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TOTAL COLORING OF MIDDLE GRAPH OF CERTAIN
SNAKE GRAPH FAMILIES

A. PUNITHA AND G. JAYARAMAN*

ABSTRACT. A total coloring of a graph G is an assignment of colors to both
the vertices and edges of G, such that no two adjacent or incident vertices
and edges of G are assigned the same colors. In this paper, we have dis-
cussed the total coloring of M (T}), M (Dy), M(DTy), M(ATy,), M(DA(Ty)),
M(Qn), M(AQn) and also obtained the total chromatic number of M (T3),
M(Dy), M(DTy), M(AT,), M(DA(Ty)), M(Qn), M(AQn).

AMS Mathematics Subject Classification : 05C15.
Key words and phrases : Total coloring, total chromatic number, middle
graph, triangular snake, quadrilateral snake.

1. Introduction

All graphs consider here are finite, simple and undirected graphs. Let G =
(V(G), E(G)) be a graph with vertex set V(G) and edge set E(G) respectively. A
coloring of a graph G is an assignment of colors to the vertices or edges or both.
A vertex-coloring(edge coloring) is called a proper coloring if no two adjacent
vertices or edges receive the same colors. A total coloring of G is a function
f: V(G) U E(G) — C, where C is the set of colors to satisfies the following
conditions.

i) no two adjacent vertices receive the same colors

ii) no two adjacent edges receive the same colors

iii) no edges and its incident vertices receive the same colors

Bezhad [1] and Vizing [11] introduced the concept of total coloring. Also,
they have proposed the conjecture for every simple graph G has A(G) +1 <
X" (G) < A(G)+2, where A(G) is the maximum degree of G. This conjecture is
known as the Total Coloring Conjecture (TCC). Bezhad et al.[2] computed the
total chromatic number of complete graphs. Rosenfeld[9] and Vijayaditya[10]
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examined the TCC, for any graph G with maximum degree < 3 and Kostochka
[7] for maximum degree < 5. In Borodin[4] verified the Total Coloring Conjecture
(TCC) for maximum degree > 9 in planar graphs. Jayaraman et al.[5] proved
that the total chromatic number of double star graph families. Jayaraman et
al.[6] proved that the total coloring of middle, total graph of bistar, double wheel
and double crown graph.

The Middle graph [6] of a graph G is formed by subdividing each edge exactly
once and connecting these newly obtained vertices of adjacent edges of G. A
Triangular snake graph T,,[8] is obtained from the path by replacing every Ko
by C3. A Double triangular snake DT,,[8] consists of two triangular snakes that
have a common path. A Diamond triangular snake graph D,, [8] is obtained
from a path by replacing every K by 2C3. An Alternate triangular snake AT,
[8] is obtained from a path by replacing every K» by C5 alternatively. A Double
alternate triangular snake DAT,,[8] consists of two alternate triangular snakes
that have a common path. A Quadrilateral snake @, is obtained from a path
by replacing every edge by a cycle Cy. An Alternate quadrilateral snake AQ,, is
obtained from a path by replacing every alternate edge by a cycle Cy.

2. Main results

Theorem 2.1. Let M(T,,) be the middle graph of triangular snake graph, then
X' (M(T)) =9.

Proof. Let V(IM(T,)) ={uj;z;: 1 <i<n}U{v;: 1 <i<n4+1}U{y;: 1 <i<
2n} and E(M(Tn)) = {Uiyi;uiy2i§viy2i71§vi+1y2i§xiy2i71§xiy2i§Ui$i§$ivi+1 :
1 < < nU{ziy2ip1; Tiv1y2i i - 1 <4 <n—110{yiyipr 1 < i < 2n—1}.
Define a total coloring f : V(M(T,)) U E(M(T,)) — {1,2,3,...,9} as follows:

FIGURE 1. Total coloring for M (T5)

The assigning of colors to each vertices and edges as follows:
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For1<i<n

flug) = 3;

