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1.Introduction:

Throughout the work, we consider a simple graph. The terminology and the definitions of graph were
followed in [1]. For a complete analysis of labeling studied by Gallian [1]. In 1960’s graph labeling
was introduced by Rosa. Odd vertex even edge root square mean labeling discussed in [5] which
motivated to construct the above said labeling pattern. We study a few paths related graphs which
satisfies the above pattern. Mean labeling, root square mean and super root square mean labeling were
discussed in [4,6,7,8].

2 Preliminary:
Definition 2.1 [5]

A graph G is said to be odd vertex even edge root square mean labelling if there exist an injective map
f:V(G) - {1,2,3,...,2q + 1} such that the induced edge labels are odd and distinct which can be

u 2 v 2 u 2 v 2 . .
obtained by f* (e) = [ ’%l or l ’%| . Any graph which admits even vertex odd edge

root square mean labelling then it is called as odd vertex even edge root square mean labelling graph.
Definition 2.2

A graph G is said to be even vertex odd edge root square mean labelling if there exist an injective map
f: V(G) - {0,1,2,3, ..., 2q} such that the induced edge labels are odd and distinct which can be obtained

2 2 2 2
by f' () = [ | e ;f@] o [ 2 102

mean labelling then it is called as even vertex odd edge root square mean labelling graph.

. Any graph which admits even vertex odd edge root square
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Definition 2.3 [6]:
A graph G with p vertices and q edges, is a mean graph if there is an injective function f from the

vertex set to { 1, 2, 3...q} when each edge uv is labelled with M if f(u)+f(v) is even and

—f(”)+§(”)+1 if f(u)+f(v)+1 is odd then the labelling edges are distinct.
Definition 2.4 [4]:

A graph G with p vertices and g edges is called a Root Square Mean graph if is possible to label the
vertices v with distinct labels f(x) from 1, 2, 3,... g+1 in such a way that when each edge ¢ = uv is

labelled with f(e ) =[N (X | or [v (02 ) | then each labels are distinct

Definition 2.5 [4]:

The corona graph is obtained by taking one copy of path Pn and n copies of K1 then joining the ith
vertex of Pn with an edge to every vertex in the ith copy of K1. It is denoted by Pn K1.

Definition 2.6 [7]:

TW(Pn) is a graph which is obtained from a path by identifying k1,2 to all the vertices of the path

except one pendent vertex (Twing graph) A path with a least vertex is connected and has two terminal
vertices while all other vertices have degree 2.

Theorem 3.1: A path P, is an even vertex odd edge root square mean labelling graph.
Proof:

Let G be a Path P, where V(G)={ui:1<i<n} and E(G) = {u;, ui+1: 1<i<n-— 1} Itis evident
that G allows an even-vertex odd-edge root square mean labeling, as labels can be assigned to its
vertices and edges in a sequential manner. Hence, G is classified as an even-vertex odd-edge root
square mean graph.

Ilustration: Figure 1 shows G = P is Even vertex odd edge root square mean labelling.
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Figure 1 Even vertex odd edge root square mean labelling of P,
Theorem 3.2: Ph©O Ky is an even vertex odd edge root square mean labelling graph.
Proof: Let G=P, 0 Ky
The vertex set and edge set of G is defined as follows;
V(G) = {u;,v, ' 1<i < n}and
E(G)={uyu; 1<i<nanduyu'iy; ;1<i<n-1}
We defineamap f: V(G) — {0,1,2,3....... 2q}.
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The labelling pattern of vertices can be defined as follows;

f (uy_1) =8i—-6 and f(uy) =8i—-4;1<i<n

f(u's_1) = 8(i-1) and f(uy) =8i-2;1<i<n

Then the induced edge labels are

f'(uyu;)=4i-3;1 <i<n

f'(uyuip)=4i-1;1 <i<n-—1

Thus G = P, O Ky admit even vertex odd edge root square mean labelling graph.

Illustration: Figure 2 illustrate the G = P4 O K is even vertex odd edge root square mean labeling

2 3 4 7 10 1 12

(] @— T ?

