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Abstract.In this paper we introduce the notion of fuzzy modular lattice ordered m- groups and some of its properties are 

investigated. We also study the homomorphic image, pre image of fuzzy modular lattice ordered m- groups using T- 

norms and some related properties of lattices are discussed. 
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INTRODUCTION 

 
The notion of fuzzy sets was introduced by L. A. Zadeh[6]. Fuzzy set theory was developed by many researchers in 

different directions and has evoked great interest among mathematicians working in many fields of mathematics, 

such as topological spaces, functional analysis, loop, group, ring, near ring, vector spaces, automation. N. Ajmal and 

K. V. Thomas [1] initiated such type of study in the year 1994. It was later independently established by N. Ajmal 

[1] that the set of all fuzzy normal subgroups of a group constitute a sub lattice of a lattice of all fuzzy subgroups of 

a given group and is modular. Nanda [9] proposed the notion of fuzzy lattice using the concept of fuzzy partial 

ordering. More recently in the notion of set product is discussed in details and in the lattice theoretical aspects of 

fuzzy subgroups and fuzzy normal subgroups are explored. G. S. V. SatyaSaibaba [3] initiate the study of L-fuzzy 

lattice ordered groups and sub l-groups. J. A. Goguen [5] replaced the valuation set [0,1] by meansof a complete 

lattice in an attempt to make a generalized study of fuzzy set theory by studying L-fuzzy sets. 

Solairaju and R. Natarajan [12] introduced the concept of lattice valued Q-fuzzy sub modules over near rings 

with respect to T-norms. Dr. M. Madurai and V. Rajendran [7] modified the definition of fuzzy lattice and 

introduced the notion of fuzzy lattice of groups and investigated some of its basic properties. 

Gu [13] introduced concept of fuzzy groups with operator. Then S. Subramanian, R. Natarajan and Chellappa 

[11] extended the concept to m-fuzzy groups with operator. 

In this paper, we introduce the notion of fuzzy modular lattice ordered m-groups and investigated some of its basic 

properties. We study the homomorphic image, pre image of fuzzy modular lattice ordered m-groups, arbitrary 

family of fuzzy modular lattice ordered m-groups and fuzzy modular lattice ordered m-normal groups 

PRELIMINARIES 
 

Definition 2.1:Letµ: 𝑋 →  [0, 1] be a fuzzy set & G (X) = Set of all fuzzy sets on X. A fuzzy set µ on G is 

called a fuzzy group if    
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i. µ (𝑥𝑦)  ≥  𝑚𝑖𝑛 {µ (𝑥), µ(𝑦)} 

ii. µ (𝑥 − 1)  ≥  µ (𝑥), for all x, y G. 

Definition 2.2:Letµ: 𝑋 →  [0, 1] be a fuzzy set & G (X). A fuzzy set µ on G is called a normal fuzzy subgroup 

if, µ (𝑥 − 1𝑦𝑥)  ≥  µ(𝑦) for all x, y G. 

 

Definition 2.3:(from [4])A lattice ordered group is a system (G, •, ≤) if, 

i. (G, •) is a group 

ii. (G,≤ ) is a lattice 

iii. x≤ y implies  axb≤ayb (compatibility), for a, b, x, y G.   

Definition 2.4:A Modular lattice ordered group is a system (G, •, ≤) if, 

i. (G,•) is a group  

ii. (G,≤) is a modular lattice 

iii. x≤y implies x˅(a˄y) = (x˅a)˄y (modular law), for all a, b, x, y  G,  

iv. ≤ is the partial relation, ˅, ˄ are the operations of lattices.  

Definition 2.5:Letµ: 𝑋 →  [0, 1] is a fuzzy set & G is a lattice ordered set, G (X). A function µ on G is said to 

be a fuzzy lattice ordered group if, 

i. µ (𝑥𝑦)  ≥  𝑚𝑖𝑛 {µ (𝑥), µ(𝑦)}  
ii. µ (𝑥 − 1)  ≥  µ (𝑥), for all x, y G 

Definition y2.6: y yLet yG ybe ya ygroup, yM ybe yany yset yif, 

i. 𝑚𝑥 𝑦𝜖 𝑦𝐺. 
ii.  y𝑚(𝑥𝑦) 𝑦 =  𝑦(𝑚𝑥)𝑦 𝑦 =  𝑦𝑥𝑚𝑦, yfor yall yx, yy yG, ym yM. y 

Then yG yis ycalled ya ym ygroup. 

 

Definition y2.7: yLet yµ: 𝑦𝑋 →  𝑦[0, 𝑦1] ybe ya yfuzzy yset yand yG yis ya yM ygroup yG.yA yfuzzy yset yon 

yG, y y y y y y yG y(X) yis ycalled ya yfuzzy ym ygroup yif, 

i. µ 𝑦(𝑚(𝑥𝑦)) 𝑦 ≥  𝑦𝑚𝑖𝑛 𝑦{µ 𝑦(𝑚𝑥), 𝑦µ 𝑦(𝑚𝑦)} 𝑦 

ii.  𝑦µ 𝑦(𝑚𝑥 − 1) 𝑦 ≥  𝑦µ 𝑦(𝑚𝑥), yfor yall yx, yy yG, ymM. 

Definition y2.8: yA yt-norm yT, ywe ymean ya yfunction yT:y[0, y1][0, y1]→[0, y1] ysatisfying ythe yfollowing 

yconditions: y 

(T1)𝑦𝑇 𝑦(0, 𝑦𝑥)𝑦 =  𝑦0, 𝑓𝑜𝑟 𝑦𝑎𝑙𝑙 𝑦𝑥 𝑦[0, 𝑦1]. 
(T2) 𝑦𝑇(𝑥, 𝑦𝑦) ≤  𝑦𝑇(𝑥, 𝑦𝑧) 𝑦𝑖𝑓, 𝑦𝑦 ≤ 𝑧, 𝑦𝑓𝑜𝑟 𝑦𝑎𝑙𝑙 𝑦𝑥, 𝑦𝑦 𝑦[0, 𝑦1]. (T3)𝑦𝑇(𝑥, 𝑦𝑦) 𝑦 =  𝑦𝑇(𝑦, 𝑦𝑥), 𝑦𝑓𝑜𝑟 𝑦𝑎𝑙𝑙 𝑦𝑥, 𝑦𝑦 𝑦[0, 𝑦1]. (𝑇4) 𝑦𝑇(𝑥, 𝑦𝑇(𝑦, 𝑦𝑧)) 𝑦 =  𝑦𝑇(𝑇(𝑥, 𝑦𝑦), 𝑦𝑧), yfor yall yx, yy, yz yy[0, y1]. 

 

Definition y2.9: yFor yany yfuzzy ym ygroup yG yandyt[0, y1], yWe ydefine ythe 

yset𝑦𝑈(µ: 𝑡) = {𝑥𝐺|µ(𝑚𝑥) ≥ 𝑡} ywhich yis ycalled yan yupper ycut yoff yµ yand ycan ybe yused yto ythe 

ycharacterization yof yµ y. 
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Definition y2.10: yLet y: 𝑦𝑋 → 𝑌ybe ya ymap.A yand yB yare yfuzzy ylattice yordered ym ygroups yin yX yand 

yY yrespectively.yThen ythe yinverse yimage yof yB yunder y yis ya yfuzzy yset ydefined yby, y 

-1 𝑦(𝐵) 𝑦 =  𝑦µ-1 𝑦(𝐵)(𝑥) =  𝑦µB(𝑥). 

 

Definition y2.11: yLet yµA ybe ya yfuzzy yset yof yG.yLet: 𝑦𝐺 → 𝐺’ ybe ya ymap.y 

Define ythe ymap𝑦µA: 𝐺 →  𝑦[0, 𝑦1] 𝑦𝑏𝑦 𝑦µA(𝑥) 𝑦 =  𝑦µA 𝑦(𝑥) 

 

Definition y2.12: yLet y𝑓: 𝑦𝐺 →  𝑦𝐺’ ybe ya ylattice ygroup yhomomorphism yand yA ybe ya yfuzzy ylattice yof 

yG’ ythen y𝐴𝑓(𝑥) 𝑦 =  𝑦(𝐴 𝑦𝑜 𝑦𝑓)(𝑥) 𝑦 =  𝑦𝑓-1(𝐴)(𝑥). 
 

Definition y2.13:Let yµ: 𝑦𝑋 →  𝑦[0, 𝑦1], yG y(X), yM y yX.yA yfunction yµ yon yG yis ysaid yto ybe ya 

yfuzzy ylattice yordered ym-group yif, y 

i. (G, y•) yis ya yM-group. y 

ii. (G, y•, y≤) yis ya ylattice yordered ygroup. y 

iii. µ𝑚(𝑥𝑦)) 𝑦 ≥  𝑦𝑚𝑖𝑛{µ(𝑚𝑥), 𝑦µ(𝑚𝑦)} 𝑦 𝑦 

iv. µ((𝑚𝑥) 𝑦-1) 𝑦 ≥  𝑦µ(𝑚𝑥) 𝑦 

v. µ(𝑚𝑥𝑣𝑚𝑦) 𝑦 ≥  𝑦𝑚𝑖𝑛{µ(𝑚𝑥), 𝑦µ(𝑚𝑦)} 𝑦 

vi. µ(𝑚𝑥ʌ𝑚𝑦) 𝑦 ≥  𝑦𝑚𝑖𝑛{µ(𝑚𝑥), 𝑦µ(𝑚𝑦)}, yfor yall yx, yy y yG 

 

FUZZY YMODULAR YLATTICE YORDERED YM- YGROUP 

 
Definition y3.1:Let yµ: 𝑦𝑋 → [0, 𝑦1], yG y(X), yM y yX.yA yfunction yµ yon yG yis ysaid yto ybe ya 

yfuzzy ymodular ylattice yordered ym-group yif, 

i. (G, y•) yis ya yM-group. y 

ii. (G, y•, y≤) yis ya ymodular ylattice yordered ygroup. y 

iii. µ(𝑚(𝑥𝑦)) 𝑦 ≥  𝑦𝑚𝑖𝑛{µ(𝑚𝑥), 𝑦µ(𝑚𝑦)} 𝑦 

iv. µ((𝑚𝑥) 𝑦-1) 𝑦 ≥ µ(𝑚𝑥) 𝑦 

v. µ(𝑚𝑥𝑣𝑚𝑦) 𝑦 ≥  𝑦𝑚𝑖𝑛{µ(𝑚𝑥), 𝑦µ(𝑚𝑦)} 𝑦 

vi. µ(𝑚𝑥 𝑦ʌ 𝑦𝑚𝑦) 𝑦 ≥  𝑦𝑚𝑖𝑛{µ(𝑚𝑥), 𝑦µ(𝑚𝑦)} 𝑦 

vii. µ(𝑚𝑥 𝑦𝑣 𝑦𝑚𝑦 𝑦)˄ 𝑦µ(𝑚𝑥 𝑦˅ 𝑦𝑚𝑧) 𝑦 ≥  𝑦𝑚𝑖𝑛{µ(𝑚𝑥), 𝑦µ(𝑚𝑦) 𝑦˄ 𝑦µ 𝑦(𝑚𝑥 𝑦˅ 𝑦𝑚𝑧)}, yfor yall yx, 

yyG. 