2, if 1 =1 (mod 3)
flxi) =41, if i=2 (mod 3)
3, if i=0 (mod 3)

fluiyi) = 25 f(wiyai) = 9; f(viyei—1) = 75 f(vig1yei) = f(ziy2i-1) = 8

f(@iy2i) = 7; f(viwi) = 5 f(wv41) = 6
Fori1<i<n+1

1, if i=1 (mod 3)
fvi) =143, if i =2 (mod3)
2, if i =0 (mod 3)
For1<i<n-1

f(@iy2it1) = 95 f(@3i—1Y6i—a) = 25 f(23iY6i—2) = 2; [(23i41Y6i) = 4

3, if 1= 1 (mod 3)
flrizier) =<4, if i= 2 (mod 3)
1, if i= 0 (mod 3)

For1<i<2n-1

3, if ¢ is odd

1, if 7 is even

fWiyiv1) = {

For 1 <i<2n

4, if i is odd
flyi) = {

5, if i is even

Hence f is a total coloring of M (T;,) and therefore x” (M (T,)) < 9. By conjec-
ture, X" (M(T,)) > A(M(T,))+1=84+1> 9 and x"(M(T,)) = 9. O

Theorem 2.2. Let M(DT,) be the middle graph of double triangular snake,
then x" (M (DT,)) = 13.
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{ug;zi; 20 1 <i<n}U{v;y 0 1 <i<2n}U
{w; :1<i<n+1}

{UiUQi—1§ UV24;5 V24 —1Wi5 V23 L55 V25 —1L5; V24 W24 Wil TiWit1; VilYss

Proof. Let V(M (DT,)) = { and

WiY2i—15 TiY2is Y2i— 125 Y24 T3iYei—1; W3ip1Yei - 1 <1 < njuU
E(M(DT,)) = {l"ﬂ)ziﬂ; T23V245 LiTi+1;5 TiY2i+15 Li+1Y24; L3i—1Y6i—3; L3i—2Y6i—5;

W3i—1Y6i—4; W3iYei—2 1 1 < i <n—1}U{z1y}U

{vivis1;Yiyigr 1 1 <0 < 2n— 1}

u
2 u
U Uy 3 Us
9
¢ 3
3 4 9 3 4 ¢ 3 4
2 v, 2 2 v, 2V,
/[ Vy Y/, ) 4 v, \G vz (] 9 .
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1 - 11 13 43 . URE - 1113 T 0
2, A 12,
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, 6 7 6 A 6 7 6 S 6 7 6 A 6 7 6 7 & 7
8 9 8 9
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w, 4 ° 8 o/ Y\ 8 9 8 sl A,
3 B K 7 7 7 2 6
2
9 W, 1 ) W 9
1 1 4 5 A f 9 4 5 1 il 5 4 1
7 8 7 8 8 ) 8
0 1 0 1 0 1 0
Yy - > " 2 2 2 2 %0
) 5
3
7 3 3 7 3 7
9 9 9 V 9
4 Z
1 2 Z3 5

FIGURE 2. Total coloring for M (DT5)

Define a total coloring f : V(M (DT,))U E(M(DT,)) — {1,2,3,...,13} as fol-
lows: The assigning of colors to each vertices and edges as follows:
For1<i<n

if i=1 (mod 3)
if 1 =2 (mod 3)
if i=0 (mod 3)

3, if i=1 (mod 3)
2, if i =2 (mod 3)
4, if =0 (mod 3)

4, if i=1 (mod 3)

flriwiz1) = ¢ 3, if i =2 (mod 3)
2, if =0 (mod 3)



Total coloring of middle graph of certain snake graph families 357

8, if ¢ is odd
flviyi) = e
9, if ¢ is even

f(zi) = 95 f(uivai1) = 35 f(uve) = 4 fvgi—1ws) =7,
Jvasmi) = T; f(vai—14) = 6; f(vaswa;) = 6; f(wiyai—1) = 5;
f(@iyei) = 5; f(Y2i—12i) = 3; f(ziy2i) = 75 f(wsiv1Yei) = 45 f(23i¥6i—1) = 1
Fori1<i<n-1

fxivaier) = 13; f(zav2;) = 11,

8, if i is odd
f@izip1) = {

9, if ¢ is even

f(@iy2it1) = 125 f(@iz1y2:) = 10; f(@3i-1Y6i—3) = 4
f(@3i—2ysi—s) = 1; f(wai—1Ysi—a) = 1; f(waiyei—2) = 1
Fori1<i<n+1

1, if i=1 (mod 3)
flw;)) =<3, if i=2 (mod 3)
2, if 1 =0 (mod 3)

