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Compatible Mappings of Type (y) and (6)

J. Jeyachristy Priskillal, G. Sheeba Merlin

Abstract— In this article, we introduce the definition of two
different types of compatible mappings and prove common fixed
point theorems in fuzzy metric spaces. Examples are given to
support the results proved herein.

Index Terms— fuzzy metric space; compatible mapping;
common fixed point.

I INTRODUCTION

The authors defined intuitionistic (y,n) contractive
mapping in [7]. Using the definition of y, we gave a
common fixed point theorem. The generalization of the
commuting mapping concept is compatible mapping which
is introduced by Gerald Jungck[4]. This concept was
generalized to fuzzy metric spaces by Mishra et al.[8]. Y. J.
Cho introduced the concept of compatible mapping of type
(a)[1] and compatible mapping of type (B)[2]. In this article,
we introduce compatible mapping of type (y) and
compatible mapping of type (8). Further, the theorem is
discussed for two different types of compatible mappings. In
our paper[7], y is defined as follows,

Let ¥ be the class of all mappings y : [0,1] — [0,1] such
that

(i) y isnon-decreasing and !m y'(s) = 1,vs € (0,1];

(ii) wy(s)>s, Vs € (0,1);

(i) w(1)=1;

Examplezl.l. [7] Define y : [0,1] — [0,1] by
S

y(s) = m Vs € [0,1].

4s 8s
200y = 3y = .
VO = VO s
ns=—,VS€ 0,1
VO iy Mo

n
lim y'(s) = lim —<>
n—om n—om (2“ —1)3 +1
Clearly, y(s) > s, Vs € (0,1) and y(1) = 1.

=1,vs € (0,1].

1. PRELIMINARIES

Definition 2.1.[6] Let X be an arbitrary set, = be a
continuous t-norm, and M be fuzzy sets on X?x(0,00).
Consider the following conditions ¥ u,v,w € X and t > 0,

(i) M(u,v,0)=0;

(i) M(u,v,t)y=1ifand onlyifu=v;

(iii) M(u,v,t) = M(v,u,t);

(iv) M(u,w,t + s) > M(u,v,t) * M(v,w,s);
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(v) M(u,v,t) : (0,0) — [0,1] is left continuous;

The pair (M,*) is called fuzzy metric on X. The triple
(X,M,*) is called a fuzzy metric space.

Example 2.2. [3] Let (X,d) be a metric space. Denote

axb = ab, va,b € [0,1] and let Mq be fuzzy set on

X x X x (0,+0) defined as follows:

Maq(u,v,t) = vt > 0, then (X,Mg,*) is a fuzzy

t+d(u,v)
metric space.

Definition 2.3. [5] Let (X,M,*) be a fuzzy metric space. A
sequence {u,} in X is called

(a) convergent to a point u € X if and only if

lim M(up,u,t) = 1,vt >0,

n—oo

(b) Cauchy if lim M(up,Unsp,t) = 1,vt >0 and p > 0.
n—o0

Definition 2.4. [5] A fuzzy metric space is said to be
complete if every Cauchy sequence in X is convergent.
Definition 2.5. [8] In a fuzzy metric space (X,M,x), two

self mappings A and B are said to be compatible if lim

n—o

M(ABuU,,BAu,,t) = 1 whenever u, is a sequence in X such
that lim Au, = lim Bu, = w for some w € X.

n—oo n—oo
Definition 2.6. [9] Two self maps A and B of a fuzzy
metric space (X,M,*) are called reciprocally continuous on
Xif
lim ABu, = Awand lim BAu, =Bw whenever {u,} is

n—oo n—oo

a sequence in X such that lim Au, = lim Bu, =w for some

n—o0o n—oo
win X,

Lemma 2.7. [8] If A and B are compatible mappings on a
fuzzy metric space X and Au,, Bu, — w for some w in X (u,
being a sequence in X) then ABu, —Bw provided B is
continuous (at w).