PROPERTIES YOF YFUZZY YMODULAR YLATTICE YORDERED YM- YGROUP 

 
Proposition y4.1: 

Let yG yand yG’ ybe ytwo yfuzzy ymodular ylattice yordered ym-groups yand yɵ: 𝑦𝐺 → 𝐺’ ybe ya ym-

homomorphism ydefined yby y(𝑚𝑥) 𝑦 =  𝑦𝑚(𝑥).y yIf yB yis ya yfuzzy ymodular ylattice yordered ym-group 

yof yG’ ythen ythe ypre-image y-1
(B) yis ya yfuzzy ymodular ylattice yordered ym-group yof yG. 

Proof: 

Assume yB yis ya yfuzzy ymodular ylattice yordered ym-group yof yG’.y 
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Let yx, yy, yz y yG 

i)yµ-1(𝐵) 𝑦(𝑚(𝑥𝑦)) 𝑦 𝑦 𝑦 = µ𝐵(𝑚(𝑥𝑦)) 𝑦 𝑦 =  𝑦µ𝐵 𝑦(𝑚 𝑦(𝑥𝑦)) 𝑦 =  𝑦µ𝐵( 𝑦𝑚 𝑦(𝑥) 𝑦(𝑦)) ≥ 𝑚𝑖𝑛 𝑦{µ𝐵( 𝑦𝑚 𝑦(𝑥)), 𝑦µ𝐵(𝑚 𝑦(𝑦))} 𝑦 ≥  𝑦𝑚𝑖𝑛 𝑦{µ𝐵( 𝑦(𝑚𝑥), 𝑦µ𝐵 𝑦((𝑚𝑦)} 𝑦 ≥  𝑦𝑚𝑖𝑛 𝑦{µ − 1(𝐵)(𝑚𝑥), 𝑦µ-1(𝐵)(𝑚𝑦)} 

ii)𝑦µ − 1(𝐵)(𝑚𝑥)-1) 𝑦 =  𝑦 𝑦µ𝐵((𝑚𝑥)-1) 𝑦 𝑦 =  𝑦µ𝐵 𝑦((𝑚𝑥))-1 𝑦 =  𝑦µ𝐵 𝑦(𝑚 𝑦(𝑥))-1
 ≥  𝑦 𝑦 𝑦µ𝐵 𝑦(𝑚 𝑦(𝑥)) 𝑦 ≥  𝑦µ𝐵 𝑦((𝑚𝑥)) 𝑦 ≥  𝑦µ-1(𝐵)(𝑚𝑥) 

iii) 𝑦µ-1(𝐵)(𝑚𝑥 𝑦𝑣 𝑦𝑚𝑦) =  𝑦µ𝐵(𝑚𝑥 𝑦𝑣 𝑦𝑚𝑦) 𝑦 =  𝑦µ𝐵(𝑚𝑥) 𝑦𝑣 𝑦(𝑚𝑦) 𝑦 ≥  𝑦𝑚𝑖𝑛 𝑦{µ𝐵(𝑚𝑥), 𝑦µ𝐵(𝑚𝑦)} ≥  𝑦𝑚𝑖𝑛 𝑦{µ-1(𝐵)(𝑚𝑥), 𝑦µ-1(𝐵)(𝑚𝑦)} 𝑦 

iv) 𝑦µ-1(𝐵)(𝑚𝑥 𝑦ʌ 𝑦𝑚𝑦) 𝑦 =  𝑦 𝑦µ𝐵(𝑚𝑥 𝑦ʌ 𝑦𝑚𝑦) 𝑦 =  𝑦µ𝐵(𝑚𝑥) 𝑦ʌ 𝑦µ𝐵(𝑚𝑦) 𝑦 ≥  𝑦𝑚𝑖𝑛 𝑦{ 𝑦µ𝐵(𝑚𝑥), 𝑦 𝑦µ𝐵(𝑚𝑦)} ≥  𝑦𝑚𝑖𝑛 𝑦{ 𝑦µ-1(𝐵)(𝑚𝑥), 𝑦µ-1(𝐵)(𝑚𝑦)} 

v) 𝑦µ-1(𝐵) 𝑦 𝑦(𝑚𝑥 𝑦˅ 𝑦𝑚𝑦) 𝑦˄ 𝑦µ-1(𝐵)(𝑚𝑥 𝑦˅ 𝑦𝑚𝑧) =  𝑦µ𝐵 𝑦(𝑚𝑥 𝑦˅ 𝑦𝑚𝑦) 𝑦˄ 𝑦µ𝐵 𝑦(𝑚𝑥 𝑦˅ 𝑦𝑚𝑧) =  𝑦(µ𝐵(𝑚𝑥) 𝑦˅ 𝑦µ𝐵(𝑚𝑦)) 𝑦˄ 𝑦(µ𝐵(𝑚𝑥) 𝑦˅ 𝑦µ𝐵(𝑚𝑧)) ≥  𝑦𝑚𝑖𝑛 𝑦{ 𝑦µ𝐵(𝑚𝑥), 𝑦 𝑦µ𝐵(𝑚𝑦), 𝑦µ𝐵(𝑚𝑥) 𝑦˅ 𝑦µ𝐵(𝑚𝑧)} ≥  𝑦𝑚𝑖𝑛 𝑦{ 𝑦µ𝐵(𝑚𝑥), 𝑦 𝑦µ𝐵(𝑚𝑦) 𝑦˄ 𝑦µ𝐵(𝑚𝑥 𝑦˅ 𝑦𝑚𝑧 𝑦)} ≥  𝑦𝑚𝑖𝑛 𝑦{ 𝑦µ-1(𝐵) 𝑦(𝑚𝑥), 𝑦 𝑦µ-1(𝐵) 𝑦(𝑚𝑦) 𝑦˄ 𝑦µ-1(𝐵) 𝑦(𝑚𝑥 𝑦˅ 𝑦𝑚𝑧)} 

Therefore y-1
(B) yis ya yfuzzy ymodular ylattice yordered ym-group yof yG. 

 

Proposition y4.2: 

Let yG yand yG’ ybe ytwo yfuzzy ymodular ylattice yordered ym-groups yand𝑦: 𝑦𝐺 → 𝐺’ ybe ya ym-

epimorphism.yB yis ya yfuzzy yset yin yG’.yIf y-1
(B) yis ya yfuzzy ymodular ylattice yordered ym-group yof yG 

ythen yB yis ya yfuzzy ymodular ylattice yordered ygroup yof yG’. 
Proof: 

Let yx, yy, yz y yG’, ytherefore ythere yexist yan yelement ya, yb yG ysuch ythat y(𝑎) 𝑦 = 𝑥, y(𝑏) 𝑦 =𝑦yand y(𝑐) 𝑦 = 𝑧. 

i)𝑦µ𝐵(𝑚(𝑥𝑦)) 𝑦 =  𝑦µ𝐵 𝑦(𝑚((𝑎) 𝑦(𝑏)) 𝑦 =  𝑦µ𝐵(𝑚(𝑎𝑏)) 𝑦 =  𝑦µ𝐵(𝑚(𝑎𝑏)) 𝑦 =  𝑦µ-1(𝐵) 𝑦(𝑚(𝑎𝑏)) ≥  𝑦𝑚𝑖𝑛 𝑦{ 𝑦µ-1(𝐵)(𝑚𝑎), 𝑦µ-1(𝐵)(𝑚𝑏)} 𝑦 ≥  𝑦𝑚𝑖𝑛 𝑦{ 𝑦µ𝐵(𝑚𝑎), 𝑦µ𝐵(𝑚𝑏)} 𝑦 ≥  𝑦𝑚𝑖𝑛 𝑦{ 𝑦µ𝐵 𝑦𝑚 𝑦(𝑎), 𝑦µ𝐵 𝑦𝑚 𝑦(𝑏)} 𝑦 ≥  𝑦𝑚𝑖𝑛 𝑦{ 𝑦µ𝐵(𝑚𝑥), 𝑦µ𝐵(𝑚𝑦)} 

ii)𝑦µ𝐵((𝑚 𝑦𝑥)-1) 𝑦 =  𝑦µ𝐵(𝑚 𝑦(𝑎))-1 𝑦 =  𝑦µ𝐵((𝑚𝑎))-1𝑦 =  𝑦µ𝐵((𝑚𝑎)-1) 𝑦 =  𝑦µ-1(𝐵)(𝑚𝑎)-1
 ≥  𝑦µ-1(𝐵)(𝑚𝑎) 𝑦 ≥  𝑦µ𝐵 𝑦-1(𝑚𝑎) 𝑦 ≥  𝑦µ𝐵 𝑦𝑚 𝑦(𝑎) 𝑦 ≥  𝑦µ𝐵 𝑦(𝑚𝑥) 

iii)yµ𝐵(𝑚𝑥 𝑦𝑣 𝑦𝑚𝑦) =  𝑦µ𝐵(𝑚 𝑦(𝑎) 𝑦𝑣 𝑦𝑚 𝑦(𝑏)) 𝑦 =  𝑦µ𝐵((𝑚𝑎) 𝑦𝑣 𝑦(𝑚𝑏)) 𝑦 = 𝑦µ𝐵 𝑦((𝑚𝑎 𝑦𝑣 𝑦𝑚𝑏)) 𝑦 =  𝑦µ-1(𝐵)(𝑚𝑎 𝑦𝑣 𝑦𝑚𝑏) 𝑦 𝑦 ≥  𝑦𝑚𝑖𝑛 𝑦{µ-1(𝐵)(𝑚𝑎), 𝑦µ − 1(𝐵)(𝑚𝑏)} 𝑦 ≥  𝑦𝑚𝑖𝑛 𝑦{µ𝐵 𝑦(𝑚𝑎), 𝑦µ𝐵(𝑚𝑏)} ≥  𝑦𝑚𝑖𝑛 𝑦{µ𝐵 𝑦𝑚 𝑦(𝑎), 𝑦µ𝐵 𝑦𝑚 𝑦(𝑏)} ≥  𝑦𝑚𝑖𝑛 𝑦{µ𝐵(𝑚𝑥), 𝑦µ𝐵(𝑚𝑦)} 