. . . .

6 8 14

o

Figure2G =P4 O K;
Theorem 3.3: P, O K is an even vertex odd edge root square mean labelling graph.

Proof: Let G =P, O Ka2is agraph formed by attaching a K12 (a star with one central vertex and
two leaves) to each vertex of the path P,

Let V(G) = {u;,u’; ,u”; ;1<i <n}and

E(G) ={uju,uyju", :1<i<nandy u'j;; :1<i<n-1}

This describes the standard labeling of the vertices and edges of G.

We defineamap f: V(G) — {0,1, 2, ...... 2q} by

fluj) =6i—-4:i<i<n

f(u;)=6(-1)andf(u";)=6i-2:1<i<n

It is evident that the included edge labels are both odd and distinct.
Hence G = P, O Ky is an even vertex odd edge root square mean labelling.

Ilustration: Figure 3 illustrate the G = P4 O K12 is even vertex odd edge root square mean labeling
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2 5 8 1 14 17 20
3
0 4 6 10 12 16 18 22

Figure3G =Ps O Ky

Theorem 3.4: The graph SL,, is an even vertex odd edge mean square labelling graph.
Proof: Let G=SLn
Let the vertex set V(G) = {uj, vi : 1 <i < n} and edge set

Uy u4g: 1 <1 <n-—1
E(G): Vi Vig: I<i<n-—1
Vi+2Vi:2SiSH—1

Defineamap f: V(G) — {0,1, 2, ...... 2q} by f (u1) =0, f(vn) = 2q, further
f(w)=6i-10:2<i<n,f(vi)=6i—-2:1<i<n-—-1

Then the induced edge labels are defined as follows;

f (Vivie1) =6i+1:1<i<n-2,

f (Vn-1Va)=2q—1:1<i<n-—2and

f Uivi)=6i—3:1<i<n-—1.

Hence, SL, admits even vertex odd edge mean square labelling graph.

Ilustration: Figure 4 illustrate the G = SL¢ is even vertex odd edge root square mean labeling

2 8 14 20 26
5 1 17 23
9 15
2 2}
13 19 25 29 °
10 16 22 28 30

Figure 4G = SLg

Theorem 3.5:[5] Let Gp be a graph formed by attaching a pendant edge to each internal vertex of a
path. This graph Gp is an even vertex odd edge root mean square labelling graph.

Proof:

LetV(G)={uy;:1<i<nandu;:2<i<n—1 and
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(yuy:l €1 <n-—2
E(G)_{uiu’i 11 =2345....n—2
be the vertex set and edge set of G respectively.

Define amap f: V(G) —» {0,2,4,...2q} by f(u) where f(u) is determined based on the following two
cases.

Case 1: For n is odd

f(u))=4(G1-1)and f(u';)=4i-6:1=3,5, ...

f(u))=4i-6and f(u';)=431-1):1=2,4, ...

The labels of the edges are then defined as follows

ff(yu;)=41—-51=2,4,....n-1and f'(u;u;;; ) =4i—-3,i=1,2,...n-1

Case 2:

For n is even

f (u;) =41-5and

f(uy)=4i-6:1=3,5, ...

f(u)=4i1-6and f(u';)=4G-1):1=2,4, ...

Then the induced edge labels are defined as follows:
f'(uju’;)=4i-5,1i=2,4,...n-1land f'(ujuj,1)=4i—-3,i=1,2,....n-1

Hence f is an even vertex odd edge root square mean labelling of graph G. Therefore, G is classified
as an even vertex odd edge root square mean labelling of graph with respect to f.

Theorem 3.6: TW(Pn) is an even vertex odd edge root square mean labelling of graph.