For1<i<2n-1

{ if i is odd
vzvl+1 .
if 4 is even
{ if i is odd
yly’b+1 e .
if 4 is even
For 1 <i<2n
4, if ¢ is odd
flvi) = {5, if 4 is even
7, if 4 is odd
f(yi): FP
8, if ¢ iseven

Hence f is a total coloring of M (D n) and therefore x”(M(DT,)) < 13. By
conjecture, X" (M(DT,)) > A(M(DT,))+1=12+1> 13 and X" (M (DT},)) =
13. ]
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Theorem 2.3. Let M(D,,) be the middle graph of diamond triangular snake,
then X" (M (D,)) = 1.

{uisyi 11 <i<n}U{vsa;:1<i<2n}U
{w; :1<i<n+1}

Proof. Let V(M (D,,)) = { and

{Ui'Ui; Ui Vi41; WiV2i—15 Wi41V245 V2—1L2i—1; V2iL24; Wil L2iWi41;
E(M(Dy)) = < yiroi—1;¥iv2; : 1 <i <n}U{vvir1;zimipr 1 1 <i < 2n}U
{22541 V2 T2i41 : 1 < i <n—1}
Define a total coloring f : V(M (D,))UE(M(D,,)) — {1,2,3,...,7} as follows:

2
Uy ug 2] Ug
1 1
1 1 . , 1
3 2 3, 2 3 2 3 2
1 1 !
\ V, 1
2 V2 3 4 4 V \ V7 \ Vo .
v 45 4 4 V10
2 5 Z 2 5 5
3 3
7 3 7 N 7 7 3 7
4 6 A4 6/ \4 4
Wigs 5 7|8 s\ |5 7 6\ |5 7 6\ |5 7| /oM 6\ |5 7 1 @pwg
wp! ZA W)
1
5 1 /5 ) A ) A 1 5
| 7 4 s 7 4 s 7 4 A 7 4 3 ;. 3 o
X 3 3 5 6 7 8 )
3 2 A 2 B
! 3 3 1 3 1 3)
2
2 2 v, v
d A A 4 5

F1GUure 3. Total coloring for M (Ds)

The assigning of colors to each vertices and edges as follows:
For1<i<n

flui) =15 f(yi) = 2; f(uivai—1) = 3; f(wivai) = 2; f(wivai1) = T;

Flwiz1v2:) = 3; f(vaic122i—1) = 5; f(v2iw2;) = T; f(wizei—1) = 1;
fxowit1) = 5; f(yixai—1) = 35 f(yira:) =1

For1<i<2n

7, if 4 is odd

3, if ¢ is even

2, if 7 is odd

5, if ¢ is even

if 4 is odd

if 7 is even
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4, if 7 isodd
2, if i is even

f@izip1) = {

Fori1<i<n-1

fx2v2i41) = 6; f(v2302i41) = 6
For1<i<n+1

f(wl) = 4.
Hence f is a total coloring of M(D,,) and therefore x”"(M(D,,)) < 7. By con-
jecture, X" (M (D)) > A(M(D,))+1=6+12> 7and x"(M(D,)) =1. O

Theorem 2.4. Let M(AT,) be the middle graph of alternate triangular snake,
then X" (M (AT,)) = 7.

Proof. Let V(M (AT,)) ={vi;w; : 1 <i<njU{u;:1<i<n—-1}U{z;: 1<
1 < L%J} and E(M(AT,)) = {wsu; : 1 <i < n}U{vu;uvip;uwie 1 <i <
n—1}U{wuipr 1 1 <@ <n—2}U{miwe;—1; T;Wa;; Wai—1Wai; Vai—1Wai—1; V2 W -
L<i< |3

Define a total coloring f : V(M (AT,))UE(M(AT,)) — {1,2,...,7} as follows.

