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Abstract 1In this paper, we focus on a subclass of
duo-seminearrings called as right duo-seminearrings. We
also focus on the algebraic properties and peculiarities
of mid-units within this class. As a logical extension of
the concept of mid-identities in semirings, the concept of
mid-units in right pair seminearings is introduced. Mid-units
are elements with both left and right invertibility, making
them essential for understanding the structure and behaviour
of right duo-seminearrings. In particular, we examine the
interaction between idempotents and seminearring mid-units.
We have also investigated regular right duo-seminearring
which is a semilattice of subseminearrings with mid-units.
In order to have a mid-unit in duo-seminearrings, we have
established the necessary and sufficient conditions. The aim
of this work is to carry out an extensive study on algebraic
structure of right duo-seminearrings and the major objective
is to further enhance the theory of right duo-seminearrings
in order to find special structures of right duo-seminearrings.
Throughout the research, rigorous proofs are provided to
support the theoretical developments and ensure the validity
of the findings. Concrete examples are also presented to
illustrate the concepts and facilitate a better understanding
of the algebraic structures associated with duo seminearings
and mid-units. These examples serve as valuable tools for
researchers and practitioners interested in the application
of right duo-seminearrings and mid-units in their respective
fields. Due to their applicability in domains such as computer
science, cryptography, and coding theory, the topic of duo
seminearrings, which generalise both semirings and duo-rings,
have received substantial attention in algebraic research.
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1 Introduction

Seminearring is an algebraic structure from monoids that
was first developed by Hoorn and Rootselaar in 1967 [1].
The binary operations such as addition and multiplication are
referred to as a right seminearring (S, +, -) in right-distributive
semigroups (S,+) and (S,) [2]. 04+ 2 = z+0 =
z and 0.z = 20 = O for every x € S, then S
is an absorbing zero ‘0’. The seminearring applications
include linear sequential machines, semigroup mapping, etc.
An absorbing zero semigroup mapping set is (I, +) with
respect to (I") being the composition of mapping and the
form of pointwise addition being the fundamental instance of
seminearrings.

Yamada introduced the notion of mid-unit semigroups
[3]. Ault [4] and Blyth [5] have done researches on the
characteristics of the mid-units of regular semigroups. The
notion of right duo-seminearrings is introduced and verified
when S is a regular seminearring. In addition, some of
the distinguishing characteristics of a right duo-seminearring
are also proved [9]. The concept of mid-units in right
duo seminearrings is extended in this study and has presented
some findings related to mid-units in seminearrings. The
paper is organized in such a way that the basic concepts are
given in section 2. Section 3 examines the characterization of
seminearrings’ mid-units in further detail. In section 4, several
significant findings of mid-units on the right duo-seminearrings
were investigated. In section 5 the duo seminearrings with
mid-units are highlighted and concluded in section 6.

2 Preliminaries

Definition 2.1 [1]. A right seminearring is a system (.5, -, +)
then

(i) (S, -) is a semigroup

(ii) (S, +) is a semigroup

(iil) (1 + 22) x3 = x123 + X223 for all zq, xs, x3 € S.
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(iv) There exists 0 € S such that 0 + z = x + 0 = s for all
reS.

v)0x = Oforeveryx € S.

Every duo seminearrings used in this work is a right duo
seminearrings.

Definition 2.2 [11] If a seminearring S has a non-empty subset
I which satisfies the following criteria, then A strong ideal
of Sis said tobe I :

@) Fora,bel,a+bel(I+1CI).

(i)Forz e S,z +1C I+

(i) Ifa= Othenx € I.

@iv) Iz C I for all z € S (right strong ideal).

W ax(I+2") C I+aza' forevery z, 2’ € S (left strong ideal).
Theorem 2.3 [11] (i) If I and J are strong ideals of a .S then
I N Jisastrongideal of Jand (I + J)/I = J/(I N J).
(i) If I and J are strong ideals of a seminearring S and I C .J
then S/J = (S/1)/(J/I).

Definition 2.4 [12] Sc¢ = {z € S |z2’ = z, forall 2’ €
S} is referred as a constant part of a seminearring S. Sy =
{zr € S|s0 = 0} is known as a zero-symmetric part of a
seminearring .S.

Definition 2.5 [13] A subsemigroup is defined as a non-empty
subset M of a semigroup (S, +), if x, y € M implies z +y €
M.

Definition 2.6 [12] An additive subsemigroup M of a
seminearring S is referred as a subseminearring, if 0 € M
and MM C M.

Definition 2.7 [7] If MS C M and SM C M, a
subseminearring // of a seminearring S is said to be invariant.
For the results related to lattices, we refer to [14] and for
boolean nearrings we refer to [15].

Definition 2.8 [8] If a class o of seminearrings A/B € o,
where A is a left invariant strong ideal of .S, and B is a strong
ideal of .S, then condition (F}) for that class of seminearrings
is said to be satisfied for each strong ideal B of A,

Definition 2.9 [10] If any ideal of .S is idempotent, then S is a
semisimple object. If s = sts foreach s € S, 3¢ € S, then
S is regular. If a € a? S(Sa?)V a € S, therefore S is a right
(left) regular seminearring.

