloring is:
d(uy) = 0, d(ug) = 1, d(ug) = 3; d(v1) = 1; d(v2) = 3; d(v3) = 0 and
it is proper. Hence x;'(TL3) < 5. By observation 1.2, x;/(T'L3) > 5 and so
xi:' (TL3) = 5.
For n > 4, define ¢ : E(TL,) — Z5 as follows.
For ¢ € {1,2,...,n — 1},
)1, €= 1 (mod 2)
c(re) = c(re) ol
0, if&= 0 (mod 2)

e(ry) =0,
For £ € {2,3,...,n—1},

4, if €= 1 (mod 3)

c(re) =12, if&= 2 (mod3)
3, if &= 3 (mod 3)
0, ifE€=0
o) = 3, if&= 2 (mod 3)
¢ 4, if &€= 0 (mod 3)
2, if¢&= 1 (mod 3)
0, ifn= 4 (mod 6)
1, ifn= 5 (mod 6)
c(rn) =144, ifn= 0 (mod 6)
2, ifn= 1 (mod 6)
3, ifn= 2,3 (mod 6)

The induced vertex coloring is:
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du) =c(r)+cery )+e(r])=1+0+4=5=0

For £ € {2,3,...,

n—1}
, if &= 2 (mod 3)

1
' (ug) = c(re—1) + c(re) + c(re )—i—c(Q) =3, if&= 0 (mod 3)
2

d(un) = c(rn-1) +c(ry,)

1"

if €= 1 (mod 3)

Y

1, ifn= 4,5 (mod 6)
0, ifn= 0 (mod 6)
=<2, ifn= 1 (mod6)
4, ifn= 2 (mod 6)
3, ifn= 3 (mod 6)

dw)=cr])+e(r) =04+1=1=

3, if&= 2 (mod 3)

d(ve) = c(ré_l) + c(ré) + c(rgl_l) + c(rg_l) =<2, if¢&= 0 (mod 3)

1, if&= 1 (mod 3)

4, ifn= 4 (mod 6)

" 0, ifn= 1,3,5 (mod 6)
2, ifn= 0 (mod 6)

3, ifn= 2 (mod 6)

and it is proper. Hence c is a twin edge 5—coloring of T'L,, and therefore
xt'(TL,) < 5. By observation 1.2. This implies that x;'(T'L,) > 5, and so

Xt/(TLn) = 5

O

Example 3.5. The graph T'Lg and its twin edge coloring is shown in Fig. 3.

Example 3.6.

u u u u u
u; 1 2 0 3 1 4 0 5 1 6
0 7 3 2 1 0
4 3 2 4 3 2 4 3 2 4
0
1
; 3 2 3 2
v 1 0 1 0 1
1 Y Vs Y Vs i

FI1GURrE 3. TLg and its twin edge coloring

The graph T'L; and its twin edge coloring is shown in Fig. 4.
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1 1 2 Us 1 U o Us 1 146 0
0 7 2 1 3
0 4 3 4 2 4 3 4 3
i 3 2 1 3 2
v, 1 v, v, 1 v, 0 v 1 v 0 v

FIGURE 4. TL; and its twin edge coloring

1461

Example 3.7. The graph T'Lg and its twin edge coloring is shown in Fig. 5.

u

1 2 0 1 0 s 1 6 u, 1 u

0 1 2 1 2
4 3 3 4 3 2 4 2 4
0
3 1

; 3 2

1 0 1 0 1 0 1

V] V2 12 V. v \% v,

FIGURE 5. T'Lg and its twin edge coloring

Example 3.8. The graph T'Lg and its twin edge coloring is shown in Fig. 6.

) L L L) U o
0 1 3 2 3 2 1
0 4 3 2 2 3 2 4 3 3 2
1 3 1 3 2 1 3
v ! v, 0 v A v, o0y

FIGURE 6. TLg and its twin edge coloring

Example 3.9. The graph 7L and its twin edge coloring is shown in Fig. 7.

u U

T I s s T A
0 1 3 3 2 3
0 4 3 2 4 4 2 3 2 4 3 2 |4 3
I 3 2 3 1 3 2

) 1 0 V. 0 0 ) 1

V VZ s V. V

FIGURE 7. TLj and its twin edge coloring

Example 3.10. The graph 7'L;; and its twin edge coloring is shown in Fig. 8.
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FIGURE 8. TLi; and its twin edge coloring

Theorem 3.11. Let SL,,, be the slanting ladder with n > 3, then x¢'(SL,) =4

Proof. Consider SL,. For £ € {1,2,.

let V(T'Ly,) = {ue,ve}, for § €{1,2 1},

let the edges r¢ = ueuet1,r, = vgv@rh ¢ = Ug1V¢.