FIGURE 4. Total coloring for M (ATs)

The assigning of colors to each vertices and edges as follows:
For1<i<n

1, if i=1 (mod 3)
fvi) =42, if i=2 (mod 3)
3, if i =0 (mod 3)
4, if ¢ is odd
fwi) = P
5, if ¢ is even

flwiu;) =6
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Fori1<i<n-1

3, if i=1 (mod 3)
flu)) =41, if =2 (mod 3)
2, if i =0 (mod 3)

2, if i=1 (mod 3)
flviu) = ¢ 3, if ¢ =2 (mod 3)
1, if i=0 (mod 3)

1, if i=1 (mod 3)
f(uiviﬂ) = 2, if 1=2 (mod 3)
3, if i=0 (mod 3)

flupwip) =7
For1<i<n-—2

5, if ¢ is odd
4, if i is even

fluiuigr) = {

For1<i<|%]

f(@i) = 3; f(wiwzi—1) = 1; f(ziwe;) = 2
fwai—1wzi) = 3; f(vai—1w2i—1) = 5; f(vawe;) = 4
Hence f is a total coloring of M (AT,,) and therefore x"(M(AT,)) < 7. By

conjecture, X" (M(AT,)) > A(M(AT,))+1=6+1> 7 and x"(M(AT,)) =
7. O

Theorem 2.5. Let M(DA(T,)) be the middle graph of double alternate trian-
gular snake, then X" (M (DA(T,)) = 9.

Proof. Let V(M(DA(T,)) = {viywizy; 1 < i <njU{z; :1<i<n
1Ju{z:1<i< LgJ} and E(M(DA(T,)) = {vixs;v;w;; viys; wiy; 1
n} U Wi 2w Tivip1; Tl Tl 2 1 < @ < n— 1} U {zzi0 i
1 — 2} U {uvai—1; UiV2i5 V2i— 10243 Y2i—1 %03 ZiY2is Y2i—1Y2i - 1 <0 < L%J}
Define a total coloring f : V(M (DA(T,)) U E(M(DA(T,)) — {1,2,3,...,9} as
follows. The assigning of colors to each vertices and edges as follows:
For1<i<n

INIA

1<
1 <

4, if ¢ is even

8, if 7 is odd
floi) = {
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o Uz U3
9 9
3 2 3 2 3 2
v, v, A v,
v, 8 4\ 2 5 3 /s 2 5 /s A\ v
9 4 ) 5 1 9
V 7
6 7 7, .
VEIRN 8 8 s s\ ¥ 8 9 716 \° s
X 1 X, 2 X
Ww‘ 1 4\ wy 3 8 wy wg 3 A
E 2 Wy 2 o 8 2\ 4 A\ 2 ) T, 7 )
8 17 s 8 A 5 8 A s
6 7 5 7
NG 9 A 9 A A
! 2 2 Y3 2 Vs % 2 A
¢ 1 1 3 1
3
8
v 8
3
1 A

FIGURE 5. Total coloring for M(DA(Ts))

1, if i=1 (mod 3)
flwi) =43, if i=2 (mod 3)
2, if i=0 (mod 3)
4, if 4 is odd,except ¢ =61 — 1
fly;)) =<9, if i iseven
5, if i =6i—1
fuizi) = 5; f(viw;) = T;
6, if 7 is odd
f(viyi) = {

8, if ¢ is even

8, if i is odd
5, if i is even

flwiy;) = {

For1<i<n-1

, if i=1 (mod 3)
flz)) =41, if i=2 (mod 3)
, if =0 (mod 3)

3, if i=1 (mod 3)
2, if i =2 (mod 3)
4, if i=0 (mod 3)
4, if i=1 (mod 3)
f(@iwip1) =43, if i =2 (mod 3)
2, if i =0 (mod 3)
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6, if ¢ is odd

4, if 7 is even

f(zivigr) = {

1, if ¢ is odd,except ¢ =67 — 1
flziyi) = ¢ 6, if i iseven
4, if 1 =6i—1

fryiy) =17
For1<i<n-2

8, if i is odd

9, if i iseven

flzivip) = {
For 1 <i<|%]

flui) =95 f(zi) = 8; fuvai—1) = 3; f(uve;) = 2

f(vaic1v2:) = 9; f(y2i-12i) = 3; f(ziy2i) = 1; f(y2i-192:) = 2
Hence f is a total coloring of (M (DA(T,)) and therefore x""(M(DA(T,)) <
9. By conjecture, x"(M(DA(T,)) > AM(DA(T,))+1 =8+1 > 9 and
X" (M(DA(T,)) = 9. O

Theorem 2.6. Let M(QS,,) be the middle graph of quadrilateral snake, then
X" (M(QSn)) =9.