iv)𝑦µ𝐵(𝑚𝑥 𝑦ʌ 𝑦𝑚𝑦) =  𝑦µ𝐵 𝑦(𝑚(𝑎) 𝑦ʌ 𝑦𝑚 𝑦(𝑏)) 𝑦 = µ𝐵((𝑚𝑎) 𝑦ʌ 𝑦(𝑚𝑏)) 𝑦 
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=  𝑦µ𝐵((𝑚𝑎 𝑦ʌ 𝑦𝑚𝑏)) =  𝑦µ-1(𝐵)(𝑚𝑎 𝑦ʌ 𝑦𝑚𝑏) 𝑦 𝑦 ≥  𝑦𝑚𝑖𝑛 𝑦{µ-1(𝐵) 𝑦(𝑚𝑎), 𝑦µ-1(𝐵)(𝑚𝑏)} 𝑦 ≥  𝑦𝑚𝑖𝑛 𝑦{µ𝐵(𝑚𝑎), 𝑦µ𝐵(𝑚𝑏)} ≥  𝑦𝑚𝑖𝑛 𝑦{µ𝐵 𝑦𝑚 𝑦(𝑎), 𝑦µ𝐵 𝑦𝑚 𝑦(𝑏)} ≥  𝑦𝑚𝑖𝑛 𝑦{ 𝑦µ𝐵 𝑦(𝑚𝑥), 𝑦µ𝐵 𝑦(𝑚𝑦)} 

v)yµ𝐵(𝑚𝑥 𝑦𝑣 𝑦𝑚𝑦) 𝑦˄ 𝑦µ𝐵(𝑚𝑥 𝑦𝑣 𝑦𝑚𝑧) =  𝑦µ𝐵(𝑚(𝑎) 𝑦ʌ 𝑦𝑚(𝑏)) 𝑦˄ 𝑦µ𝐵(𝑚(𝑎) 𝑦ʌ 𝑦𝑚(𝑐)) =  𝑦µ𝐵((𝑚𝑎 𝑦𝑣 𝑦𝑚𝑏)) 𝑦˄ 𝑦µ𝐵((𝑚𝑎 𝑦𝑣 𝑦𝑚𝑐)) =  𝑦µ-1(𝐵)(𝑚𝑎 𝑦𝑣 𝑦𝑚𝑏) 𝑦˄ 𝑦µ-1(𝐵)(𝑚𝑎 𝑦𝑣 𝑦𝑚𝑐) ≥  𝑦𝑚𝑖𝑛 𝑦{µ-1(𝐵)(𝑚𝑎 𝑦𝑣 𝑦𝑚𝑏), 𝑦µ-1(𝐵)(𝑚𝑎 𝑦𝑣 𝑦𝑚𝑐)} ≥  𝑦𝑚𝑖𝑛 𝑦{ 𝑦µ-1(𝐵)(𝑚𝑎), 𝑦µ-1(𝐵)(𝑚𝑏), 𝑦µ-1(𝐵)(𝑚𝑎 𝑦𝑣 𝑦𝑚𝑐)} ≥  𝑦𝑚𝑖𝑛 𝑦{ 𝑦µ-1(𝐵)(𝑚𝑎), 𝑦𝑚𝑖𝑛{ 𝑦µ-1(𝐵)(𝑚𝑏), 𝑦µ-1(𝐵) 𝑦(𝑚𝑎 𝑦𝑣 𝑦𝑚𝑐)}} ≥  𝑦𝑚𝑖𝑛 𝑦{ 𝑦µ-1(𝐵)(𝑚𝑎), 𝑦µ-1(𝐵)(𝑚𝑏) 𝑦˄ 𝑦µ-1(𝐵)(𝑚𝑎 𝑦𝑣 𝑦𝑚𝑐)} ≥  𝑦𝑚𝑖𝑛 𝑦{ 𝑦µ𝐵 𝑦𝑚 𝑦(𝑎), 𝑦µ𝐵 𝑦𝑚 𝑦(𝑏) 𝑦˄ 𝑦µ𝐵 𝑦((𝑚𝑎 𝑦𝑣 𝑦𝑚𝑐))} ≥  𝑦𝑚𝑖𝑛 𝑦{ 𝑦µ𝐵(𝑚𝑥), 𝑦µ𝐵(𝑚𝑦) 𝑦˄ 𝑦µ𝐵(𝑚𝑥 𝑦˅ 𝑦𝑚𝑧)} 

B yis ya yfuzzy ymodular ylattice yordered ygroup yof yG’. 
 

Proposition y4.3: 

Ify{Ai} yis ya yfamily yof yfuzzy ymodular ylattice yordered ym-group yof yG ythen y∩Ai yis ya yfuzzy ymodular 

ylattice yordered ym-group yof yG ywhere y∩ 𝐴𝑖 𝑦 =  𝑦{ 𝑦𝑥 𝑦, 𝑦ʌ 𝑦µ𝐴𝑖 𝑦(𝑥) 𝑦/ 𝑦𝑥 𝑦 𝑦𝐺 𝑦}. 

Proof: 

Let yx,y,z y yG y 

i. (∩ µ𝐴𝑖 𝑦) 𝑦𝑚(𝑥𝑦) =  𝑦ʌµ𝐴𝑖𝑚(𝑥𝑦) = ʌµ𝐴𝑖(𝑚𝑥 𝑦𝑚𝑦) ≥  𝑦ʌ 𝑦𝑚𝑖𝑛 𝑦{µ𝐴𝑖(𝑚𝑥), µ𝐴𝑖(𝑚𝑦)} 𝑦 ≥  𝑦𝑚𝑖𝑛 𝑦{(∩ µ𝐴𝑖 𝑦)(𝑚𝑥), (∩ µ𝐴𝑖 𝑦)(𝑚𝑦) 𝑦} 

y y y yii.y(∩ µ𝐴𝑖)(𝑚𝑥)-1 =  𝑦ʌ ∩ µ𝐴𝑖 𝑦(𝑚𝑥)-1 ≥ ʌµ𝐴𝑖(𝑚𝑥) ≥ (∩ µ𝐴𝑖) 𝑦(𝑚𝑥)y y 

y y yiii.y(∩ µ𝐴𝑖) 𝑦(𝑚𝑥 𝑦𝑣 𝑦𝑚𝑦) 𝑦 =  𝑦ʌ 𝑦µ𝐴𝑖 𝑦(𝑚𝑥 𝑦𝑣 𝑦𝑚𝑦) 𝑦 ≥  𝑦ʌ 𝑦𝑚𝑖𝑛{µ𝐴𝑖(𝑚𝑥), µ𝐴𝑖(𝑚𝑦)} 𝑦 ≥  𝑦𝑚𝑖𝑛{∩ µ𝐴𝑖(𝑚𝑥),∩ µ𝐴𝑖(𝑚𝑦)} 

y y yiv.y(∩ µ𝐴𝑖) 𝑦(𝑚𝑥 𝑦ʌ 𝑦𝑚𝑦) 𝑦 =  𝑦ʌ 𝑦µ𝐴𝑖(𝑚𝑥 𝑦ʌ 𝑦𝑚𝑦) 𝑦 ≥  𝑦ʌ 𝑦𝑚𝑖𝑛{µ𝐴𝑖(𝑚𝑥), µ𝐴𝑖(𝑚𝑦)} 𝑦 ≥  𝑦𝑚𝑖𝑛{∩ µ𝐴𝑖(𝑚𝑥),∩ µ𝐴𝑖(𝑚𝑦)} 

y y yv.y(∩ µ𝐴𝑖) 𝑦(𝑚𝑥 𝑦𝑣 𝑦𝑚𝑦) 𝑦ʌ 𝑦(∩ µ𝐴𝑖) 𝑦(𝑚𝑥 𝑦𝑣 𝑦𝑚𝑧) ≥ (ʌ 𝑦µ𝐴𝑖)(𝑚𝑥 𝑦𝑣 𝑦𝑚𝑦) 𝑦ʌ 𝑦(ʌ 𝑦µ𝐴𝑖) 𝑦(𝑚𝑥 𝑦𝑣 𝑦𝑚𝑧) ≥ ʌ 𝑦𝑚𝑖𝑛{µ𝐴𝑖(𝑚𝑥), 𝑦𝑚𝑖𝑛{µ𝐴𝑖(𝑚𝑦), µ𝐴𝑖(𝑚𝑥 𝑦𝑣 𝑦𝑚𝑧)} 

 

Proposition y4.4: 
 If yA yis ya yfuzzy yset yin yG ysuch ythat yall ynon-empty ylevel ysubset.yU(A;t) yis ya yfuzzy ymodular 

ylattice yordered ym-group yof yG ythen yA yis yfuzzy ymodular ylattice yordered ym-group yof yG. 

