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Abstract. In 2019, a new labeling called Product Root Sum Mean Labeling was introduced in the literature . It is defined
in a graph G=(p,q) as an injective function f: V >{1,2,3,...,qt1} such that the induced function f* defined by
Fr(uv) = f(u)*f(V)+2\/f(u)+f(V)
Root Sum Mean graph. In this paper we prove that the ladder graph , the Square Ladder graph , the cocunut tree

CT(m,m), the graph Y, ,the Star graph K,,,,the Shadow graph of Star K,,, , the Split graph of Star K, , the
BiStar graph K,,,, , the Shadow graph of BiStar K, ,, , the Comb graph P,®K, , the Square graph of Comb P,OK, ,
the Shadow graph of Comb D,(P,©K;) and the splitting graph of Comb are Product Root Sum Mean graphs.

yield different values on edges. A paper which admits this labeling is known as Product

Keywords:
Graphs, shadow graphs, split graphs, square graph, Graph labeling, Product Root Sum Mean labeling

INTRODUCTION

Graph theory is the fast growing area of combinatorics. Graph labeling is an assignment of integers to the
vertices or edges or both subject to certain conditions. Labeled graphs serve as useful models for a wide range of
applications. After the introduction of graph labeling , various labeling of graphs such as graceful labeling, cordial
labeling , prime cordial labeling. Magic labelling , Anti magic labeling etc., have been studied in over 2100
papers[2]. Several researchers refer to Rosa’s [2] work. The concept of mean labeling has been introduced by
S.Somasundaram and R.Ponraj [4]. In [1], labeling such as mean, odd mean and even mean labeling for the
Extended Duplicate Graph of Kite Graph has been investigated. A new of labeling technique called Product Root
Sum Mean labeling was introduced by K.Thirusangu , P.Elumalai and K.Srinivasan [ 5]. They proved that the
graphs such as Path ,Middle graph of a Path, Total graph of a Path, Split graph of a Path, Shadow graph of a Path,
Cycle, Middle graph of a Cycle ,Triangular Snake , Alternate Triangular Snake, Double Triangular Snake , Alternate
Triangular Snake, Kite, Quadrilateral snake graph ,Double Quadrilateral snake graph and Alternative Quadrilateral
snake graph are Product Root Sum Mean graphs. In this paper we prove that the ladder graph, the Square graph of
Ladder , the cocunut tree CT(m,m), the graph Y .1, the Star graph K, , the Shadow graph of Star K, ,, , the
Split graph of Star K, , , the BiStar graph K, , the Shadow graph of BiStar K, , the Comb graph P,®K,, the
Square graph of Comb P,®K, , the Shadow graph of Comb D,(P,®K,) and the splitting graph of Comb are Product
Root Sum Mean graphs.
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PRELIMINARIES
In this section we provide some basic definitions and examples which are necessary for this article.

Definition: 2.1

A walk in which uy, u, ..., u, are distinct is called a path. A path on n vertices is denoted byP,. A closed path is
called a cycle. A cycle on n vertices is denoted by Ci.

Example: 2.2
€ € C3 €4 Cn-1
@ @ @ @ Q@------------- o———©O
Vi Va Vs Vi Vs Vi Vi

Figure: 2.1 A path graph P,
Definition : 2.3
AY-tree Y, is obtanined from a path P,.; by adding an pendant edge at ( n-2) ™ node.

Example: 2.4

Vi

c c [
Cn2 Vn2 Vi 3 V3 2 Vs 1 Vi

Figure: 2.2 A Y-tree Y,
Definition: 2.5

The graph obtained by joining a single pendent edge to each vertex of a path is called as Comb.

Example: 2.6

uy €1 %) ) us €3 Uy Uy Cn-1 u,

e’ e’ e;’ €4

e et |

Vi Vs V3 V4 Vi

Figure: 2.3 A Comb P, O K,
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Definition: 2.7
The product graph P, xPj is called a ladder and it is denoted byLy. This graph has 2n vertices and 3n — 2 edges.

Example: 2.8

LR 99 99 99

Vi € Vv € V3 €3 \Z V-1 €n-1 Vi

uy € up 5] DE] C3 Uy Uy g €h-1 u,

Figure: 2.4 A Ladder L,

Definition: 2.9
A Star graph S, is a complete bipartite graph K ..

Example: 2.10

v Vi A\ V3 Vi

Figure: 2.5 A Star graph S,

Definition: 2.11

A Bi-star graph is a graph obtained by joining the apex vertices of two star graphs S, by an edge. It is denoted as

B .
() . ) .