Proof. Let V(M(QSy)) = {ui;yi: 1 <i<n}U{w;z;:1<i<2n}U{v;:1<
i <n+1} and E(M(QS,)) = {0iti; UVi41; 0iWoi—1; Vit 1W245 UiWai—1; UiWay;
YiWa;— 15 YWas; Toi—1Yi; Yaai * 1 <1 < n} U {Uiui+1§uiw2i+1§ W2iW24i41; W2 Uj41 *
1<i<n—1}U{zw;:1<i<2n}.

Define a total coloring f : V(M (QS,)) U EV(M(QS,)) — {1,2,...,9} as fol-
lows. The assigning of colors to each vertices and edges as follows:
For1<i<n

FIGURE 6. Total coloring for M (Q.Ss)
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2, if i=1 (mod 3)
f(’LLZ) = f(viJrlei) = 1, if i=2 (mod 3)
3, if ¢ =0 (mod 3)
fyi) =55 f(viwi) = 5; f(uivigr) = 4; f(viwzi—1) = 6;
fluwai—1) = 8; fuswa;) = 95 f(yiwai—1) = 9;
fyiwai) = 8 f(w2i—1yi) = 35 f(yixa) = 4
Fori1<i<n-1

6, if ¢ is odd

7, if i is even

fluiuigr) = {

3, if 7 is odd

2, if i is even

f(w2iui+l) = {

3, if i=1 (mod 3)
f(uing_l) = 27 if i=2 (mod 3)
1, if i=0 (mod 3)
fw2iwaiy1) =5
For 1 <i<2n

4, if i isodd
flwi) = {

6, if i is even

3, if i is even

1, if 4 isodd
-]

For1<i<n+1

1, if i=1 (mod 3)
fvi) =143, if i =2 (mod3)
2, if i =0 (mod 3)
Hence f is a total coloring of M(QS,) and therefore x”(M(QS,)) < 9. By

conjecture, X" (M(QSy)) > AM(QS,))+1=8+1> 9and x"(M(QS,)) =
9. U

Theorem 2.7. Let M(AQ,) be the middle graph of alternate quadrilateral
snake, then X" (M(AQ.)) = 1.
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Proof. Let V(M(AQ,)) = {vi;wiz; 1 <i<n}U{u;:1<i<n-—1}U{y; :
1<i<|[%]}and

E(M(AQn)) = {xiwi;wivi;wiui 01 S ) S TL} U {uiwiﬂ;viui;uiviﬂ 01 é ) S
n—1}U{wiuisr 1 1 <6 <n— 2} U{@oi 195 Yidai; waim1yis yiwe; : 1 <0 < | 2]}
Define a total coloring f : V(M(AQ,)) U EV(M(AQ,)) — {1,2,...,7} as fol-

lows. The assigning of colors to each vertices and edges as follows:

FIGURE 7. Total coloring for M(AQs)

For1<i<n

, if i=1 (mod 3)

fvi) =12, if i =2 (mod 3)
3, if i =0 (mod 3)

5, if ¢ is odd

4, if 7 is even

if ¢ isodd

3, if i is even

2, if 4 is odd
f(zw;) = e
1, if ¢ iseven
4, if ¢ is odd
fwiv;) = e
5, if 4 is even
f(wiu;) =6
For1<i<n-1
3, if =1 (mod 3)
flui)) =41, if i=2 (mod 3)

2, if i =0 (mod 3)
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2, if i=1 (mod 3)
flviug) = ¢ 3, if ¢ =2 (mod 3)
1, if i=0 (mod 3)
1, if i=1 (mod 3)
fluvigr) = ¢ 2, if i =2 (mod 3)
3, if i=0 (mod 3)
fluiwigr) =17
For1<i<n-—2

4, if 4 is odd

5, if ¢ is even

)

fuiuiz) =
For 1 <i<|%]

fi) = 6; f(x2i-1yi) = 4 f(yizai) = T
flw2i—y:) = 3; f(yiwzi) = 2
Hence f is a total coloring of M(AQ,) and therefore x"(M(AQ,)) < 7. By
conjecture, X" (M(AQ,)) > AM(AQ,))+1=6+1> 7and x"(M(4Q,)) =

7. (]
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