Proof: 

Let yx,y,z y yU(A;t),𝑦𝐴(𝑚𝑥) ≥ 𝑡, 𝑦𝐴(𝑚𝑦) ≥ 𝑡, 𝑦𝐴(𝑚𝑧) ≥ 𝑡. y 

So ythat𝑦𝐴(𝑚(𝑥𝑦)) ≥ 𝑡, 𝑦𝐴(𝑚(𝑥𝑧)) ≥ 𝑡. 
i)𝐴 𝑦(𝑚(𝑥𝑦)) ≥  𝑦𝑡 𝑦 𝑦 ≥  𝑦𝑚𝑖𝑛{𝑡, 𝑡} 𝑦 ≥  𝑦𝑚𝑖𝑛{𝐴(𝑚𝑥), 𝑦𝐴(𝑚𝑦)}y y 

ii)𝐴 𝑦((𝑚𝑥)-1) 𝑦 ≥  𝑦𝑡 𝑦 =  𝑦𝐴(𝑚𝑥) y 

iii)𝑦𝐴(𝑚𝑥 𝑦𝑣 𝑦𝑚𝑦) ≥  𝑦𝑡 𝑦 ≥  𝑦𝑚𝑖𝑛 𝑦{𝑡, 𝑦𝑡} 𝑦 ≥  𝑦𝑚𝑖𝑛{𝐴(𝑚𝑥), 𝑦𝐴(𝑚𝑦)} 𝑦 

iv)𝐴(𝑚𝑥 𝑦ʌ 𝑦𝑚𝑦) 𝑦 ≥  𝑦𝑡 𝑦 𝑦 ≥  𝑦𝑚𝑖𝑛 𝑦{𝑡, 𝑦𝑡} 𝑦 ≥  𝑦𝑚𝑖𝑛 𝑦{𝐴(𝑚𝑥), 𝑦𝐴(𝑚𝑦)} 

v)y𝐴(𝑚𝑥 𝑦𝑣 𝑦𝑚𝑦) 𝑦ʌ 𝑦𝐴(𝑚𝑥 𝑦𝑣 𝑦𝑚𝑧) 𝑦 ≥  𝑦𝑡 

     ≥  𝑦𝑚𝑖𝑛 𝑦{𝑡, 𝑦𝑡, 𝑦𝑡} 
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≥  𝑦𝑚𝑖𝑛 𝑦{𝐴(𝑚𝑥), 𝑦𝐴(𝑚𝑦)ʌ 𝑦𝐴(𝑚𝑥 𝑦𝑣 𝑦𝑚𝑧)}   

Therefore yA yis ya yfuzzy ymodular ylattice yordered ym-group. 

 

Proposition y4.5: 

Let yA ybe ya yfuzzy ymodular ylattice yordered ym-group yof yG.yLet yA* ybe ya yfuzzy yset yin yG ydefined 

yby y𝐴*(𝑥) =  𝑦𝐴(𝑥) + 1– 𝐴 𝑦(𝑒) yfor yall yx yG. yThen yA* yis ya yfuzzy ymodular ylattice yordered ym-

group yof yG ycontaining yA. 

Proof: 

yLet yx, yy, yzG y 

i)𝑦𝐴*(𝑚(𝑥𝑦)) =  𝑦𝐴(𝑚(𝑥𝑦)) + 1 − 𝐴(𝑒) ≥  𝑦𝑚𝑖𝑛{𝐴(𝑚𝑥), 𝐴(𝑚𝑦)} 𝑦 + 1 𝑦– 𝐴(𝑒) 𝑦 ≥  𝑦𝑚𝑖𝑛{𝐴(𝑚𝑥) + 1 − 𝐴(𝑒), 𝐴(𝑚𝑦) + 1– 𝐴(𝑒)} 𝑦 ≥  𝑦𝑚𝑖𝑛 𝑦{ 𝑦𝐴*(𝑚𝑥), 𝐴*(𝑚𝑦)}y 

ii)𝐴*((𝑚𝑥)-1) = 𝐴((𝑚𝑥)-1) + 1– 𝐴(𝑒) ≥ 𝐴(𝑚𝑥) + 1– 𝐴(𝑒) 𝑦 ≥  𝑦𝐴*(𝑚𝑥)y  

iii)𝐴*(𝑚𝑥 𝑦𝑣 𝑦𝑚𝑦) 𝑦 =  𝑦𝐴(𝑚𝑥 𝑦𝑣 𝑦𝑚𝑦)) + 1 − 𝐴(𝑒) ≥ 𝑚𝑖𝑛{𝐴(𝑚𝑥), 𝐴(𝑚𝑦)} + 1– 𝐴(𝑒) 𝑦 ≥  𝑦𝑚𝑖𝑛 𝑦{𝐴(𝑚𝑥) + 1 − 𝐴(𝑒), 𝑦𝐴(𝑚𝑦) + 1– 𝐴(𝑒)} 𝑦 ≥  𝑦𝑚𝑖𝑛 𝑦{𝐴*(𝑚𝑥), 𝐴*(𝑚𝑦)}y 

iv)𝐴*(𝑚𝑥 𝑦ʌ 𝑦𝑚𝑦)) = 𝐴(𝑚𝑥 𝑦ʌ 𝑦𝑚𝑦)) + 1 − 𝐴(𝑒) 𝑦 𝑦 ≥  𝑦𝑚𝑖𝑛{𝐴(𝑚𝑥), 𝐴(𝑚𝑦)} + 1– 𝐴(𝑒) 𝑦 ≥  𝑦𝑚𝑖𝑛 𝑦{𝐴(𝑚𝑥) + 1 − 𝐴(𝑒), 𝑦𝐴(𝑚𝑦) + 1– 𝐴(𝑒)} 𝑦 ≥  𝑦𝑚𝑖𝑛 𝑦{𝐴*(𝑚𝑥), 𝐴*(𝑚𝑦)} 

v)y𝐴*(𝑚𝑥 𝑦𝑣 𝑦𝑚𝑦) 𝑦ʌ 𝑦𝐴*(𝑚𝑥 𝑦𝑣 𝑦𝑚𝑧) =  𝑦[𝐴(𝑚𝑥 𝑦𝑣 𝑦𝑚𝑦) 𝑦ʌ 𝑦𝐴(𝑚𝑥 𝑦𝑣 𝑦𝑚𝑧)] +  𝑦1 − 𝐴(𝑒) ≥  𝑦[𝑚𝑖𝑛{𝐴(𝑚𝑥), 𝑦𝑚𝑖𝑛{𝐴(𝑚𝑦), 𝑦𝐴(𝑚𝑥 𝑦𝑣 𝑦𝑚𝑧)}}] + 1 − 𝐴(𝑒) ≥  𝑦[𝑚𝑖𝑛{𝐴(𝑚𝑥), 𝑦𝐴(𝑚𝑦) 𝑦ʌ 𝑦𝐴(𝑚𝑥 𝑦𝑣 𝑦𝑚𝑧)}] + 1 − 𝐴(𝑒) ≥  𝑦𝑚𝑖𝑛{𝐴(𝑚𝑥) + 1 − 𝐴(𝑒), 𝑦(𝐴(𝑚𝑦) 𝑦ʌ 𝑦𝐴(𝑚𝑥 𝑦𝑣 𝑦𝑚𝑧)) + 1 − 𝐴(𝑒)} ≥  𝑦𝑚𝑖𝑛{𝐴*(𝑚𝑥), 𝑦𝐴*(𝑚𝑦) 𝑦ʌ 𝑦𝐴*(𝑚𝑥 𝑦𝑣 𝑦𝑚𝑧)} 

yAlso y𝐴(𝑥) 𝑦 ≤  𝑦𝐴*(𝑥), yfor yall yx,y yyG.y y 

Therefore yA* yis ya yfuzzy ymodular ylattice yordered ym-group yof yG ycontaining yA.y y 

 

Proposition y4.6: 

 If yA yis ya yfuzzy ymodular ylattice yordered ym-group yof yG yand y yis ya ym-homomorphism yof yG ythen 

ythe yfuzzy yset𝑦𝐴 =  𝑦{< 𝑚𝑥;  𝑦µA
(𝑚𝑥) >, 𝑦𝑥𝐺 𝑦} yis ya yfuzzy ymodular ylattice yordered ym-group.y 

Proof: 

Let yx, yy, yz y yG y 

i)µA
(𝑚 𝑦(𝑥𝑦)) =  𝑦µA(𝑚(𝑥𝑦)) = µA 𝑦𝑚 𝑦(𝑥𝑦) = µA

𝑚((𝑥) 𝑦(𝑦)) 𝑦 ≥  𝑦𝑚𝑖𝑛{µ𝐴 𝑦𝑚 𝑦(𝑥), µ𝐴 𝑦𝑚 𝑦(𝑦)} 𝑦 ≥  𝑦𝑚𝑖𝑛 𝑦{µA(𝑚𝑥), µA(𝑚𝑦)} 𝑦 ≥  𝑦𝑚𝑖𝑛 𝑦{µA
(𝑚𝑥), µA

(𝑚𝑦)} 𝑦 

ii)µA(𝑚𝑥)-1 = µA(𝑚𝑥)-1 𝑦 = µA𝑦((𝑚𝑥))-1 𝑦 = µA(𝑚(𝑥))-1
 ≥ µA 𝑦(𝑚(𝑥)) 𝑦 ≥ µA(𝑚𝑥) 𝑦 ≥ µA

(𝑚𝑥) 𝑦 

iii)µ𝐴(𝑚𝑥 𝑦𝑣 𝑦𝑚𝑦) = µ𝐴(𝑚𝑥 𝑦𝑣 𝑦𝑚𝑦) 𝑦 = µ𝐴 𝑦(𝑚𝑥) 𝑦𝑣 𝑦(𝑚𝑦) 𝑦 ≥  𝑦𝑚𝑖𝑛{µ𝐴 𝑦(𝑚𝑥), µ𝐴(𝑚𝑦)) 𝑦 ≥  𝑦𝑚𝑖𝑛{µ𝐴 𝑦(𝑚𝑥), µ𝐴(𝑚𝑦)}y 

iv)µA(𝑚𝑥 𝑦ʌ 𝑦𝑚𝑦) 𝑦 = µA(𝑚𝑥 𝑦ʌ 𝑦𝑚𝑦)) 𝑦 = µA(𝑚𝑥) 𝑦ʌ 𝑦(𝑚𝑥) 𝑦 ≥ 𝑚𝑖𝑛{µA 𝑦(𝑚𝑥), µA y(𝑚𝑦)} 𝑦 ≥ 𝑚𝑖𝑛{µA(𝑚𝑥), µA(𝑚𝑦)} 

v)𝑦µA(𝑚𝑥 𝑦𝑣 𝑦𝑚𝑦) 𝑦ʌ 𝑦µA(𝑚𝑥 𝑦𝑣 𝑦𝑚𝑧) = µA(𝑚𝑥 𝑦𝑣 𝑦𝑚𝑦) 𝑦ʌ 𝑦µA(𝑚𝑥 𝑦𝑣 𝑦𝑚𝑧) = (µA(𝑚𝑥) 𝑦𝑣 𝑦(𝑚𝑦)) 𝑦ʌ 𝑦(µA(𝑚𝑥) 𝑦𝑣 𝑦(𝑚𝑧)) ≥ 𝑚𝑖𝑛{µA 𝑦(𝑚𝑥), 𝑦µA 𝑦(𝑚𝑦), 𝑦µA(𝑚𝑥 𝑦𝑣 𝑦𝑚𝑧)} 
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≥ 𝑚𝑖𝑛{µA 𝑦(𝑚𝑥), 𝑦µA 𝑦(𝑚𝑦) 𝑦ʌ 𝑦µA(𝑚𝑥 𝑦𝑣 𝑦𝑚𝑧)} ≥ 𝑚𝑖𝑛{µA(𝑚𝑥), 𝑦µA(𝑚𝑦) 𝑦ʌ 𝑦µA(𝑚𝑥 𝑦𝑣 𝑦𝑚𝑧)} 

Therefore yA

 yis ya yfuzzy ymodular ylattice yordered ym-group yof yG.y 

 

Proposition y4.7: 
 LetyT ybe ya ycontinuous yt- ynorm yand ylet yf ybe ya ym-homomorphism yon yG.yIf yµ yis ya yfuzzy 

ymodular ylattice yordered ym-group yon yG ythen yµ
f
 yis ya yfuzzy ymodular ylattice yordered ym-group yof yf 

y(G). 