Example: 2.12

u
! u; u3 u, Vi 2 V3 Vo

Figure: 2.6 A Bi-Star graph B(n,n)

020014-3



Definition: 2.13
A coconut tree CT( m,n) is a graph obtained by joining the apex vertex of a star graph K , to a path graph

P... Example: 2.14

V3
\'%) /.
62’ ,’/
e
,
9 /, bl
€1 s Cn
.
Vi . U . Vn
Cn-1
Uy
'
|
'
u3 ‘
€
w @
€1
uy @

Figure: 2.7 A Cocunut Tree CT(m,n)

Definition: 2.15

For a graph G the split graph is obtained by adding to each vertex v a new vertex such that v’ is adjacent to
every vertex that is adjacent to v in G. The resultant graph is denoted as spl(G).

Definition: 2.16

The shadow graph D,(G) of a connected graph G is constructed by taking two copies of G say G’ and G” join
each vertex v’ in G; to the neighbours of the corresponding vertex v’ in G”.

Definition: 2.17

Square graph of a graph G denoted by G* has the same vertex set as of G and two vertices are adjacent in G2, if
they are at a distance of 1 or 2 apart from G.
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3. MAIN RESULTS

In this section we prove our main results.
Theorem 3.1: The graph Y ,;; tree admits Product Root Sum Mean Labeling.

Proof:

Let the vertex set be V={ v{,vs,...... Va1, Vu}. The edge set is E = { v;vi4} for all values of n.
Define a map f: V> {1,2,3,....q+1} Such that

flviy=1,1<i<n-1;

f(va) =n;

Define the induced function *:E->N such that f*(uv) = % VW)

The edge labels are obtained as

el — 2 -

f*(ViVi-H) — [1 (1+1)+2,/1+(1+1)] — (i +1)-;-\/21+1, 1 <i<n- 2
o)k = 2_ =

£* (Vy_pVy) = [(n-2) n-;—\/n 2+n] _ [n 2n-;—\/2n 2]

(i2+i)+V2i+1 [n?-2n+vV2n-2

Thus the edges {2,5,8,....., > ; 2 ]} are all distinct.

Theorem 3.2 : The graph cocunut tree CT(m,m) is a Product Root Sum Mean graph.
Proof:

Let the vertex setbe V={ uj,u,,...... Um-1, Um, VI,Va,e.e... Vil> Va}-

The edge setis E= { wjus;, 1 <i<m-1; u,v;, 1 <i<n;} forall values of n.

Define a map f: V> {1,2,3,....q+1} Such that

flu)=1i,1<i<m;

flv)y=nti ,1<i<n;

Define the induced function f*:E->N such that f*(uv) = —f(u)*f(VHW

The edge labels are obtained as

f*(uiui+1) _ [i*(i+1)+2\/i+(i+1) _ [(i2+i)-;—\/21+1 1<i<m-1.

f*(umvi) — [m*(n+i)+2,/m+(n+i)] _ [mn+mi+\/m+n+i] 1<i<n.

2

[mn+mi+\/m+n+i]

[(2+D)+v2i+1]
2 2

Thus the edges {2,5,8,....., ;5,6,8,9,11,....., } are all distinct.

Theorem 3.3: The graph P,? , the square graph of a Path is a Product Root Sum Mean graph.

Proof:

Case(i): if n is odd

Let the vertex set be V={ uj,u,,...... RIS

The edge setis E= { wjujs1, 1 <i <n-1 ; upiqupieg, 1 <i SnT_l } for values of n=3.

E={uuy,1<1i <n-1 ; uyupg, 1 SI < nT_l 5 Upilgin , 1 <1 < nT_3 } for all Odd values of n ; except

n=3.
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Define a map f: V> {1,2,3,....q+1} Such that

flu)=1,1<I < n;

Define the induced function £:E->N such that f*(uv) = % VW)

The edge labels are obtained as

For n=3

f*(uiqu) _ [i (1+1)+2‘/1+(1+1) _a +I.);\/Zl+1‘ 1<i<n-1.

(i — - 2 . _
[2i-1) (21+1)+21/(21 1)+(2i+1)] N ?Jﬂm,l <i SHTI-

£*(UzimqUpipq) =

For n = Odd numbers; except n=3.

i — o .
f*(uiui+1) _ [i (1+1)+2‘/1+(1+1)] _a +I.):\/21+1’ 1<i<n-1.