Definition 2.10 [6] If the non-empty subset A of S is

D CA)={zeS/za=axrVac A},

(i) C(S) = {z € S/za = ax ¥V a € S} is referred as the
center of S, when A = S.

(iii) When E C C (.5) , then it is said to be central idempotents.
For a given a € S, it is idempotent if a? = a.

Definition 2.11 [6] If every a € S is idempotent, such that S
is a band. It is referred to as a rectangular band if it is a band
and zyz = zzVux, y, z € S. If r = s is implied for all
r, s €S, r>=rs=s? then S is a separative seminearring.
Definition 2.12 [6] A relation of equivalence, if p is both a left
and a right compatible function, xpy == rxpry and xrpyr,
for all » € S, then p on S is considered to be a congruence. If
for idempotents e, f € S, epf = e = f then a congruence
pon S is known as separative idempotent.
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3 Seminearrings with Mid-Units

Definition 3.1. For all a, b € S, an element u € S meeting the
conditions of bua = ba is referred to as a seminearring S with
mid-units.

bua =ba, Va, b €S

We first observe that if any .S has an identity, it is unable to
have another mid-units. All elements of a rectangular band and
a left(right) zero semigroup are mid-units. Instead of a unit an
idempotent does not have to be a mid-unit and a mid-unit does
not have to be an idempotent, as shown in the example below.
Example 3.2. Analyze the addition and multiplication table
below with the binary operations in seminearring S =

{0,a,b,c,d}.
+10|al|b|c|d -1 0]la|b|c|d
0 |0|lal|bl|lc|d 0(0|0|0O|0O]O
a la|lalb|d]|d al0|lala|lala
b |b|lbl|b|d]|d bl|Olal|b|b]|Db
c |lecld|d|c|d c|O|al|b|b|b
d|d|d|d|d]|d d|0|a|d|d|d

The elements b, ¢, and d are mid-units in S. The idempotent
a is not a mid-unit, and c is not an idempotent. In the follow-up,
M represents the set of all the mid-units and E represents the
set of all the idempotents of a S.

Proposition 3.3. Assume S with M # (. In reality, £ N
M = M? and E # () follows. M? is also a rectangular band.
Therefore, S has a basic subseminearring. Additionally, each
component of M? is a maximum idempotent of S.

Proof. Let u,v € M. Such that uv € M. For, a (uv)b =
vb(au) = vba = ba YV a, b € S. Thus M? C M. Also
wvuv = u (vu) = uv and so M2 C E. Hence M2 C M NE.
Ifue MNE, thenu = u? € M?, sothat M NE = M?2.
Further M2 is a rectangular band, since

vwu = wu, for all u, v, w € M2.

Suppose m € M? when m < e. For any e € E. Hence m =
me = em = e(em) = e? = e, establishing that m in E is
maximal.

Definition 3.4. An element a of S is termed as right(left)
E* — regular, if there exists e € E (f € E) clearly a =
ae (a = fa). S is referred as E* — regular seminearring if
every a € S is right(left) £* — regular.

Any regular seminearring is obviously a right(left) E* —
regular seminearring. The converse is not true, hence the
seminearring S = {1, a, a2, ... } .

Theorem 3.5. A seminearring S with mid-unit u, is an
idempotent iff it is right (left) E* — regular.

Proof. It is obvious that if u is idempotent, then it is right £* —
regular

In contrast, suppose u be right E* — regular. Such that u =
ue, for some e € E. Hence u? = u (ue) = ue = u, showing
that v is an idempotent. A similar proof holds in the case when
‘right’ is replaced by ‘left’.

Corollary 3.6. A regular seminearring has idempotent
mid-units.
More generally, we have
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Proposition 3.7. A right sided regular seminearring has
idempotent mid-units.
Proposition 3.8. In a seminearring .S, a mid-unit is a central
idempotent m iff S? = m.S.
Proof. Suppose m be the mid-unit in S and let z € S? such
that

x=abla, b €5)

= bma = mab € mS

Therefore $2 C m.S. But mS C 52, clearly that S? = mJS.
Conversely, suppose S2 = mS. If a, b € S, such that ab =
mgq, for any g € S and hence

bma = mab = m(gm),

= mq = ab.

Therefore, m is the mid-unit in S.

Corollary 3.9. A seminearring’s mid-unit has a central
idempotent which is unique.

Proof. Assume that the mid-unit of central idempotent .S are
u, .

According to Proposition 3.9, $2 = «.S and S? = vS. Since
u=u? € 8% =v8, we have u = vq, ¢ € S. Hence

VU = VUG = Vq = U.

Similarly
Uv = u.

V=0U = UV = U.

Proposition 3.10. The only mid-unit of an inverse
seminearring is the identity.
Proof. Let S be an inverse seminearring and u, a mid-unit of
S.
S being regular, u is an idempotent (by corollary 3.7). Let
a € S. Then

ua = uaa"la

=u (a_la) a

= ua (a_la)

as a~'a is an idempotent and idempotents commute in .S. Thus

ua = uaa~! = a. Similarly au = a and this proves the result.