Proof: 

y yLet y𝐴1 𝑦 = 𝑓-1(𝑚𝑦1), 𝑦𝐴2 𝑦 = 𝑓-1(𝑚𝑦2), 𝑦𝐴3 𝑦 = 𝑓-1(𝑚𝑦3), 𝑦𝐴12 𝑦 = 𝑓-1(𝑚(𝑦1𝑦2), 𝑦𝐴13 𝑦 =𝑓-1(𝑚(𝑦1𝑦3) 𝑦 y 

Considery𝐴1𝐴2 𝑦 = {𝑚𝑥𝐺/𝑚𝑥 =  𝑦𝑚𝑥1 𝑦𝑚𝑥2, 𝑦𝑓𝑜𝑟 𝑦𝑚𝑥1𝐴1, 𝑦𝑚𝑥2𝐴2 𝑦} 𝐴1𝐴3 𝑦 = {𝑚𝑥𝐺/𝑚𝑥 𝑦 =  𝑦𝑚𝑥1 𝑦𝑚𝑥3, 𝑦𝑓𝑜𝑟 𝑦𝑚𝑥1𝐴1, 𝑦𝑚𝑥3𝐴3} 𝑦 

If ymx y yA1A2 ythen ymx y= ymx1 ymx2 yand𝑦𝑓(𝑚𝑥) 𝑦 =  𝑦𝑓 𝑦(𝑚𝑥1 𝑦𝑚𝑥2) 𝑦 =  𝑦𝑓(𝑚𝑥1) 𝑦𝑓(𝑚𝑥2) 𝑦 = 𝑦𝑚𝑦1 𝑦𝑚𝑦2 =  𝑦𝑚(𝑦1 𝑦𝑦2) 𝑦 𝑚𝑥𝑓 − 1(𝑚(𝑦1 𝑦𝑦2) ytherefore yA1A2A12 

IfymxA1A2yA3ythenymx=ymx1,ymx2,ymx3yand𝑦𝑓 𝑦(𝑚𝑥) 𝑦 =  𝑦𝑓 𝑦(𝑚𝑥1 𝑦𝑚𝑥2 𝑦𝑚𝑥3) 𝑦 =𝑓(𝑚𝑥1)𝑓(𝑚𝑥2)𝑓(𝑚𝑥3) =  𝑦𝑚𝑦1 𝑦𝑚𝑦2 𝑦𝑚𝑦3 =  𝑦𝑚 𝑦(𝑦1 𝑦𝑦2 𝑦𝑦3) 𝑚𝑥𝑓-1(𝑚(𝑦1 𝑦𝑦2 𝑦𝑦3)ytherefore yA1A2 yA3yA123 

i)yµ𝑓 𝑦(𝑚 𝑦(𝑦1𝑦2)) 𝑦 =  𝑦𝑠𝑢𝑝 𝑦{µ(𝑚𝑥) 𝑦/𝑚𝑥𝑓-1(𝑚 𝑦(𝑦1𝑦2) 𝑦} 𝑦 =  𝑦𝑠𝑢𝑝 𝑦{µ(𝑚𝑥) 𝑦/𝑚𝑥𝐴12} 𝑦 ≥  𝑦𝑠𝑢𝑝 𝑦{µ(𝑚𝑥) 𝑦/𝑚𝑥𝐴1 𝑦𝐴2} 𝑦 ≥  𝑦𝑠𝑢𝑝 𝑦{µ(𝑚𝑥1 𝑦𝑚𝑥2)/𝑚𝑥1𝐴1, 𝑦𝑚𝑥2𝐴2} 𝑦 ≥  𝑦𝑠𝑢𝑝 𝑦{𝑇(µ(𝑚𝑥1), 𝑇(µ(𝑚𝑥2))/𝑚𝑥1𝐴1, 𝑦𝑚𝑥2𝐴2} 𝑦 ≥  𝑦𝑇[𝑠𝑢𝑝{µ(𝑚𝑥1)/𝑚𝑥1𝐴1}, 𝑦𝑠𝑢𝑝{µ(𝑚𝑥2) 𝑦/𝑚𝑥2𝐴2}] 𝑦 ≥ 𝑇[𝑠𝑢𝑝{µ(𝑚𝑥1)/𝑚𝑥1𝑓-1(𝑚𝑦1)}, 𝑦𝑠𝑢𝑝{µ(𝑚𝑥2)/ 𝑦𝑚𝑥2𝑓1(𝑚𝑦2)}] 𝑦 ≥  𝑦𝑇{µ𝑓(𝑚𝑦1), 𝑦µ𝑓(𝑚𝑦2)}y 

ii)yµ𝑓 𝑦((𝑚𝑦)-1) 𝑦 =  𝑦𝑠𝑢𝑝{µ(𝑚𝑥)-1/(𝑚𝑥)-1𝑓-1(𝑚𝑦)-1} 𝑦 =  𝑦𝑠𝑢𝑝{µ 𝑦(𝑚𝑥)-1/(𝑚𝑥) 𝑓-1(𝑚𝑦)} 𝑦 ≥  𝑦𝑠𝑢𝑝{µ(𝑚𝑥)/(𝑚𝑥) 𝑓-1(𝑚𝑦)} ≥  𝑦µ𝑓(𝑚𝑦) 

iii)𝑦µ𝑓(𝑚𝑦1 𝑦𝑣 𝑦𝑚𝑦2) 𝑦 𝑦 =  𝑦𝑠𝑢𝑝{µ(𝑚𝑥)/𝑚𝑥𝑓-1(𝑚𝑦1 𝑦𝑣 𝑦𝑚𝑦2)} 𝑦  𝑦 𝑦 𝑦 𝑦 𝑦 𝑦 =  𝑦𝑠𝑢𝑝{µ(𝑚𝑥)/𝑚𝑥𝐴1𝑣2} 𝑦 ≥  𝑦𝑠𝑢𝑝{µ(𝑚𝑥)/𝑚𝑥𝐴1𝑣𝐴2} 𝑦 ≥  𝑦𝑠𝑢𝑝{µ(𝑚𝑥1𝑣𝑚𝑥2)/𝑚𝑥1𝐴1, 𝑦𝑚𝑥2𝐴2 𝑦} 𝑦 ≥  𝑦𝑠𝑢𝑝{𝑇(µ(𝑚𝑥1)), 𝑦𝑇(µ(𝑚𝑥2))/𝑚𝑥1𝐴1, 𝑦𝑚𝑥2𝐴2} 𝑦 ≥ 𝑇[𝑠𝑢𝑝{µ(𝑚𝑥1)/𝑚𝑥1𝐴1}, 𝑦𝑠𝑢𝑝{µ(𝑚𝑥2)/𝑚𝑥2𝐴2}] 𝑦 ≥  𝑦𝑇[𝑠𝑢𝑝{µ 𝑦(𝑚𝑥1)/𝑚𝑥1𝑓-1(𝑚𝑦1)}, 𝑦𝑠𝑢𝑝{µ(𝑚𝑥2)/𝑚𝑥2𝑓1(𝑚𝑦2)}] 𝑦 ≥  𝑦𝑇 𝑦{µ𝑓(𝑚𝑦1) 𝑦, 𝑦µ𝑓(𝑚𝑦2)} 𝑦 

iv)𝑦µ𝑓(𝑚𝑦1 𝑦ʌ 𝑦𝑚𝑦2)) 𝑦 =  𝑦𝑠𝑢𝑝 𝑦{µ(𝑚𝑥)/𝑚𝑥𝑓-1(𝑚𝑦1 𝑦ʌ 𝑦𝑚𝑦2)} 𝑦  𝑦 𝑦 𝑦 𝑦 𝑦 𝑦 𝑦 =  𝑦𝑠𝑢𝑝{µ(𝑚𝑥)/𝑚𝑥𝐴1ʌ2} 𝑦 ≥  𝑦𝑠𝑢𝑝{µ(𝑚𝑥)/𝑚𝑥𝐴1 𝑦ʌ 𝑦𝐴2} 𝑦 ≥  𝑦𝑠𝑢𝑝{µ(𝑚𝑥1 𝑦ʌ 𝑦𝑚𝑥2)/𝑚𝑥1𝐴1, 𝑦𝑚𝑥2𝐴2} 𝑦 ≥  𝑦𝑠𝑢𝑝{𝑇(µ(𝑚𝑥1)), 𝑇(µ(𝑚𝑥2))/𝑚𝑥1𝐴1, 𝑦𝑚𝑥2𝐴2} 𝑦 ≥  𝑦𝑇[𝑠𝑢𝑝{µ(𝑚𝑥1)/𝑚𝑥1𝜖𝐴1}, 𝑦𝑠𝑢𝑝{µ(𝑚𝑥2)/𝑚𝑥2𝐴2}] 𝑦 ≥ 𝑇[𝑠𝑢𝑝{µ(𝑚𝑥1)/𝑚𝑥1𝑓-1(𝑚𝑦1)}, 𝑦𝑠𝑢𝑝{µ(𝑚𝑥2)/𝑚𝑥2𝑓-1(𝑚𝑦2)}] 𝑦 ≥  𝑦𝑇 𝑦{µ𝑓(𝑚𝑦1), 𝑦µ𝑓(𝑚𝑦2)} 𝑦 

