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ABSTRACT: A mathematical model describing to study the impact of electromagnetic fields on
human joint cartilaginous cells and the nutrients that go from synovial fluid to the cartilage are
examined in this study. With dimensionless time, the dispersion coefficient rises. It makes to
understand how much nutrition is transported to the synovial joint. Compared to high-molecular-
weight solutes, low-molecular-weight solutes have a lesser concentration distribution at the same
depth in articular cartilage. Therefore, for low-molecular-weight solutes, nutrition transport is
dominated by diffusion, while for high-molecular-weight solutes, nutrition transport is
dominated by a mechanical pumping action. It also predicts that the concentration in the articular
cartilage would decrease as the electric field, Hartmann number, and rheological parameter rise.
This might have adverse effects since the cartilage cells will get less nutrition. For various

parameters, including the electric field, Hartmann number, porosity parameter, and rheological



parameter of gel formation, the dispersion coefficient and mean concentration have been
calculated and graphically shown.
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1. INTRODUCTION

1.1 Motivation for Mathematical Modeling

The inclusion of a comprehensive mathematical framework in this study is deliberate and
necessary. Modeling the synovial fluid, a complex biological fluid with non-Newtonian
characteristics, requires the use of the Bingham fluid model to adequately capture its viscoplastic
behavior. Furthermore, the incorporation of electromagnetic fields and porous boundaries
introduces additional nonlinearities that cannot be approximated with simpler formulations. The
long-form mathematical presentation is essential for providing exact solutions and deriving
expressions for key biomedical indicators such as dispersion coefficients and mean solute
concentration. These solutions offer analytical clarity and facilitate parametric sensitivity studies
that are otherwise challenging with purely numerical approaches.

1.2 Medical and Biological Context

The human synovial joint is a biomechanically and biochemically active environment. Synovial
fluid plays a pivotal role in transporting nutrients such as glucose and amino acids to the
avascular articular cartilage. Disruptions in this transport mechanism, especially due to altered
rheological properties or external electromagnetic interventions, can impact cartilage health and
potentially accelerate degenerative joint diseases. This study models the influence of electric and
magnetic fields on this transport process, a topic of direct relevance in designing bio-compatible
prosthetics and minimizing haemolysis a phenomenon where red blood cells rupture due to

mechanical or electrical stress, releasing hemoglobin.



1.3 Mathematical and Biomathematical Significance

From a biomathematics perspective, the presented model is well-posed under physiological
boundary conditions, including Beavers—Joseph slip conditions at the porous cartilage surface.
The model builds upon and extends classical dispersion theories such as those by Taylor (1953),
Gill and Sankarasubramanian (1970) to a more physiologically relevant setting. The
mathematical structure ensures boundedness and physical realism of the solution, especially in
the long-time behavior of solute concentration and dispersion. Moreover, this formulation offers
insight into how varying physical and biomedical parameters (e.g., Hartmann number, porosity,
rheological coefficients) influence nutrient transport and fluid mechanics in joint tissues. Such
insights are critical not only for theoretical advancement but also for informing experimental and
clinical practices. A detailed interpretation of the results, bridging the analytical findings with
biomedical implications, has been added in the discussion section. The current model thus
represents an integrative approach merging exact mathematical analysis with applied medical
relevance—that strengthens the study's contribution to both computational biology and
biomedical engineering. Interest in fluid dynamical research has grown as a result of recent
advancements on several aspects of dispersion in blood flow. Significant biological applications
of solute dispersion in non-Newtonian fluid flow, such as the investigation of passive impurity
dispersion in artery blood flow, extend beyond mass transfer in polymer solutions. Blood is
known to behave in a non-Newtonian manner, especially when it passes through a system at low
shear rates. In addition to being of physiological significance in synovial joints, Coronary Artery
Disease (CAD), and the trachea (wind pipe), the study of couple stress fluid dispersion in
microchannels surrounded by porous medium is of significance to many companies, especially

the chemical industry. It is also of importance in atmospheric pollution in the dispersion of



aerosols Rudraiah et al. (2011). Experimental studies have demonstrated that the characteristics
of blood flow vary depending on the location of the body by Christopherson and Dowson (1959).
Depending on the issues being studied, this calls for taking into account various fluids in various
physiological contexts. In order to better understand the haemolysis brought on by metal
artificial organs in biomedical engineering, we investigate an unstable dispersion in a fluid that is
poorly conducting in the presence of a transverse electric field and magnetic field in this
research. Many types of blood injury are currently caused by metal-made artificial organs.
Haemolysis, or the loss of haemoglobin from erythrocytes (RBC) in the blood, is one of the most
significant types of blood damage. There are three possible causes of haemolysis: mechanical,
chemical, and physiological.

