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1. INTRODUCTION

Fractional derivative is not a new concept, buisitan old and familiar integ-order. The fractione
derivatives were applied in many fields, like hydgy physics, biology, chemistry, finance, biochstmyj, etc. This
new fractional-order model is, moradequate than the initially used inte-order models, the reason is that,
fractional-order derivatives and integrals need the descriptiothe memory and hereditary properties of défe
substances. This is the important advantage ofrdmional-order models, when we compared with the negle

integer-order models.

In Physics, the classical Brownian motion modeteafds with a particle in an inconsistent way, whie
fractional space derivatives are merged to, modeinelous diffusion oidispersion. Similarly, a left Riema—
Liouville derivative and right Riemanhbieuville derivative, were used to allow the modeliof flow regime impact:s
from either side of the domain. To model the tramspf passive tracers, carried by fluid flow i porous medium, fo
solute transport in a subsurface material dispersguation, were used in groundwater hydrologye@ifenctions ar:
difficult to evaluate but, the fractionalkder partial differential equations, were anabfig derived by it. It roves
that, its great potential is helped to derive, thenerical treatment and it supports to analyzefthetiona-order
differential equations.

Probably, we cannot use the numerical method, lieegbe fractional partial differential equationitivnon-
symmetric fractional derivatives. The practical ruiwal method was used, to solve the-dimensional space, wit
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variable coefficients, on a finite domain. The baakd differentiation formula was also used, to sdle space fraction
equation, ito a system of ordinary differential equations. Tdwmain decomposition method and variation itere
method, are the two reliable developed algorithaisch are used to construct numerical solutioret, Will be in the forn

of a rabidly convergent des, with computable components, so that, the #tmal analysis cannot be proved by t
2. THE FRACTIONAL DIFFUSION AND DISPERSIOIN EQUATIO N
In this paper, the functionall partial differenteduation forms a finite domain, with the numerisaluticn, by

using different fractional derivatives.

Aulx, £) il aF
=K L E Ko ——= LE)
o = Kegpeubnt) + K grgule o)

0=t=<T, OD=x=lL

It is given by the initial boundary
wlD, £ =ull,2) =0,
ulx,0) = glx)

The solute concentration is ‘U’

KoKq Is the dispersion coefficie

KEgK
BB s the average fluid veloci

The Fractional derivatives of ordef‘r":1 <a= Z}tﬂzi Sa= 2} and BO<F= Z}ﬁ(ﬂ <f= 2} are

defined as
o
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Wu(x, t) == —Cg( oDL + IDL_)u(x, t)

Different techniques were used for different frantl derivatives, without confusing the remark tisa¢ssentia
to adopt the accuracy, for the corresponding d&imi of the fractional operator, for the standamtuaacy anc
discreteness, of the fridmnal diffusion equation. The unstable finite diffnce scheme, results in finite difference met
as an explicit or an implicit one.

dulx, t)
at

= K, (—0)F aCx, ) — Ky (—0)F uCx, 0),

Fractional Laplacian operator and derivation angiedent; this was widely assumed by the fractiaheaiivative
method. Firstly, the Laplacian was used by the Fouransform, on an infinite domain with a natweaiension, to includ
finite domains. The second is the eigenfunctionaasion on a finite domain. The first operators &mdeed equivaler
and the seand is not mathematically equivalent because, rinoa derive the numerical approximations. The Foael

Diffusion equations, for numerical methods

Impact Factor (JCC): 5.9876 NAAS Rating: 3.7¢



Fractional Partial Differential Equations — A Studyy Numerical Methods 19

qu(x,t) 2=
ar T 3|x|=

ulx, t),

0=t=T, 0=<x=L1<a=2
u(0,t) = ull,t) =0,
ulx, 0) = glx),

3. THE MATRIX TRANSFORM METHOD

This method is used for the fractional diffusioruatijon, to propose with homogeneous boundary ciandgit It
shows that, the Matrix transform method gives tberect accurate analytic solution. This is formed dsthonormal
eigenfunctions, from which the Matrix transform mad and analytic solution are based on. In thisaction, the new
technique can apply to the fractional diffusion &tipn, based on orthonormal eigenfunctions. Therimdd also a

symmetric positive definite, which exist here asoasingular matrix.

Even the matrix is an eigenvector, symmetric tgdial matrix and eigenvalues which can be formednn

easiest method. Numerical examples with a finiteglio are:

dulx,t) % g
ar % 3|xl=

ulx, t),

0=t=T, 0=x=m, l=<ag=2
ulx, 0) = x%(mw — x),

w(0,t) = ulmt) =0.

ulx, t) = i [; (—1)ntl — %] sin{nx)
n=1

exp (— [h',x(nz}% + Kg(nz}g} t )

L2
— = = Shifted Grimmwald
aH ——MT™
= Analytical

ufx1=0.4) at u=1.8
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Figure 1

In this figure 1, the analytic solution and theusimins obtained by the third numerical method isgi From this
it can be seen that, the matrix numerical soluisan good agreement with the analytic solution.
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4. ANALYTIC SOLUTION FOR MATRIX TRANSFORM METHOD

The Matrix Transform Method, henceforth, as MTM aadalytic solution are based on orthonormal
eigenfunctions, but only the maximum errors of BiEM is present here. The backward differentiatiomiulas are used

to solve the ordinary differential equations, bingsransformed fractional equation.

From the Table 1 and Table 2, it shows the maximarrors of the MTM, for solving the fractional paiti
differential equation. The MTM is stable and comest for solving the fractional diffusion equatiobased on
orthonormal eigenfunctions. The analytical solusiarfi the fractional partial differential equatioa® derived by L1 and

L2 Matrix Transform Method, which is difficult tovaluate.

Table 1: Errors of L1 MTM

h=rn/n MTM L1

/10 2.217E-2
/20 5.759E-3
/40 1.481E-3
n/80 3.727TE-4

Table 2: Errors of L2 MTM

h=r/n MTM L2

/10 1.9963E-2
/20 5.1683E-3
/40 1.3386E-3
/80 3.3519E-4

ulx,by

Figure 2

The numerical examples of fractional partial diffietial equation on a finite domain are:

dulx,t) ae
ar  3lx|=

ulx, t),

0=<t=T, 0<x<m
l<a=2
u{0,t) = sindx,

ul(0,t) = ulmt) =0.
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By demonstrating the calculation of these two mégheve can consider the following Table 3, for theximum

errors of the standard method, to solve the fraatidiffusion equation and the fractional dispemségjuation.

Table 3: Errors of Standard Method

H=1/N AL/A2 S,\;aer:ﬂ?ad
1/50 1'81§4E' 2.8191E—3
1/100 9'4937E' 1.5093E—3
1/200 4'8524E_ 7.7821E—4
1/400 2'45§6E_ 3.9459E—4

The impact of fractional order is again demonsttatghich is the example of the RFADE, with a diffiet

condition.

06

— - — RFADE: a=15p=0.7
—— RFDE: a=15

u(xt=0.5)

05 1 15 2 25 3

Figure 3
Figure 3, is a comparison of the fractional difusiequation and the fractional dispersion equatidth a finite
domain.
5. CONCLUSIONS

This paper concludes that, the third effective nucaé method to solve the fractional diffusion etjoa and the
fractional dispersion equation, on a finite domaitith orthonormal Eigen functions, has been deschibfwo methods,
which were defined by the fractions, were discus3®&@ Numerical method'’s results have demonstréite effectiveness
and convergence of the Matrix Transform method® Methods and techniques, which were discussddsipéper, can

be easily applied to solve the fractional partiffedential equations, even in other kinds.
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