Proof: Let G = TW(Pn)
y:1 <1 <n
V(G)_{u’i andu’’; :2 <i<n
<

Uil - 1 <1

E(G) :{ uu; anduu”, 12 <1< n
be the vertex set and edge set of G respectively. We define a map f: V(G) — 0,2,4, ...2q by f(u) = 0;
f(wy)=2(+j-1)i=2andj=1,2; f@;) =6(-1),i=3,4, ...n; f (u";) = 6i-10,
i=3,4,...n
Then the induced edge labels are defined as follows;
f'(u;u;)=61—-9, f(yyu’;)=61—7,1=24,...,n-1and f'(u;u;;;) =61-5; 1 =1, 2,...n-1

Hence G is an even vertex odd edge root square mean labelling of graph since f is an even
vertex odd edge root square mean labelling of graph G.
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Ilustration: Figure 5 illustrate the Gp on 6 vertices is even vertex odd edge root square mean

labeling

Figure 5 Gp on 6 vertices

Theorem 3.5: K, , an even vertex odd edge mean square labelling graph. if n < 3.

Proof:

Let the vertex and edge sets of K , be defined as {u, v{, v, ..., v }and {e, e,, ...,e,}  respectively.

Forn < 3, it exhibits an odd vertex even edge mean square labelling graph. This demonstrates
the figures that are admitted as an odd vertex even edge mean square labelling graph.

Ifn=4

K 4 is not even vertex and odd edge labelling graph

Since the graph depicts that the edge label 5 repeated two times

Ifn=5
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Since the graph depicts that the edge label 5 repeated two times

In general, n >3

Case (i)

Let f(u) =0, then f (u;) = {2, 4, 6, ..., 2q}

In this case, (0,6), (0, 8), will get same labels, which is contradiction to the definition.
Case (i)

Let f(u) = 2q, then no edge can get the label 1.

Since (0, 2q) = V2(q)? = V2 q, which is not possible.

Case (iii)

Iffluy={2or4or6o0r....2(q-1)}, then we get the repetition of odd edge labelling.
So, clearly one can check labelling of a graph.

Theorem 3.6 A subdivision of P, O K is an even vertex odd edge root square mean labelling
graph.

Proof:

The vertex set and edge set of,

G, is defined as follows;

VG)={y; ;1fi<n}u (v;1<i<n—-1} U {y,u;1<1i<n} and

E(G) ={ {uivi} U {uj,u";} U {ujvi} U {ujviy 1} 11i<n-1}

We define a map f: V(G) — {0,1, 2, 3,...2q}.

The labelling pattern of vertices can be defined as follows;

fu) =4i;i=12 f(u) =8i-6;i=345...,n1

f(v;) =6i;i=12 f(v;) =8i—-2;i=345...,n

f(u;)=8i-6;i=1.2 f(u,) =8(i—8);i=34,5...,n-1
f(u")=143-1);i=1.2 f(u;)=8i-4,i=34,5...,n-1andf(u,) = 2(q—1)
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Then the induced edge labels are

f'(uivi) :6|—1, i= 1,2

f’ (uiVi) =8i— 3; 1= 345...,n-1

f ’(Viui_H) =8i— 1, lS i < n-1

' (uiu’i) =6i -3 i= 1,2
fr(uhu) = 12i- 11 1= 1,2

f'(uu;)=8-7,i=34,5...,n-1
f'(uu")=8i-51i=34,5...,n-1

Thus, subdivision of G = P, © K1 admit even vertex odd edge root square mean labelling graph.

Ilustration: Figure 6 illustrate a subdivision of P, O K; on 8 vertices is an even vertex odd edge root

square mean labeling

4 6 8 12 18 22 26 30 34 38 42 46 50 54 56
[ 4 5 L 7 T @ 15 21 hd 23 T 29 d 31 37 o 39 T 45 ® 47 T 53 d 55 ®
3 9 17 25 33 41 49 57
e 1+ 1 24 3i 4* 48 * s
1 13 19 97 35 43 51 59
! . : : .
3 i 20 28 36 44 52 60
Figure 6 P, O K1 on 8 vertices
Conclusion :

In conclusion, this paper presents a new labeling pattern based on the root square mean, which has been
successfully applied to path-related graphs, the subdivision of path corona graphs, and star graphs. The results
demonstrate the effectiveness of this approach in enhancing graph labeling techniques and offer potential for
further research in related areas.
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