In this study, we focus on haemolysis brought on by mechanical processes since metal-
based prosthetic organs are not biocompatible with natural organs such as synovial cartilages.
Either large shear stresses or mild stresses are produced by the metal organs, and these stresses
ultimately result in a force. The RBCs in arteries are driven to a specific area by this force. A
condition known as haemolysis will occur when the buildup of red blood cells bursts, releasing
haemoglobin. We must select the right material to create prosthetic organs that won't result in
high or low stress levels in order to defeat this illness. In order to regulate haemolysis, we
suggest in this study using a transverse electric field, the stress nature of synovial fluid that is
weakly conducting, and slide at the porous surface of cartilage. Artificial cartilages function
similarly to genuine cartilages because of the slip and pair stress, which make their surfaces
resemble those of natural tissues. Both high and low shear stresses are generated by the metal
organs, and these stresses ultimately result in a force. The arteries red blood cells are driven to a

specific area by this force. This condition is known as haemolysis. The buildup of red blood cells



will break, releasing haemoglobin. Selecting the right material to create prosthetic organs that
won't result in high or low stress levels is essential to overcoming this illness.

Mallika and Rudraiah (2011) investigated the unsteady convective diffusion of RBCs in
the physiological fluid modeled as couple stress fluid, using the Generalized Dispersion model of
Gill and Sankarasubramanian (1970). Nirmala P.Ratchagar and VijayaKumar (2014) utilised the
generalised dispersion model of Gill and Sankarasubramanian (1970) and Taylor (1953), which
is a specific instance of the generalised dispersion model for asymptotic values of time,
investigated the impact of coupling stress and magnetic field on the unsteady connective
diffusion of erythrocytes in the plasma flow. This means that the generalised dispersion model
asymptotically reduces to Taylor's dispersion model. Das et al. (2021) exploited the immersed
boundary technique with staggered grids to examine the impact of wall absorption on dispersion.
Research on the analysis of drug diffusion in arterial blood, control release, and at the targeted
sites is crucial in the field of biomedical engineering by Shaw et al. (2014), Das et al. (2021),
Beg and Roy (2022), Le and Tran (2022), Mohseni and Domfeh (2023). Injection of solute
(drug) at regular intervals is also an essential field of study. A number of academics have,
nonetheless, focused on the drug delivery mechanism and made contributions using various
techniques. Jyoti et al. (2023) performed how a chemically reactive solute will disperse across
mobile to immobile phase when injected into the fluid flowing within a long circular tube. Rushi
Kumar et al.(2024) examined the nutritional transport of generalised dispersion under the
influence of an electric and magnetic field in order to study the model for the synovial fluid, also
referred to as joint fluid and found in the knee joints. The generalised dispersion model and
perturbation approach were used to investigate the synovial fluid behaviour. The effects of

magnetic and electric fields on solute transport have become increasingly relevant. For instance,



Nihaal Kandavkovi Mallikarjuna et al. (2025) presents detailed analysis of magneto-electro-
hydrodynamic (MEHD) flows in complex geometries, confirming that electromagnetic forces
significantly alter flow profiles and dispersion characteristics.

The goal of this work has been to examine the flow properties of a Bingham plastic fluid
through a porous material when both an electric and magnetic field are present. In order to
emphasise the dispersion coefficient and mean concentration, the generalised dispersion model
of Sankarasubramanian and Gill (1970) has been applied. The study validates its results by
comparing with earlier couple stress models and shows that differences in results arise due to the
distinct rheological nature of the Bingham fluid. This comparative approach underlines the added
value and necessity of the Bingham model for certain biomedical applications.

2. MATHEMATICAL AND BIOMATHEMATICAL SIGNIFICANCE
The constitutive equation for blood, expressed as Bingham fluid, is as follows, according to

Misra and Adhikary (2017)
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In the channel, equations (1) and (2) depict the two stages of blood flow. The flat velocity profile
in the central core region creates the plug flow region. Shear stress in this plug flow zone is less
than yield stress 1.