v)yµ𝑓(𝑚𝑦1 𝑦𝑣 𝑦𝑚𝑦2) 𝑦ʌ 𝑦µ𝑓(𝑚𝑦1 𝑦𝑣 𝑦𝑚𝑦3) =  𝑦𝑠𝑢𝑝{µ(𝑚𝑥)/𝑚𝑥 (𝐴1 𝑦𝑣 𝑦𝐴2 𝑦) 𝑦ʌ 𝑦(𝐴1 𝑦𝑣 𝑦𝐴3 𝑦)} ≥  𝑦𝑠𝑢𝑝{µ(𝑚𝑥1 𝑦𝑣 𝑦𝑚𝑥2) 𝑦ʌ 𝑦µ(𝑚𝑥1 𝑦𝑣 𝑦𝑚𝑥3)/𝑚𝑥1𝐴1, 𝑦𝑚𝑥2𝐴2, 𝑦𝑚𝑥3𝐴3} ≥  𝑦𝑠𝑢𝑝{𝑇(µ(𝑚𝑥1)), 𝑇(µ(𝑚𝑥2)), 𝑇(µ(𝑚𝑥1 𝑦𝑣 𝑦𝑚𝑥3))/𝑚𝑥1𝐴1, 𝑦𝑚𝑥2𝐴2, 𝑦𝑚𝑥3𝐴3} ≥  𝑦𝑇[𝑠𝑢𝑝{(µ(𝑚𝑥1)), 𝑦𝑚𝑥1𝐴1}, 𝑦𝑠𝑢𝑝{(µ(𝑚𝑥2))/𝑚𝑥2𝐴2}, 𝑦𝑠𝑢𝑝{(µ(𝑚𝑥1𝑣𝑚𝑥3)/𝑚𝑥1𝐴1, 𝑚𝑥3𝐴3}] ≥ 𝑇[𝑠𝑢𝑝{µ(𝑚𝑥1)/𝑚𝑥1𝑓-1(𝑚𝑦1)}, 𝑦𝑠𝑢𝑝{µ(𝑚𝑥2)ʌ 𝑦µ 𝑦(𝑚𝑥1 𝑦𝑣 𝑦𝑚𝑥3)/𝑚𝑥2 𝑦𝑓1(𝑚𝑦2), 𝑦𝑚𝑥3𝑓1(𝑚𝑦3)}] ≥y𝑇{µ𝑓(𝑚𝑦1), 𝑦µ𝑓(𝑚𝑦2)ʌ 𝑦µ𝑓(𝑚𝑦1𝑣 𝑦𝑚𝑦3)} 

Therefore yµ
f
 yis ya yfuzzy ymodular ylattice yordered ym-group yof yfy(G).y 

020001-7



 

Proposition y4.8: y 

 An yonto ym-homomorphic yimage yof yfuzzy ymodular ylattice yordered ym ygroup ywith ysup yproperty yis ya 

yfuzzy ymodular ylattice yordered ym-group.y 

Proof: y 

 Let yf: yG y→ yG’ ybe ya yonto ym-homomorphism yof yG yand ylet yA ybe ya yfuzzy ymodular ylattice 

yordered ym-group yof yG ywith ysup yproperty.y y 

Let ymx’, ymy’,mz’G’ y 

Let ymx0f
-1

(mx’),my0f
-1

(my’),mz0f
-1

(mz’) y y 

be ysuch ythat y𝐴(𝑚𝑥0) =  𝑦𝑠𝑢𝑝{𝐴(𝑚𝑥)/𝑚𝑥𝑓-1(𝑚𝑥’)} 𝑦 𝑦 𝐴 𝑦(𝑚𝑦0) 𝑦 = 𝑠𝑢𝑝{𝐴(𝑚𝑦)/𝑚𝑦 𝑦𝑓-1(𝑚𝑦’)} 𝑦& 𝐴 𝑦(𝑚𝑧0) 𝑦 = 𝑠𝑢𝑝{𝐴(𝑚𝑧)/𝑚𝑧𝑓-1(𝑚𝑧’)} 

i)y𝐴𝑓(𝑚(𝑥’𝑦’)) = 𝑠𝑢𝑝{𝐴(𝑧)/𝑧 𝑦𝑓-1(𝑚 𝑦(𝑥’𝑦’))} 𝑦 =  𝑦𝑠𝑢𝑝{𝐴(𝑧)/𝑧 𝑦𝑓-1(𝑚𝑥’ 𝑦𝑚𝑦’))} 𝑦 ≥  𝑦𝑠𝑢𝑝{𝐴(𝑚𝑥0𝑚𝑦0)/𝑚𝑥0𝑓-1(𝑚𝑥’), 𝑚𝑦0𝑓-1(𝑚𝑦’)} 𝑦 ≥  𝑦𝑠𝑢𝑝{𝐴(𝑚𝑥0𝑦0)/𝑚𝑥0𝑓-1(𝑚𝑥’), 𝑦𝑚𝑦0𝑓-1(𝑚𝑦’)} 𝑦 ≥ 𝑠𝑢𝑝{𝑚𝑖𝑛{𝐴(𝑚𝑥0), 𝑦𝐴(𝑚𝑦0)/𝑚𝑥0𝑓-1(𝑚𝑥’), 𝑦𝑚𝑦0𝑓-1(𝑚𝑦’)} 𝑦 ≥  𝑦𝑚𝑖𝑛{𝑠𝑢𝑝{𝐴(𝑚𝑥0)/𝑚𝑥0 𝑦𝑓-1(𝑚𝑥’)}, 𝑦𝑠𝑢𝑝{𝐴(𝑚𝑦0)/𝑚𝑦0𝑓-1(𝑚𝑦’)}] 𝑦 ≥  𝑦𝑚𝑖𝑛{𝐴𝑓(𝑚𝑥’), 𝑦𝐴𝑓(𝑚𝑦’)} 𝑦 

ii)𝑦𝐴𝑓((𝑚𝑥’)-1) =  𝑦𝑠𝑢𝑝{𝐴(𝑚𝑥0)-1/(𝑚𝑥0)-1𝑓-1(𝑚𝑥’)-1} 𝑦 =  𝑦𝑠𝑢𝑝{𝐴(𝑚𝑥0 𝑦)-1/(𝑚𝑥0) 𝑦𝑓-1(𝑚𝑥’)} 𝑦 ≥  𝑦𝑠𝑢𝑝{𝐴(𝑚𝑥0)/(𝑚𝑥0) 𝑦𝑓-1(𝑚𝑥’)} 𝑦 ≥ 𝐴𝑓(𝑚𝑥’) 

iii)y𝐴𝑓(𝑚𝑥’ 𝑦𝑣 𝑦𝑚𝑦’) 𝑦 =  𝑦𝑠𝑢𝑝{𝐴(𝑧)/𝑧 𝑦𝑓-1(𝑚𝑥’ 𝑦𝑣 𝑦𝑚𝑦’)} 𝑦 ≥  𝑦𝑠𝑢𝑝{𝐴(𝑧)/𝑧 𝑦𝑓-1(𝑚𝑥’) 𝑦𝑣 𝑦𝑓-1(𝑚𝑦’)} 𝑦 ≥  𝑦𝑠𝑢𝑝{𝐴(𝑚𝑥0 𝑦𝑣 𝑦𝑚𝑦0)/𝑚𝑥0𝑓-1(𝑚𝑥’), 𝑦𝑚𝑦0𝑓-1(𝑚𝑦’)} 𝑦 ≥  𝑦𝑠𝑢𝑝{𝐴(𝑚𝑥0 𝑦𝑣 𝑦𝑚𝑦0)/𝑚𝑥0𝑓-1(𝑚𝑥’), 𝑦𝑚𝑦0𝑓-1(𝑚𝑦’)} 𝑦 ≥  𝑦𝑠𝑢𝑝{𝑚𝑖𝑛{𝐴(𝑚𝑥0), 𝑦𝐴(𝑚𝑦0)/𝑚𝑥0𝑓-1(𝑚𝑥’), 𝑦𝑚𝑦0𝑓-1(𝑚𝑦’)} 𝑦≥  𝑦𝑚𝑖𝑛{𝑠𝑢𝑝{𝐴(𝑚𝑥0)/𝑚𝑥0𝑓-1(𝑚𝑥’)}, 𝑠𝑢𝑝{𝐴(𝑚𝑦0)/𝑚𝑦0𝑓-1(𝑚𝑦’)} 𝑦 ≥  𝑦𝑚𝑖𝑛{ 𝑦𝐴𝑓(𝑚𝑥’), 𝑦𝐴𝑓(𝑚𝑦’)} 𝑦 

iv)𝑦𝐴𝑓(𝑚𝑥’ 𝑦ʌ 𝑦𝑚𝑦’) =  𝑦𝑠𝑢𝑝{𝐴(𝑧)/𝑧 𝑦𝑓-1(𝑚𝑥’ 𝑦ʌ 𝑦𝑚𝑦’)} 𝑦 ≥  𝑦𝑠𝑢𝑝{𝐴(𝑧)/𝑧 𝑦𝑓-1(𝑚𝑥’) 𝑦ʌ 𝑦𝑓-1(𝑚𝑦’)} 𝑦 ≥  𝑦𝑠𝑢𝑝{𝐴(𝑚𝑥0 𝑦ʌ 𝑦𝑚𝑦0)/𝑚𝑥0𝑓-1(𝑚𝑥’), 𝑦𝑚𝑦0𝑓-1(𝑚𝑦’)} 𝑦 ≥  𝑦𝑠𝑢𝑝{𝐴(𝑚𝑥0 𝑦ʌ 𝑦𝑚𝑦0)/𝑚𝑥0𝑓-1(𝑚𝑥’), 𝑦𝑚𝑦0𝑓-1(𝑚𝑦’)} 𝑦 ≥  𝑦𝑠𝑢𝑝{min {𝐴(𝑚𝑥0), 𝑦𝐴(𝑚𝑦0)/𝑚𝑥0𝑓-1(𝑚𝑥’), 𝑦𝑚𝑦0𝑓-1(𝑚𝑦’)} 𝑦 ≥  𝑦𝑚𝑖𝑛{𝑠𝑢𝑝{𝐴(𝑚𝑥0)/𝑚𝑥0𝑓-1(𝑚𝑥’)}, 𝑠𝑢𝑝{𝐴(𝑚𝑦0)/𝑚𝑦0𝑓-1(𝑚𝑦’)}  ≥  𝑦𝑚𝑖𝑛{𝐴𝑓(𝑚𝑥’), 𝑦𝐴𝑓(𝑚𝑦’)}y y 