4 Right duo with

mid-units-seminearrings

Regular right duo-seminarrings with mid-units are discussed in
this section.

Definition 4.1. S is defined as

(i) if every one-sided ideal of S has two sides, then it is
considered as duo.

(ii) if every right ideal of S has two-sides, then it is right duo.
Proposition 4.2. A regular right duo-seminearring is formed
by the mid-units of S.

Proof. The set M of mid-units of S is undoubtedly a
seminearring itself. Considering that each e € M is an
idempotent, M is also regular (by corollary 3.7). Furthermore,

MID-units in Right Duo-seminearrings

if e,f € M, such that ef = xe, where x € S!, so that
efe = fe. Thus fe = efe = €2 = e, f as a mid-units. As
a result M is a right zero seminearring. Therefore M is right
duo, hence the proof.

In view of [10], a regular right duo-seminearring is orthodox
and hence [5] gives rise to the following structure theorem.
Theorem 4.3. A regular right duo-seminearring S with
a mid-unit v is a F — spined product of uS and Su
subsemigroups.

The following example shows that there exist regular right
duo-seminearrings without mid-units.

Example 4.4. The seminearring S = {a, b, ¢} with the
following multiplication table is regular and duo. But none
of a, b, c is a mid-unit of S.

alb|c
alalcl|ec
blcl|bl|ec
cleclel|e

However we prove the following theorem for subseminearrings
with mid-units.

Theorem 4.5. Any regular right duo-seminearring S is a
semilattice of subseminearrings with mid-units.

Proof. Since S is regular, it is a semilattice of
subseminearrings S,, where each S, is a rectangular group
and so the idempotents of S, are the mid-units of S,. This
completes the proof.

S Mid-Units in Duo-Seminearrings
Proposition 5.1. In S, the following holds.

1. M is the center of S and represents the distinct maximum
idempotent of S.

2. Ma=aM = {au} forevery a € S and u € M.
Proof.

1. Letu € M. Suchthatu? € M> = MNE. By Proposition
3.4, 42 is a maximum idempotent of S.

Now, as u2 is an idempotent, according to Proposition 4.2. it
is central in S. Clearly Corollary 3.10 demonstrates that the
idempotent in M? is unique. Considering any a € S and u €
M to show that M is central. Such that

au = auu = au? = u?a (u? being central)
=ua

This proves (1).

1. Let v € M be arbitrary. Then

va = vua, for each u € M

= uva (by (1))

= wa and so.

Ma = aM = ua.

This proves the result.

Corollary 5.2 If S is separative then for all a,b € S a? =
ab = b? implies a = b. Clearly the mid-unit is unique.
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Proof. According to Proposition 5.1 (1), u2 = uv = v2and REFERENCES

u = v follows if u, v are two mid-units of S.
Next, we propose a necessary and sufficient conditions for
the duo-seminearring of mid-units.
Theorem 5.3. If and only if S? has identity, S is said to have a
mid-unit.
Proof. Suppose u be the mid-unit of S. For a, b € S, we have
u?ab = abu? (by Proposition 5.1(1))
= au®b = ab, as u? € M and S? thus possess the identity u?.
In contrast, suppose that the subseminearring S has a fixed
identity, denoted by e. Considering any z,y € S. Then

yex = e (yx)

=yz.

So because idempotent e is at the center of S. The proof is
done since e is the mid-unit of .S as a result.

Proposition 5.4. If v is a mid-unit of S, then u.S = (Su) also
a duo-seminearring that possesses identity.

Proof. Suppose that u? is the identity of u.S and Su = S2. If
R is any right ideal of S, then RS = RuS C R and so R is an
ideal of S. Specifically, R is an ideal of w.S. The centrality
of u, however, allows us to demonstrate, that any left ideal
L of uS (= Su), is consequently an ideal of uS. uS is a
duo-seminearrings as a result.

Theorem S5.5. Assume S represents a mid-unit’s
duo-seminearring. Then, S/o becomes a duo-seminearring
with identity due to the existence of a separating congruence o
on S that is idempotent.

Proof. For a,b € S, define aob if ua = ub, for some u € M.
Clearly, if e, f are idempotents in S and o is a congruence on
S, then

ofe = ue=uf
— e = cue = euue = fuuf = fuf = f*> = f.

As a result, the idempotents of S are separated by o. For each
u € M, ou = M and ou are the identity of S/o. This proves
that S/o is a duo.

Corollary 5.6. An idempotent e of a duo-seminearring S is a
mid-unit of S iff eu = u?, for any u € M.

Proof. This is trivial and directly follows from the Theorem
5.5.

6 Conclusion

The right duo-seminearring is specifically discussed in this
study including the characterization of seminearring mid-units.
We have also provided duo-seminearrings for mid-units. We
have examined how idempotents and mid-units are related.
Finally, the necessary and sufficient conditions are obtained to
have a mid-units for a duo-seminearrings.
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