For n = 3, define ¢ : E(SL3) — Z3 as follows:

c(r) = 1,¢(ra) = 2,¢(ry) = 2, ¢(ry) = 1;

c(ry) = e(ry) = 0;

The induced vertex coloring is: ¢/(u1) = 1, ¢/(ug) =
c(v2) =0, /(v3) = 1, and it is proper. Hence xt'(SLs

xt'(SL3) > 3 and so x¢'(SL3) = 3.

For n > 4, define ¢ : E(SL,,) — Z,; as follows:

i1},

n —
/

) =2 o) = 2

0, (u
) < y observation 1.2,

3.B

1, if&= 1 (mod 3)
)2 if €= 2 (mod 3)
cre) = clre) = 3, if¢&= 3 (mod 3)
0, if&= 0 (mod 3)
c(rn_1) = 3, n = 3(mod4)
For £ € {1,2,...,n—1}
3, if&= 1 (mod 3)
vy )0, if &= 2 (mod 3)
C(rf)_ 1, ifé= 3 (mod 3)
2, if &= 0 (mod 3)

The induced vertex coloring is:

, 1, ifn= 0,1,3 (mod 4)
(ur) = .

3, ifn= 2 (mod 4)
For ¢ € {2,3,...,n — 2}

c(ug) = c(re_1) + e(re) +c(re_y) =

S = oW
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1, ifn= 0 (mod 4)
(1) = c(rn_2) + c(rn_1) +c(rn ) =140, ifn= 1,2 (mod 4)
2, ifn= 3 (mod4)
0, ifn= 0 (mod4)
" 2, ifn= 1 (mod4
¢ tn) = elrn-a) + elrn) = 1, ifn= Emod 4;
3, ifn= 3 (mod4)
Forn= 0,1,3 (mod 4) and ¢ € {1,2,...,n — 3}
0, if&= 1 (mod4)
/ " if&= 2 (mod 4
(ve) = clre) +c(re) = 2: ifg _ Emod 4;
1, if &= 0 (mod 4)

’ ’

A (vn_g) = clr, _3)+c(r, o) +c(r o) = {2»

’

¢ (vn-1) = e(ry_g) +e(r_y) +e(ry 1) = 1 1,

if n= 0,3 (mod 4)
, ifn= 1 (mod 4)
2, ifn= 0 (mod4)
ifn= 1 (mod 4)
0, ifn= 3 (mod 4)

0, ifn= 1 (mod4)

/

CI(UTL) = c(rnfl) = 17

if n= 2 (mod 4)

3, ifn= 0,3 (mod 4)

For n= 2 (mod 4) and & € {2
c(ry) =3,

2, if&= 2 (mod 4)
)3, if &= 3 (mod 4)
A =N, iré= 0 (mod 1)
1, if&= 1 (mod 4)

For ¢ € {1,2,...,n —1}
3, ifé= 1 (mod 4)
v )0, if &= 2 (mod 4)
CI=N1 ire= 3 (mod a)
2, if&= 0 (mod4)
0, if&= 1 (mod4)
"y o 1, lf§ = 2 (mOd 4)
=9 ite= 3 (mod 4)
3, if&= 0 (mod4)

For £ € {3,4,...,n—1}
(u1) = 3,¢ (u2) = 1,

oo, —1}

and { =n—1

1463
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2, if&= 3 (mod 4)
" 1 lff = (mOd 4)

"(ug) = c(re—1) + + =4’
(ug) = c(re—1) +c(re) +c(re_y) 0. ifé= 1 (mod4)
3, if&= 2 (mod4)

(up) = c(rp-1) + C(T;;_l) =1+0=1
For n= 2 (mod 4) and & € {2,3,...,n — 2}
d(n) =c(r)+e(r])=0+3=3

0, if &€= 2 (mod 4)

, n )3, &= 3 (mod4

c(vg) = clre) +elrg) = 4 ifj =0 E:Zd 4;
1, if€= 1 (mod 4)

(V1) = (o) +clrp_y) +e(r, 1) =2+1+0=3,

¢(vg) = e(r,_y) = 1.

Hence ¢ is a twin edge 4—coloring of SL, and therefore x;'(SL,) < 4. By

observation 1.2. This implies that x;'(SL,) > 4, and so x;'(SL,) = 4.

Example 3.12.

Example 3.13.

O
The graph SL7 and its twin edge coloring is shown in Fig. 9.

FIGURE 9. SL; and its twin edge coloring

The graph SLg and its twin edge coloring is shown in Fig. 10.

= @ w

0 3
L g ' & A4

v 1 v 2 V. 3 v 0 V. 1 v 2
1 3 4 5 6

FIGURE 10. SLg and its twin edge coloring
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Example 3.14. The graph SLg and its twin edge coloring is shown in Fig. 11.

FIGURE 11. SLg and its twin edge coloring

Theorem 3.15. Let L(PT), be the line graph of comb graph with n > 4, then
xi' (L(P;) = 5.