The governing equations and associated boundary conditions are derived under the
following presumptions: Steady laminar and fully developed flow (unidirectional) in a channel
bounded by porous layers and separated by a distance 2h. An electric field and a uniform

magnetic field Bo are supplied to the blood flow in the y-direction. The physical structure of the



human knee joint is depicted in FIG.1, Tandon et al.(1988), Alshehri and Sharma (2017). In a
channel enclosed by porous beds, the solute diffuses over the porous medium in a fully formed
flow. For concentration C, which depends on coordinates x’ and y and time (t), a slug is added.
Under the aforementioned presumption, the following governing equations apply to the

incompressible flow of a non-Newtonian fluid in cartesian coordinates:

Region 1:

6u; o 3)
ox'
ap' aTxy H o« 2 *

-——+ —~u,—Bjou,+p,E =0 4
ox' H ay k f 00" f PeL. ( )
op'

-——+pFE =0 5
o P.E, (%)

The concentration C satisfying the convective diffusion equation gives
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Boundary conditions for concentration and velocity are
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The symmetric conditions,
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The initial and boundary conditions on concentration.
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where, u*f is the component of velocity, p* is the pressure, £ is the viscosity of the fluid, B, is

the applied magnetic field, o, is the electrical conductivity, Eis the electric field, p,is the
density, t is the time, D is the molecular diffusivity, k is the permeability of the porous

medium, up is the Darcy velocity, «a is the slip parameter, C, is the reference concentration, 7, is

Bz,

the shear stress, ,1s the plastic dynamic viscosity, ¢, = Tk B, 1s experimentally determined

constant, u , is the axial velocity, 7,1s the yield stress, C, is the initial concentration of the initial

slug input of length X_. Beavers and Joseph's (1967) slip condition at the lower and upper
permeable surfaces is represented by equations (10) and (11).

Introducing the non-dimensional quantities
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In non-dimensional form, equations (4) to (6) are
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we define the axial coordinate moving with the average velocity of flow as & = x'-7u which is in
dimensionless form £ =X —7.,.

Then equation (18) becomes
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The dimensionless form of the initial and boundary conditions (10) to (16)
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3. METHOD OF SOLUTION
3.1 Velocity Distribution

The solution of equation (15) subject to (17) can be written as

1
A" + 4,e7M — WWe s(I-—an,), if 0<n<n,
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where A1, Az, and s are constants given in Appendix 1.

The axial velocity components that have been normalised are
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The generalised dispersion model of Gill and Sankarasubramanian (1970), which is expressed as
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a series expansion in the form of
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Integrating equation (19) with respect to 7 in (0, 1) and using the equation (29) and (30), we get
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Substituting equation (29) in (19), using this model we write
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with f; = 1. Equating the coefficients of 8@;:" (k=1,2,3,...) in equation (36) to zero, we obtain

the following set of partial differential equations:
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To find K;'s we know the f,'s and its corresponding initial and boundary conditions are
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From equation (35) for i=1, using f;=1, we get K, as
K,(r)=0 (43)

From equation (35), we get,
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To Evaluate K,(T)
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where, fi5(1) corresponds to an infinitely wide slug which is independent of T and fi; is T
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Solving the equation (49) with conditions (46) and (47) is
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Equation (49) is heat conduction type and its solution satisfying condition f,,(z,77) =—f,,(7)

of the form
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Substituting the values of f,,(r7)and f,,(77)1in (46) we get f, as
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Substituting (53) into (44) we get we get solution of dispersion coefficient with help of

MATHEMATICA 12.0.
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where,s1, 82, 83, S4, S5, S6, A1, A2, Az, As, As, and Ag are the constants, given in the Appendix.
Similarly, and so on are obtained and we found thatK;(t), i>2 are negligibly small compared to

K, (7). Hence the dispersion model (34) now leads to
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The exact solution of (54) satisfying the condition (25) can be obtained using Fourier Transform

by Sankar Rao (1995) as
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4. RESULT AND DISCUSSIONS
As demonstrated in the work of Nirmala Ratchagar and Vijayakumar (2014), the generalised
dispersion model of Gill and Sankarasubramanian (1970) is used to study the axial dispersion in
a Bingham fluid bound by permeable porous walls in the presence of electric and magnetic
fields. MATHEMATICA 12.0 is used to calculate the most prominent dispersion coefficient,
which is then graphically shown for various values of the Hartmann number (M=1,1.1,1.2,1.3),
electric number (We=5,15,25,35), rheological parameter (77, =0,0.1,0.15,0.2) and porous
parameter ¢=(10,60,100,120).