1. MAIN RESULTS

Definition 3.1. Let (X,M,*) be a fuzzy metric space. We
say that The two self mappings A and B are called

(@  compatible of type (y) if for all t > 0, lim

n—owo

M(AAU,Bw,t) = 1 and lim M(BBu,,Aw,t) = 1
n—oo

whenever {u,} is a sequence in X such that lim

n—oo

Aun = lim Bu, = w for some w € X.

n—oo
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(b) compatible of type (8) if for all t > 0, lim AAu, = Proof. Consider a point up € X. Since BX < SX and AX
n—w® c TX, We can define a sequence {v,} in X as follows:
lim ABu, =Bw and limBBu, = lim BAu, = Aw, there exists u; € X such that Aug= Tu; = Vq.
A A e ) there exists u, € X such that Bu; = Su, = v;.
whenever {u,} is a sequence in X such that r!m Au, = !I_ET; there exists U o1 € X such that Aty = Ty = Van.

there exists Uspeo € X such that BUsn+1 = SUopiz = Vops1.
Now, for all t > 0,
M(VZnyV2n+lyt) = M(AUZnyBUZnﬂ)

Bu, = w for some w € X.
Example 3.2. Let X = [0,00) with the metric d defined by

d(u,v) = [u — v|, define M(u,v,t) = ; VuveX 2 y[min {M(Suzn, TUzn+1,t), M(AUz0, SUzn, 1),
t+d(u,v) M(BUzn+1, TU20+1,8), M(SUz2n, BU2g+1,21),
and M(AUzn, TUz+1,8)}]
t > 0. Define the self maps A and B by Au=2u— 1 and = y[min {M(v2y-1,Von,t), M(V2n,V2n-1,1),
1 M(Van+1,Van,t), M(Van-1,Van+1,21),
Bu=u Letu,=1—- —. M(V2n,Van )}
n = y[min {M(van-1,Von,t), M(V2n41,Von,t),
1 [M(V2n1,Von,t)* M(V2n,Von+1,1)],1}]
!m A= rlwlgolo 2= 1= !ﬁl 20—~ ) -1=t = Y[M(Van-1,V2n, ), M(Van,Vans1,1)]
= y[min {M(va-1,Van,t), M(Van,Von+1,1) .
lim Bu, = lim U =lim (1 - _) = since y(s) > s, for all s € (0,1),
n—e n—e n—>e0 M(Vzn,Vani1,t) = W(M(V2n,Vone,1)) > M(Von,Vansg,t)
Also, which is a contradiction.
1 Therefore, M(Van, Van+1,t) = W(M(Van—1,Von,t)).
!m AAu, = !m 4u, -3 = m} 4(1 - —) 3=1=Bl= That is, M(Vn,Vns1.t) > y(M(Vy1,V,1)).

Continuing this process, we can get
. . > > w? S>>
Bw. lim BBu, = lim u® = lim (1 - _) Sz Al= M(Va.Vnea8) 2 WMVt Voo) 2 YA (M2 Vo ) 2 - 2
n—o n—w n—o \ (M(Vl,Vo,t)).
That is, M(Vn,Vie1,t) > y"(M(V1,Vo,1)).

. . . 1 )
Aw. lim ABu, = lim 2U§ -1=lim 201 - H Y -1 Taking limit as n — oo and lim y"(s) = 1, for all s €
n—o0

n—o n—owo N—w
=1=B1=Bw. (0,1], im M(Vp,Vnes,t) = 1.
A 1 n—o
Ilm BAUn - Ilm (ZUn 1)2 = Ilm 2(1 - —) — 1)2 = 1 = S|m||ar|y’ Wwe can prOVe M(Vn+1,Vn+2,t) 2 Wn(M(Vz,Vl,t)).
n—o N—w n .
lim Voo ) = 1.
Al =Aw. M M(Vnea Ve t) = 1