Proof. Consider L(P}). Let V(L(P)) = {ug : 1 <& <n—1}U{ve : 1 <& <n}
and E(L(Pn*)? = {re ://1 <& <n—2pU{rgr, 11 <& < n— 1}, where
7’5 = U5U5+1,7"€ = UE'UE,T'g = UE’U§+1.
For n = 4, define ¢ : E(L(P;")) — Z4 as follows:
C(r,l,) = 1,cl(lr2) = 0(7"1) =0,c(ry) =c(ry) =3,
c(ry) =c(ry) =2,¢(rg) = 1.
The induced vertex coloring is:
d(u1) = 3; d(u2) =2; d(u3z) =0; /(v1) =0; ¢ (v2) =1; (v3) =1
and it is proper. Hence x;(L(P;)) < 4. By observation 1.2, x;(L(
50 X, (L(P})) = 4.
For n > 5, define ¢ : E(L(P,})) — Zs as follows:
For ¢ € {1,2,...,n —2}

)2, ifE= 1 (mod 2
c(re) = o

4, if &= 0 (mod 2

, 0, if¢é= 1 (mod 2

cre) = e
3, if&= 0 (mod 2

c(rg) =1;¢(r, ) =3;
The induced vertex coloring is:
d(up) =c(ry) +c(ry)+c(r)=0+1+2=3
d(v1)=0
For £ € {2,3,...,n—2}

d(vg) =1;
7)) > 4 and

)
)
)
)

(ug) = c(re—1) +c(re) + 0(7";;‘) +elre) = 2, ifé= 1 (mod 2)

¢ (un-1) = e(rp—2) + c(ry_1) + c(r,_y) =2+ 0+3=0

4, if &€= 0 (mod 2)
1, if&= 1 (mod 2)

" {0, if €= 0 (mod 2)

’

¢ vg) = e(ri_y) +c(ry) =
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¢ (vp-1) = 1;¢ (vp) =3

Hence ¢ is a twin edge 5—coloring of L(P,") and therefore x;'(L(P,;)) < 5. By
observation 1.2. This implies that x; (L(P;/)) > 5, and so x; (L(P;)) =

Remark 3.1. If n = 3, then x;/(L(P5")) = 4.

Example 3.16. The graph L(Ps") and its twin edge coloring is shown in Fig.
12.

FIGURE 12. L(P;) and its twin edge coloring

Theorem 3.17. Let L(T),), be the line graph of twig graph with n > 4, then
X' (L(Tn)) = 17.

Proof. Consider L(T,). Let V(L(T},)) = {ue : 1 < & < n}U{vg,we : 1 <
& < n—1} and E(L(T,)) = {rg,ré,s&sé,t@té 1 < ¢ < n— 2}, where
re = u§u£+1,r; = VgWg, S¢ = Uglg, s'5 = UgWg, te = u§+1v5,t'£ = Ug41We.
For n = 4, define ¢ : E(L(T4)) — Zy as follows:
c(r1) = Bic(ra) = 0;c(ry) = e(ry) = O;¢(s1) = c(s2) = Lie(s)) = cs) =
2;¢(th) = clta) = 3;¢(ty) = c(t,) = 4
The induced vertex coloring is:
(ur) =25 (uz) =3; (ug) =1; (v1) =4; ' (v2) =4; ¢ (w1) =0; ¢/ (wy) =
and it is proper. Hence x;'(L(T4)) < 6. By observation 1.2, x4’ 1)) > 6 and
so x+'(L(P})) = 6.
For n > 5, define ¢ : E(L(T,)) — Zs as follows:
For ¢ € {1,2,...,n—1}
5, if &= 1 (mod 3)
c(re) =196, if &= 2 (mod 3)
0, if&= 0 (mod 3)
c(ré) =0,c(s¢) =1,c(te) = 3,0(5/5) = 2,c(t/§) =4
The induced vertex coloring is:
d(ur) =clr) +e(s)+ety) =5+1+2=1
For ¢ € {2,3,...,n —1}

=
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1, if&= 1 (mod 3)
¢ (ug) = ere—1)+e(re)+e(te—1)+elte_i)+e(se)+e(sy) =0, if €= 2 (mod 3)
2, if&= 0 (mod 3)
0, ifn= 1 (mod 3)
¢ (tn) = c(rn_1) + c(tn1) +c(t, 1) ={5, ifn= 2 (mod3)
6, ifn= 0 (mod 3)
For ¢ € {1,2,...,n—1}
d(ve) =4, (we) =6
and it is proper. Hence x:'(L(T,)) < 7. By observation 1.2. This implies that
xt' (L(T,)) > 7 and so x4/ (L(Ty,)) = T. O

Example 3.18. The graph L(T5) and its twin edge coloring is shown in Figure
13.

FIGURE 13. L(T5) and its twin edge coloring

Open Problem: The investigation of analogous results for different graphs and
different operation of above families of graphs are still open
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