Figures 2-5 elucidate the results of Eq. (26), when used to calculate the velocity with 7,
as well as the various impacts of the Hartmann and electric numbers, and the rheological

parameter and porous parameters. Figures 2, 4, and 5 show that blood flow decreases in synovial

fluid as the Hartmann number (Ha), rheological parameter (7,), and porosity parameter() rise.

Increased magnetic, viscous, and resistive forces that obstruct fluid dynamics are the cause of

this phenomena. According to studies, increasing Ha, 77, and & causes the fluid velocity to drop,

the thickness of the boundary layer to grow, and the mixing to decrease Tripathi and Kumar

(2020), Singh and Kumar(2020). This consequently enables decreased blood flow and
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nourishment supply to the joint tissues. Figure 3 illustrates that a rise in the electric number
causes the blood flow to increase and also the velocity profile is parabolic. The electrokinetic
effects, which improve fluid dynamics and mass transfer, are responsible for this occurrence.
According to studies, a higher electric number causes the fluid velocity to increase, the thickness
of the boundary layer to decrease, and mixing to improve. Increased blood flow and the
transportation of nutrients to the joint tissues are so made possible.

Figure 6 show that the dispersion coefficient, computed for different values of the
Hartmann number with dimensionless time . From this figure, we observe that the increase in
Hartmann number, the axial dispersion coefficient increases. Figure 7-9 shows that dispersion
coefficient increases with an increase in electric number, porosity parameter(o) and rheological
parameter (77,). This result is useful in understanding one of the causes for haemolysis which in
turn is useful in the design of an artificial organ. We have compared the calculated results for the
dispersion coefficient with those of a past research of comparable problem for the flow of couple
stress fluid in order to validate the results of the current investigation. It may be noted that the
small differences may be attributed to be due to the fact that the fluid model of the present study
is different from that used Mallika and Rudraiah (2011).

Figures 10 to 13 depicts the mean concentration &, with T for different values of M, We

and ¢ and 7, inside the slug. From Figure 10, we observe that £, increases with increasing
electric number, porosity parameter(e) and rheological parameter (77,). Figure 14-16 shows that
increasing value of electric number, porosity parameter(o) and rheological parameter (77,)
decrease &,,. When the length of the initial slug input is increased from&, =0.019 to&, =0.5

the concentration decrease inside the slug and increase outside the slug. This is graphically
represented in figure 18. The above results are useful in the control of haemolysis.
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The transport of major metabolizes (such as sugar and aminoacids) is rather slow and
convective transport plays a major role in accelerating them. Therefore, we have studied the

mean concentration distribution €, with axial distance & for different values of M which are
represented graphically in figures 14. The effects of increasing M, increases &, for & =0.019,
7=0.06. Figure 15-17 depicts that the 6 versus & for different value of electric number,
porosity parameter(o) and rheological parameter (7,), it shows that &, decrease with an increase
in electric number, porosity parameter(o) and rheological parameter (77.), for very small values

of T,concentration of blood shows a rapid increase.
5. CONCLUSION

This study presents a comprehensive analytical model to investigate the behavior of synovial
fluid under the influence of electromagnetic fields and porous medium constraints. The use of a
Bingham fluid model and the application of a generalized dispersion framework provide a
physiologically relevant representation of solute transport in joint tissues. Importantly, this
model does more than illustrate mathematical elegance; it contributes to medical science by
offering insights into the dynamics of nutrient distribution and blood flow within joint cavities.
The parametric analysis shows how key biomedical parameters, such as Hartmann number,
electric number, rheological factors, and porosity, affect both the velocity profile and the
dispersion of solutes. These findings carry direct implications for the design of prosthetic joints,
optimization of therapeutic drug delivery, and reduction of haemolytic effects in artificial
implants. The inclusion of realistic boundary conditions and medical relevance ensures that the
model is both mathematically rigorous and clinically applicable. By linking advanced
mathematical theory with practical biomedical goals, this work contributes to the growing
interdisciplinary field of biomathematics and offers a foundation for future experimental

17



validations and technological innovations in biomedical engineering.
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APPENDIX A.
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