. (2i-1)*i+1)+/@i-D+(2i+1) (4i2-1)+Val . _n-1
£ (Uzi—1Uzipq) = [ p I ,1<1 < -

2
. — PP _
£* (UpiUpiss) = [(2D) (21+2)+2\/(21)+(21+2) _ +4z;+\/4z+2‘1 <i< HT3
Thus the edges
For n=3
E = { 1,4,2} are all distinct.
For n = Odd numbers; except n=3.
L o . _ P
E={ 14,7, S 9 g 19, DN 5 13 05, IR e il distinet.

Case(ii): if n is even

Let the vertex set be V={ uj,u,,...... RIM S

The edge set is E = { uju;;; , i=1 } for values of n=2.

E={uuy,1<i<n-1 ; upyqupg, 1 <i 5”7_2 5 Upilgin , 1 <1< nT_Z } for all even values of n except n=2
.Define amap f: V> {1,2,3,....q+1} Such that

flu)=1,1<i<n;

Define the induced function *:E->N such that f*(uv) = % OLI)

The edge labels are obtained as
For n=2

ie(i — 2 -
f*(uiui+1) _ [1 (1+1)+2‘/1+(1+1)] — (i +L);—VZL+1’i =1

For n = Even numbers; except n=2.

i — 2 .
f*(uiuiﬂ) _ [i+(+1)+/i+(+1) _ (@i +L)-;-\/Zl.+1’1 <i<n-1.

2
£ (Ui 1 Upipn) = [(2i—1)*(2i+1)+2‘/(zi—1)+(2i+1)] _ (4i2—;)+m‘ 1<i < n%z
Seloi - - o . N
f*(uziuzi+z) _ [2i) (21+2)+2‘/(21)+(21+2) _ +42+V4z+2‘1 <i< nz_z

Thus the edges

020014-6



Forn=2 E={2}.

For n = Even numbers; except n=2.

. ' . _ i
E={147,... S0, 2,8,19,.....,“‘+)+m £5.13,25,... SR are all distinet.
The above theorem is illustrated as follows.
Example: 3.4

€n €3n-1)2 Cntl €(2n-3) €(3n-3)2

Path P,’
Theorem 3.5: The graph Comb P,©K; admits Product Root Sum Mean Labeling.

Proof:

Let the vertex set be V={ uj,u,,...... Un1, Up  Vi,Vo,.nn. .. Vil> Vo }-

The edge setis E = { ujus;, 1 <i<n-1;uyv;, 1 <i<n} forall values of n.
Define a map f: V> {1,2,3,....q+1} Such that

flw) =2i-1 ,1<i<n

flvy)=2i ,1<i<n;

Define the induced function f*:E->N such that f*(uv) = % VI ()

The edge labels are obtained as

(i — 2 -

£ (uyuy,,) = [2i-1) (21+1)2+\/21 i+2i+1] _ [ ;)+\/E] 1<i<n-1.
V(o — - 2 —

£ (upvy) = [2i-1)*21)+,/(2i-1)+(2i) _ [(4i2-2D)+V4i-1] 1<i<n.

2 2

Thus the edges {3,920 ... [0 5 g 7 JOP2DRET e i distinet.

Theorem 3.6 : The Square graph of a Comb is a Product Root Sum Mean graph.

Proof:

Case: If n is odd.(n>3)

Let the vertex set be V={ uj,u,,...... Up1, Up 5 Vi,Vaeon... Vol, Vi }-

The edge setis E= { ujus;, 1 <i<n-1;uvi, 1 <i<n;uvig, 1 <i<n-1;uv;, [ <i<n-1; upqum, 1
<i< (n-1)/2 5 upugien , 1 <1< (n-3)/2 } for all values of odd n > 3.

Define a map f: V> {1,2,3,....q+1} Such that

flu)=3i ,1<i<n

f(v))=3i-2 ,1<i<n;

Define the induced function f*:E->N such that f*(uv) = % W +(v)

020014-7



The edge labels are obtained as

Sacai — . -
(3)#(31+3)+V3i+3i+3| _ [(oi +9ll+\/61+3 1<i<n-—1.

£ (Uiui40) = [ 2

£ (ugvy) = [(3i)*(31—2)-+2—,/(3i+3i—2) _ [(912—ei;+\/6i—2 1<i<n

£*(uyvipy) = [31) (31+1)42-‘/(31+31+1)] _ [(oi +3ll+\/61+1] 1<i<n-1.

(3i+3)*(3i-2)+/(31+3+3i-2)] __ [(9i2+3i-6)+V6i+1]

f*(ui+1vi)=[ ,1<i<n-1.