V)𝑦𝐴𝑓(𝑚𝑥’𝑣 𝑦𝑚𝑦’) 𝑦ʌ 𝑦𝐴𝑓(𝑚𝑥’ 𝑦𝑣 𝑦𝑚𝑧’) =  𝑦𝑠𝑢𝑝{𝐴(𝑧)/𝑧𝑓-1(𝑚𝑥’ 𝑦𝑣 𝑦𝑚𝑦’)ʌ 𝑦𝑓-1(𝑚𝑥’ 𝑦𝑣 𝑦𝑚𝑧’)} 𝑦 𝑦 ≥  𝑦𝑠𝑢𝑝{𝐴(𝑚𝑥0 𝑦𝑣 𝑦𝑚𝑦0) 𝑦ʌ 𝑦𝐴(𝑚𝑥0 𝑦𝑣 𝑦𝑚𝑧0)/𝑚𝑥0𝑓 − 1(𝑚𝑥’), 𝑦𝑚𝑦0𝑓 − 1(𝑚𝑦’), 𝑚𝑧0𝑓 − 1(𝑚𝑧’)} 𝑦 ≥  𝑦𝑠𝑢𝑝{𝑚𝑖𝑛{𝐴(𝑚𝑥0), 𝑦𝐴(𝑚𝑦0)ʌ 𝑦𝐴( 𝑦𝑚𝑥0 𝑦𝑣 𝑦𝑚𝑧0)/𝑚𝑥0𝑓 − 1(𝑚𝑥’), 𝑦𝑚𝑦0𝑓 − 1(𝑚𝑦’)} ≥ 𝑚𝑖𝑛{𝑠𝑢𝑝{𝐴(𝑚𝑥0)/𝑚𝑥0𝑓-1(𝑚𝑥’)}, 𝑠𝑢𝑝{𝐴(𝑚𝑦0)ʌ𝐴(𝑚𝑥0 𝑦𝑣 𝑦𝑚𝑧0)/𝑚𝑦0𝑓-1(𝑚𝑦’), 𝑚𝑧0𝑓-1(𝑚𝑧’)} y 

≥y𝑚𝑖𝑛{𝐴𝑓(𝑚𝑥’), 𝑦𝐴𝑓(𝑚𝑦’)ʌ 𝑦𝐴𝑓(𝑚𝑥’ 𝑦𝑣 𝑦𝑚𝑧’)} 

 

Proposition y4.9: 

 Let yf: yG→G’ ybe ya ylattice ygroup ym-homomorphism yand yA ybe ya yfuzzy ymodular ylattice yordered ym-

group yof yG’ ythen yf
-1

(A) yis ya yfuzzy ymodular ylattice yordered ym-group yof yG.y 

 

Proof: 

 Let ymx, ymy, ymz yG yand yA ybe ya yfuzzy ymodular ylattice yordered ym-group yof yG’.y 

i)𝑦𝑓-1(𝐴)y(m(xy)) y =𝑦𝐴 𝑦𝑓 𝑦(𝑚(𝑥𝑦)) 𝑦 =  𝑦𝐴 𝑦(𝑓(𝑚𝑥)𝑓(𝑚𝑦)) 𝑦 
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=  𝑦𝐴 𝑦(𝑚 𝑦𝑓(𝑥) 𝑦𝑚𝑓(𝑦)) 𝑦 =  𝑦𝐴 𝑦(𝑚 𝑦𝑓(𝑥) 𝑦𝑓(𝑦)) 𝑦 ≥ 𝑚𝑖𝑛{𝐴(𝑚𝑓(𝑥)), 𝑦𝐴(𝑚𝑓(𝑦))} ≥  𝑦𝑚𝑖𝑛{𝐴(𝑓(𝑚𝑥)), 𝑦𝐴(𝑓(𝑚𝑦))} 𝑦 ≥  𝑦𝑚𝑖𝑛{𝑓-1(𝐴) 𝑦(𝑚𝑥), 𝑦𝑓-1(𝐴) 𝑦(𝑚𝑦)} 𝑦 

 

ii)y𝑓-1(𝐴) 𝑦((𝑚 𝑦𝑥)-1) 𝑦 =  𝑦𝐴 𝑦𝑓((𝑚𝑥)-1) 𝑦 =  𝑦𝐴 𝑦(𝑓(𝑚𝑥))-1
 =  𝑦𝐴 𝑦(𝑚 𝑦𝑓(𝑥))-1
 ≥  𝑦𝐴 𝑦(𝑚 𝑦𝑓(𝑥)) 𝑦 ≥  𝑦𝐴 𝑦(𝑓( 𝑦𝑚𝑥)) 𝑦 ≥  𝑦𝑓-1(𝐴) 𝑦(𝑚𝑥) 𝑦 

iii)y𝑓-1(𝐴) 𝑦(𝑚𝑥 𝑦𝑣 𝑦𝑚𝑦)) 𝑦 𝑦 =  𝑦𝐴 𝑦𝑓(𝑚𝑥 𝑦𝑣 𝑦𝑚𝑦)) 𝑦 =  𝑦𝐴 𝑦(𝑓(𝑚𝑥) 𝑦𝑣 𝑦𝑓(𝑚𝑦)) 𝑦 = 𝑦𝐴 𝑦(𝑚 𝑦𝑓(𝑥) 𝑦𝑣 𝑦𝑚 𝑦𝑓(𝑦)) 𝑦 ≥  𝑦𝑚𝑖𝑛{𝐴 𝑦(𝑚𝑓(𝑥)), 𝑦𝐴 𝑦(𝑚𝑓(𝑦))} ≥  𝑦𝑚𝑖𝑛{𝐴 𝑦(𝑓(𝑚𝑥)), 𝑦𝐴(𝑓(𝑚𝑦))} 𝑦 ≥  𝑦𝑚𝑖𝑛{𝑓-1(𝐴) 𝑦(𝑚𝑥), 𝑦𝑓-1(𝐴) 𝑦(𝑚𝑦)} 

iv)𝑦𝑓-1(𝐴) 𝑦(𝑚𝑥 𝑦ʌ 𝑦𝑚𝑦)) 𝑦 𝑦 =  𝑦𝐴 𝑦𝑓(𝑚𝑥 𝑦ʌ 𝑦𝑚𝑦)) 𝑦 =  𝑦𝐴 𝑦(𝑓(𝑚𝑥) 𝑦ʌ 𝑦𝑓(𝑚𝑦)) 𝑦 = 𝑦𝐴(𝑚 𝑦𝑓(𝑥) 𝑦ʌ 𝑦𝑚 𝑦𝑓(𝑦)) 𝑦 ≥  𝑦𝑚𝑖𝑛{𝐴 𝑦(𝑚𝑓(𝑥)), 𝑦𝐴(𝑚𝑓(𝑦))} 𝑦 ≥  𝑦𝑚𝑖𝑛{𝐴 𝑦(𝑓(𝑚𝑥)), 𝑦𝐴(𝑓(𝑚𝑦))} 𝑦 ≥  𝑦𝑚𝑖𝑛{𝑓-1(𝐴) 𝑦(𝑚𝑥), 𝑦𝑓-1(𝐴) 𝑦(𝑚𝑦)}y 

v)y𝑓-1(𝐴) 𝑦(𝑚𝑥 𝑦𝑣 𝑦𝑚𝑦) 𝑦ʌ 𝑦𝑓-1(𝐴) 𝑦(𝑚𝑥 𝑦𝑣 𝑦𝑚𝑧) =  𝑦𝐴 𝑦(𝑚𝑥 𝑦𝑣 𝑦𝑚𝑦)) 𝑦ʌ 𝑦𝐴 𝑦(𝑚𝑥 𝑦𝑣 𝑦𝑚𝑧)) =  𝑦 𝑦𝐴 𝑦(𝑚 𝑦𝑓(𝑥 𝑦𝑣 𝑦𝑦) 𝑦ʌ 𝑦𝑚 𝑦𝑓(𝑥 𝑦𝑣 𝑦𝑧)) ≥  𝑦𝑚𝑖𝑛{𝐴 𝑦(𝑓(𝑚𝑥)), 𝑦𝐴(𝑓(𝑚𝑦)ʌ 𝑦𝑓 𝑦(𝑚 𝑦(𝑥 𝑦𝑣 𝑦𝑧))} 𝑦 ≥  𝑦𝑚𝑖𝑛{𝑓-1(𝐴) 𝑦(𝑚𝑥), 𝑦𝑓-1(𝐴) 𝑦(𝑚𝑦) 𝑦ʌ 𝑦𝑓-1(𝐴) 𝑦(𝑚𝑥 𝑦𝑣 𝑦𝑚𝑧)}y 

Therefore yf
-1

(A) yis ya yfuzzy ymodular ylattice yordered ym-group yof yG.y 

 

DIRECT YPRODUCT YOF YFUZZY YMODULAR YLATTICE YORDERED YM-GROUP 

 
Definition: y5.1: 

Let yAi ybe ya yfuzzy ymodular ylattice yordered ym-group yof yGi, yfor yi y= y1,2,…,n. yThen ythe yproduct yAi( 

yi y= y1,2, y..., yn) yis ythe yfunction yA1A2...An: yG1G2...Gn→L ydefined yby y(A1A2...An) 

ym(x1,x2,...,xn) y 

=ymin{A1(mx1),A2(mx2),…,An(mxn)} y 

 

Proposition y5.2: 

 The ydirect yproduct yof yfuzzy ymodular ylattice yordered ym ygroups yis ya yfuzzy ymodular ylattice yordered 

ym-group.y y 

Proof: 

 Let𝑦𝑥 = (𝑥1, 𝑥2, 𝑦 … , 𝑦𝑥n), 𝑦𝑦 𝑦 = (𝑦1, 𝑦2, 𝑦. . . , 𝑦n), 𝑦𝑧 = (𝑧1, 𝑦𝑧2, . . . , 𝑧n) 𝐺1𝐺2. . . 𝐺n 