Therefore, A and B are compatible mapping of type (y) Now for all p > 0,
and also compatible mapping of type (). t t
Proposition 3.3. Let A and B be compatible mapping of M(Vn,Vnspst) = M(Vi, Vg, — ) * oo % M(Viip-1,Vieps — )
type (8) of a fuzzy metric space (X,M,*) into itself. Let one p P

of A and B be continuous. Suppose that I|m Au, = lim Bu, Taking limit n — oo, we have,

n—o0 t

= w for some w € X. Then Aw = Bw. !]'_[2 M(Vn,Visp,t) = I|m M(Vn, Vo1, 6) K

Proof. Let {u,} be a sequence in X such that lim Au, = .

n—w M M(Vap-1,Vasps
limBun = w for some w € X. Since A and B are i o
n—o0
compatible mapping of type (A) , we have lim AAu, = lim 5
n—o0 n—o0

ABuU, = Bw. 21x. %1

If A is continuous, we get lim AAu, = Aw = lim BBu, o =1

n— n— That is, lim M(v,Vqspt) = 1.

= lim rHoo. .

N—o BAu, = Bw. Thatis Aw = Bw. Hence,{v,} is a Cauchy sequence in X and converges to

Theorem 3.4. Let A,B,S and T be self-mappings of a wand Iim M(Vp,w,t) =1, for each t > 0.
complete fuzzy metric space (X,M,*) with a * b = min(a,b)

satisfy the conditions: lim Au,,= I|m TUgne= IIm BUonet= IIm SUznsz = W.
(1) BX c SX, AX c TX, o
(1

M(Au,Bv,t)>y[min{M(Su,Tv,t),M(Au,Su,t),M(Bv,Tv,t),

M(Su,Bv,2t),M(Au,Tv,t)}], for all u,v € X and t > 0.

Suppose that A,S and B, T are reciprocally continuous and
compatible of type (y), then A,B,S and T have a unique
common fixed point.
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Since A,S and B,T are compatible of type (y), we have
AAU,, — Sw, SSuy, —Aw and BBuy, — Tw, TTuy, —
Bwasn — o,
Also Since A and S are reciprocally continuous,
ASU,, — Aw, SAuy,—Sw and since B and T are
reciprocally continuous, BTuy, — Bw and TBuy, —»Tw.
We claim that Bw = Aw. Putting u = Su,, and v = TuUzps
in (1), we have
M(ASU2n, BTUzn41,t)> wlmin {M(SSuzn, TTUzq+1,1),
M(ASUZH,SSUZH,t),M(BTU2n+1,TTU2n+1,t),
M(SSuzn, BTUpn+1,2t), M(ASUZn, TTUn+1,1) }H
Taking limit as n — oo,
M(Aw,Bw,t)> y[min {M(Aw,Bw,t), M(Aw,Aw,t),
M(Bw,Bw,t),M(Aw,Bw,2t), M(Aw,Bw,t)}]
= y[min{M(Aw,Bw,t),1}]
= y(M(Aw,Bw,t)).
That is, M(Aw,Bw,t) > y(M(Aw,Bw,t)).
Since y(s) > s for all s € (0,1], it is possible only when
M(Aw,Bw,t) = 1.
That is, Aw = Bw.
Now, we claim that Sw = Bw. Putting u = w and v =
Tuzn+ in (11), we have
M(AAW,BTUzn+1,t)> w[min {M(SAw, TTuzns1,t),
M(AAw,SAw,t),
M(BTuUzns1, TTUzn41,1),
M(SAW,BTuyn41,2t),
M(AAW, TTUy1,H)}
Taking limit as n — oo,
M(Sw,Bw,t)> y[min{M(Sw,Bw,t), M(Bw,Sw,t),
M(Bw,Bw,t),M(Sw,Bw,2t),M(Bw,Bw,1)}]
= y[M(Sw,Bw,t)].
That is, M(Sw,Bw,t) > y(M(Sw,Bw,t)).
Since y(s) > s for all s € (0,1], it is possible only when
M(Sw,Bw,t) = 1.
That is, Sw = Bw.
We claim that Sw = w. Putting u = uy, and v = w in (1),
we have,
M(AUZn,BTw,t)E w[min{M(SuZn,TTW,t), M(AUzn,SUth),
M(Bw, TTw,t),M(Su,n, BTw,t), M(Auz, TTW, 1)}
Taking limit as n — oo, we get
M(w,Bw,t)> y[min {M(w,Bw,t),M(w,w,t),M(Bw,Bw,t),
M(w,Bw,t),M(w,Bw,t)}]
= y[min {M(w,Bw,t),1}]
=y(M(w,Bw,t)).
That is, M(w,Bw,t) > y(M(w,Bw,t)).
Since y(s) > s, for all s € (0,1], it is possible only when
M(w,Bw,t) = 1.
That is, w = Bw.
Hence, w = Aw = Bw = Sw = Tw. Therefore, w is a
common fixed point of A,B,S and T.