2 2
. (61—3)%(6i+3)+./(61-3+61+3) (36i2-9)+V121 . _n-1

£ (Uzi—1 Uzis1) = [ 2 -1 > I<is< B
. (61)+(6i+6)+,/(61+61+6) (36i2+360)+V12i+6 . _n-3

f (u21u21+2) = [ 2 = [ 2 ] ,1<1 < T

(9i2+30)+V6i+1]
2 2

e P P
4,19.44,...... % GEI 15,69,....,,M ;38,110,....,% 28] e all distinet.

Example:

€an2 €9n-5)12 €5n-5 €9n-7)12

Case: If n is Even.(n>2)

Let the vertex set be V={ uj,u,,...... Un1, Up 3 Vi,Vo,.nn... Vi1, Vo }-

Theedgesetis E={uu;, 1 <i<n-1;uv;, 1 <i<n;uvig, 1<i<n-l;uvi, 1 <i<n-1 ;5w U4, 1
<i< (0-2)/2 ; upugien , 1 <1< (n-2)/2 } for all values of even n > 2.

Define a map f: V> {1,2.3,....q+1} Such that

flu)=3i ,1<i<n

f(vi)=3i-2 ,1<i<n;

The edge labels are obtained as

(3)#(31+3)+V3i+31+3] _ [(oi +912+\/61+3 1<i<n-1.

f*(ujuiq) = [ 2

. (31)*(3i—2)+,/(31+3i-2)
fr(uvy) = [

9i2-6i)+V6i—2 .
2 I ; ,1<i <n.

(3i)*(3i+1)+/Bi+3i+D)] _ [(9i%+31)+V6i+1
2

> ],1SiSn—1.

£ (uvieq) = [

(3i+3)*(3i-2)+/(31+3+3i-2)] _ [(9i2+3i-6)+V6i+1]
2 2

f*(Ujp1vy) L ,1<i<n-1
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. [(61—3)+(6i1+3)+/(61-3+6i+3)] _ [(36i2—9)+V12i]
£ (Upi—1Uzise) = 2 =

1<i SHT_Z.

2
Sulei — P - _
£ (Upgligiyy) = [(6) (61+6):/(61+61+6)] _ [(36i +3612)+\/121+6] 1<i< nTz

[(912+3D)+V6i+1]

2 >

P P
Thus the edges { 10,28,56,.....,% Veirs] 2,13,33,.....,% 2] 2047,

4,1944,.... JOINEHL 569 | JCHINTL 584, G300

]} are all distinct.

Square comb (Even Case)

Theorem 3.7: The graph D,(P,©OK;), shadow graph of Comb admits Product Root Sum Mean Labeling.
Proof:

Let the vertex set be  V={ uj,u,,...... Up1, Up 5 U LU0 . Unt’ U 5 Vi, Vo,eee... Voots Vs VI,V yennnn. Voot
V' .

TheedgesetisE= {uu’, 1 <i<n;uuy’, 1 <i<n-1;viviy, 1 <i<n-l;vivy, 1<i<n;uv, 1<i<
n;wvy,1<i<n;u'viy, 1 <i<n-1; vy, 1 £1<n-1} for all values of n.

Define a map f: V> {1,2,3,....q+1} Such that

flu)) =4i-3 ,1<i<n

fluy)=4i-1 ,1<i<n;

flvy)=41 ,1<i<n;

f(v’)=4i-2 ,1<i<n;

Define the induced function £*:E->N such that f*(uv) = % VIW+)

The edge labels are obtained as

(4i-3)*(4i-1)+V4i-3+4i-1] _ [(16i2-16i+3)+V8i-4]

f*(uuy) = [

,1<i <n.
2 2
4i-1)+(4i+3)+VA—1+4143 16i2+8i-3)+VBi+2 )
f*(ui'uiﬂ’):[( - )2 It z) ,1<i<n-1.

£*(vivy) = [(41)*(41—2)4;/(4i+4i—2)] _ [(16i2—8i2)+\/8i—2 1<i<n

_ |(ax@i+a)+/(4i+4i+4)] _ [(16i%+160)+V8i+4

],ISiSn—l.
2 2

£*(vivig1)
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wr [(4i-1)+(4i+4)+/(@i-1+4i+4)| _ [(16i2+12i—4)+VBi+3]
£ (ui'vip) = =

,1<i<n-1.