 Let𝑦𝐴1𝐴2… 𝐴n 𝑦 =  𝑦𝐴 y 

i)y𝐴(𝑚(𝑥𝑦)) = 𝐴(𝑚(𝑥1𝑦1, 𝑦𝑥2𝑦2,. . . , 𝑥n𝑦n)) 𝑦 =  𝑦𝑚𝑖𝑛{𝐴1(𝑚𝑥1𝑦1), 𝑦𝐴2(𝑚𝑥2𝑦2), 𝑦. . . , 𝑦𝐴n(𝑚𝑥n𝑦n)} 𝑦 ≥  𝑦𝑚𝑖𝑛{𝑚𝑖𝑛[𝐴1(𝑚𝑥1), 𝐴1(𝑚𝑦1)], 𝑦𝑚𝑖𝑛[𝐴2(𝑚𝑥2), 𝐴2(𝑚𝑦2)], … , 𝑦𝑚𝑖𝑛[𝐴n(𝑚𝑥n), 𝑦𝐴n(𝑚𝑦n)]} 𝑦 ≥  𝑦𝑚𝑖𝑛{𝑚𝑖𝑛[𝐴1(𝑚𝑥1), 𝑦𝐴2(𝑚𝑥2), . . . , 𝐴n(𝑚𝑥n)], 𝑦𝑚𝑖𝑛[𝐴1(𝑚𝑦1), 𝑦𝐴2(𝑚𝑦2), 𝑦. . . , 𝑦𝐴n(𝑚𝑦n)]} 𝑦 ≥  𝑦𝑚𝑖𝑛{(𝐴1𝐴2, . . . , 𝑦𝐴n) 𝑦𝑚(𝑥1, 𝑥2, 𝑦. . . , 𝑥n), (𝐴1𝐴2. . . 𝐴n) 𝑦𝑚(𝑦1, 𝑦2, 𝑦. . . , 𝑦n)} 𝑦 ≥  𝑦𝑚𝑖𝑛{𝐴(𝑚𝑥), 𝑦𝐴(𝑚𝑦)} 

ii)y𝐴(𝑚 𝑦𝑥)-1 𝑦 =  𝑦𝐴𝑚(𝑥1
-1, 𝑥2

-1, … , 𝑦𝑥n
-1) 𝑦 =  𝑦𝑚𝑖𝑛{𝐴1(𝑚𝑥1

-1), 𝑦𝐴2(𝑚𝑥2
-1), 𝑦. . . , 𝑦𝐴n(𝑚𝑥n

-1)} 𝑦 ≥  𝑦𝑚𝑖𝑛{𝐴1(𝑚𝑥1), 𝑦𝐴2(𝑚𝑥2), … , 𝑦𝐴n(𝑚𝑥n)} 𝑦 
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≥  𝑦𝐴𝑚(𝑥1, 𝑦𝑥2, … , 𝑦𝑥n) 𝑦 ≥  𝑦𝐴(𝑚𝑥) 𝑦 

iii)𝑦𝐴(𝑚𝑥 𝑦𝑣 𝑦𝑚𝑦) =  𝑦𝐴(𝑚𝑥1𝑦𝑣 𝑦𝑚𝑦1, 𝑦𝑚𝑥2 𝑦𝑣 𝑦𝑚𝑦2, 𝑦. . . , 𝑦𝑚𝑥n 𝑦𝑣 𝑦𝑚𝑦n) 𝑦 =  𝑦𝑚𝑖𝑛{𝐴1(𝑚𝑥1𝑦𝑣 𝑦𝑚𝑦1), 𝐴2(𝑚𝑥2𝑦𝑣 𝑦𝑚𝑦2), 𝑦 … , 𝐴n(𝑚𝑥n 𝑦𝑣 𝑦𝑚𝑦n)} 𝑦 ≥  𝑦𝑚𝑖𝑛{𝑚𝑖𝑛[𝐴1(𝑚𝑥1), 𝑦𝐴1(𝑚𝑦1)], 𝑦𝑚𝑖𝑛[𝐴2(𝑚𝑥2), 𝑦𝐴2(𝑚𝑦2)], … , 𝑦𝑚𝑖𝑛[ 𝑦𝐴n(𝑚𝑥n), 𝐴n(𝑚𝑦n)]} 𝑦 ≥  𝑦𝑚𝑖𝑛{𝑚𝑖𝑛[𝐴1(𝑚𝑥1), 𝐴2(𝑚𝑥2), 𝑦. . . , 𝑦𝐴n(𝑚𝑥n)], 𝑦𝑚𝑖𝑛[𝐴1(𝑚𝑦1), 𝑦𝐴2(𝑚𝑦2), 𝑦 … , 𝑦𝐴n(𝑚𝑦n)]} ≥  𝑦𝑚𝑖𝑛{(𝐴1𝐴2… 𝐴n) 𝑦𝑚(𝑥1, 𝑦𝑥2, … , 𝑦𝑥n), 𝑦(𝐴1𝐴2, … , 𝐴n) 𝑦𝑚(𝑦1, 𝑦2, . . . , 𝑦n) 𝑦 ≥  𝑦𝑚𝑖𝑛{𝐴( 𝑦𝑚𝑥), 𝑦𝐴(𝑚𝑦)} 𝑦 

iv)y𝐴(𝑚𝑥 𝑦ʌ 𝑦𝑚𝑦) 𝑦 =  𝑦𝐴(𝑚𝑥1 𝑦ʌ 𝑦𝑚𝑦1, 𝑦𝑚𝑥2 𝑦ʌ 𝑦𝑚𝑦2, 𝑦. . . , 𝑦𝑚𝑥nʌ 𝑦𝑚𝑦n 𝑦) =  𝑦𝑚𝑖𝑛{𝐴1(𝑚𝑥1 𝑦ʌ 𝑦𝑚𝑦1), 𝑦𝐴2(𝑚𝑥2 𝑦ʌ 𝑦𝑚𝑦2), 𝑦 … , 𝑦𝐴n(𝑚𝑥n 𝑦ʌ 𝑦𝑚𝑦n)} ≥  𝑦𝑚𝑖𝑛{𝑚𝑖𝑛[𝐴1(𝑚𝑥1), 𝑦𝐴1(𝑚𝑦1)], 𝑦𝑚𝑖𝑛[𝐴2(𝑚𝑥2), 𝑦𝐴2(𝑚𝑦2)], … , 𝑦𝑚𝑖𝑛[𝐴n(𝑚𝑥n), 𝑦𝐴n 𝑦(𝑚𝑦n)]} 𝑦 ≥  𝑦𝑚𝑖𝑛{𝑚𝑖𝑛[𝐴1(𝑚𝑥1), 𝑦𝐴2(𝑚𝑥2), . . . , 𝑦𝐴n(𝑚𝑥n)], 𝑦𝑚𝑖𝑛[𝐴1(𝑚𝑦1), 𝑦𝐴2(𝑚𝑦2), 𝑦 … , 𝑦𝐴n(𝑚𝑦n)]} 𝑦 ≥  𝑦𝑚𝑖𝑛{(𝐴1𝐴2 𝑦 …  𝑦𝐴𝑛) 𝑦𝑚(𝑥1, 𝑥2, … , 𝑥𝑛), 𝑦(𝐴1𝐴2 𝑦 …  𝑦𝐴𝑛) 𝑦𝑚(𝑦1, 𝑦2, 𝑦. . . , 𝑦𝑛) ≥  𝑦𝑚𝑖𝑛{𝐴(𝑚𝑥), 𝑦𝐴(𝑚𝑦)} 𝑦 

v)y𝐴(𝑚𝑥 𝑦𝑣 𝑦𝑚𝑦) 𝑦ʌ 𝑦𝐴(𝑚𝑥 𝑦𝑣 𝑦𝑚𝑧) = 𝑚𝑖𝑛{𝐴1(𝑚𝑥1 𝑦𝑣 𝑦𝑚𝑦1) 𝑦ʌ 𝑦𝐴1(𝑚𝑥1 𝑦𝑣 𝑦𝑚𝑧1), 𝐴2(𝑚𝑥2 𝑦𝑣 𝑦𝑚𝑦2)ʌ 𝑦𝐴2(𝑚𝑥2 𝑦𝑣 𝑦𝑚𝑧2), … , 𝐴𝑛(𝑚𝑥𝑛𝑣 𝑦𝑚𝑦𝑛) 𝑦ʌ 𝑦 𝐴𝑛(𝑚𝑥𝑛𝑣 𝑦𝑚𝑧𝑛)} 𝑦 ≥  𝑦𝑚𝑖𝑛{𝑚𝑖𝑛[𝐴1(𝑚𝑥1), 𝑦𝐴2(𝑚𝑥2), … , 𝑦𝐴𝑛(𝑚𝑥𝑛)], 𝑦 𝑚𝑖𝑛[𝐴1(𝑚𝑦1), 𝐴2(𝑚𝑦2), … , 𝑦𝐴𝑛(𝑚𝑦𝑛)] 𝑦ʌ𝑚𝑖𝑛[𝐴1(𝑚𝑥1 𝑦𝑣 𝑦𝑚𝑧1), 𝐴2(𝑚𝑥2 𝑦𝑣 𝑦𝑚𝑧2), . . . , 𝐴𝑛(𝑚𝑥𝑛𝑣 𝑦𝑚𝑧𝑛)} ≥  𝑦𝑚𝑖𝑛{(𝐴1𝐴2… 𝐴𝑛) 𝑦𝑚(𝑥1, 𝑥2, 𝑦 … , 𝑥𝑛), 𝑦 (𝐴1𝐴2… 𝐴𝑛) 𝑦𝑚(𝑦1, 𝑦2, . . . , 𝑦𝑛), (𝐴1𝐴2… 𝐴𝑛) 𝑦𝑚(𝑥1 𝑦𝑣 𝑦𝑧1), 𝑦(𝑥2 𝑦𝑣 𝑦𝑧2), 𝑦. . . , 𝑦(𝑥𝑛 𝑦𝑣 𝑦𝑧𝑛)} 

 

CONCLUSION 

 
 In ythis ypaper ywe ystudied ythe ynotion yof yfuzzy ymodular ylattice yordered ym-group yand 

yinvestigated ysome yof yit's yproperties.yWe yalso ystudied ythe yhomomorphic yimage, ypre-image yof yfuzzy 

ymodular y ylattice yordered ym-group, yarbitrary yfamily yof yfuzzy ymodular ylattice yordered ym-groups yand 

yfuzzy ymodular ylattice yordered ym ygroup yusing yT-norms. 
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