Uniqueness:

Suppose w; is also a common fixed point of A,B,Sand T.
M(w,wy,t) = M(Aw,Bwy,t)

> y[min {M(Sw, Tw,t), M(Aw,Sw,t),M(Bwq, Twy,t),
M(Sw,Bw;y,2t), M(Aw, Twy,t)}]

= y[min{M(w,w,t),  MW,w,t),  M(w,wi,t),
M(w,wy,2t),
M(w,wy,t)}]
= y[M(w,wy,1)].
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That is, M(w,wy,t) > y[M(w,wy,t)]

This is possible only when M(w,w;,t) = 1. That is, w =
w;. Hence the proof.

Theorem 3.5. Let A,B,S and T be self-mappings of a
complete fuzzy metric space (X,M,*) with a * b = min(a,b)
satisfy the conditions (1) and (11). Suppose that one of A and
S is continuous, and one of B and T is continuous.

Assume that A,S and B, T and compatible of type (), then
A,B,S and T have a unique common fixed point.

Proof. From the previous Theorem, {v,} is a Cauchy

sequence in X and converges to w and lim M(v,,w,t) = 1,
n—o0

for each t > 0.
Ilm Au,, = Ilm TUsnsy = Ilm Busni = Ilm SUonso = W.
n—oo

n—o0 n—o0 n—oo

Suppose A and S are compatible of type (8) and one of
mappings A and S is continuous, by Proposition 3.3, we
have Aw = Sw.

M(AW,BuU,p.1,t) > y[min {M(Sw, Tuzns1,t), M(Aw,Sw,t),

M(BUzml,TUgml,t),M(SW,BU2n+1,2t),
M(AW, TUzns1,1) -
Taking limit as n — oo, we get
M(Aw,w,t) > y[min {M(Aw,w,t),1, M(w,w,t),M(Aw,w,2t),
M(Aw,w,t)}]
= y[M(Aw,w,t)].

That is, M(Aw,w,t) > y(M(Aw,w,t)).

Since y(s) > s, for all s € (0,1], it is possible only when
M(Aw,w,t) = 1.

That is, Aw = w.

Thus, Aw = Sw = w.

Suppose B and T are compatible of type (3) and one of
mappings B and T is continuous, by Proposition 3.3, we
have Bw = Tw. Now,

M(AUzn,BW,t) > \y[min{M(SuZn,TUZn,t), M(AUZn,SUZn,t),

M(Bw, Tw,t),M(Suz,,Bw,2t), M(Au,,, Tw,t)}].

Taking limit as n — oo, we get

M(w,Bw,t) > y[min {M(w,w,t), M(w,w,t),1, M(w,Bw,2t),

M(w,Bw,1)}]
= y[M(w,Bw,t)].

That is, M(w,Bw,t) > y(M(w,Bw,t)).

Since y(s) > s, for all s € (0,1], it is possible only when
M(w,Bw,t) = 1.

That is, w = Bw.

Thus Bw=Tw=w.

Hence, Aw = Bw = Sw = Tw = w. w is a common fixed
point of A,.B,Sand T.

Uniqueness follows as in previous Theorem.
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