2 2
L aVerai - - 2 .
£ (upp g 'vy) = [(4i+3) (41):‘/(41+3+41)] _ [(16i +1221)+\/81+3] 1<i<n-1.

f*(uiVi) _ [(41—3)*(41)2+x/4i—3+4-i _ [(16i2—122i)+\/8i—3 1<i<n

£ (uy'vy) = [(4i-1)x(4i-2)+Vai-1+4i-2] _ [(16i%-12i+2)+V8i-3 1<i<n

2 2
_ _ o
Thus the edges { 2,19,51,.....,[“6'16+3’+ G 12,40,85,.....,% CEI
I G P

5.25,62,.... LB g 50 95, . JOSHIODROIL 13 4400, ....., JOOTHZED RO

o P P _
15,46,92,...... % B3] 30156, 108 “21)”8‘ 42057, [<16112+2>+ V53] 4 are all
distinct.
Example:

4n-6 4n-2

Shadow Comb D,(P,®OK;)

Theorem 3.8: The splitting graph of comb, Spl( P,©OK, ) is a Product Root Sum Mean graph.

Proof:

Let the vertex set be V={ uj,u,,...... Upg, Uy 5 Up U, e Uty Uy 5 Vi, Vo,ee.... Vool Vi s VI73V2 yennn.. Vo1
V' ).

The edge setis E={ uu;;,", 1 <i<n-1;uu’, 1 <i<n-1;0'uy, 1 <i<n-1;0'v, 1 <i<n; w7, 1
<i<n;uwv;, 1<i<n } for all values of n.

Define a map f: V> {1,2.3,....q+1} Such that

flu)=4i ,1<i<n;

020014-10



flu’)=4i-1 ,1<i<n;
fv;) =4i-2 , 1 <i<n;
f(vy’)=4i-3 ,1<i<n;

Define the induced function £*:E->N such that f*(uv) = % HOLIG!

The edge labels are obtained as

£ (g, ) = [(4D)*(4i+3)+V4ai+4i+3 _ [(16i +1221)+\/81+3 1<i<n-1.

2
£ (uypquy) = [(4i+4—)*(4i—1);—w/4i+4—i+4i—1 _ [(1612+12i—24)+\/121—1] 1<i<n—1.
£ (uug,) = [(4i—1)*(4i+3)2+\/4i—1+4i+3 _ [(16i2+8i—23)+\/81+2] 1<i<n-1.
f*(ui’vi) _ [(41—1)*(4i—2);,/(4i—1+4i—2) _ [(1612—12132)+\/Si—3 1<i<n

f*(ui/Vi') _ [(4i-1)*(4i-3)+/(4i-1+4i-3) [(16i2-16i+3)+V8i—4] 1<i<n.

2 2

N — 2 o —
f*(uivi) _ [(ai)=(4i 2):,/(41+41 2)] _ [(16i 812)+\/81 2 1<i<n

[(16i2+12i-4)+V12i-1]
9

; 13,44,90,.....,
2

L
Thus the edges { 15,46,92,.. % ai+3]

o I
[(16”+3)+ B2 40057, [(1612+2)+ B3] 5 19,51, .

[(16i2-16i+3)+VBi-4]
5

s

12,40,85,.....,

2 gs i—
,w } are all distinct.

Splitting graph of comb S(P,®OK,)
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Theorem 3.9: The Ladder graph P, x P, is a Product Root Sum Mean Labeling.

Proof:

Let the vertex set be V={u,,u,,...... Up-1, Up » VI,V2,...... Vil> Va}-

The edge setis E = { ujujs;, 1 <i<n-1U vy, 1 <i<n-1Uuyv;, 1 <i<n} forall values of n >=2.
Define a map f: V> {1,2,3,....q+1} Such that

f(u) =2i-1,1<i<n;

flv))=2i ,1<i<n;

Define the induced function £*:E->N such that f*(uv) = % VI ()

The edge labels are obtained as

. s % . ‘\/ﬁ i A .
f (uiqu) _ [2i-D) (21+1)+2 i-1)+(2i+1) _ [(4i 12)+«/Z]’1 <i<n-1.

[@D*(2i+2)+/@D+(2i+2)] _ [(4i%+4i)+Vai+2
2

> ],1S1Sn—1.

f*(Vivier) =

£* (uyvy) = [(21—1)*(Zi)+2\/(2i—1)+(21)] _ [(4i2—22+\/4i—1 1<i<n

[(4i-1)+V4i] [(4i%+41)+Vai+2
2 2

| ;2,8,17,.....,% i1

Thus the edges {3,9,20,....., 16,1426, ..., ]} are all

distinct.
Theorem 3.10: The Square graph of Ladder P, x P, is a Product Root Sum Mean graph.
Proof:
Case(i): If n is odd
Let the vertex set be V={u,u;,u,,...... Un-1, Up 5 VI, Va,ennn.. Vil Va}-
n-3

. . ._n-3 . .
The edge setis E :{ uu; ; Uil , 1<i<n-2 5 Uup ; UiUoito , 1<i ST 5 Wois1Woi+g » 1<i< = 5 ViVit1 1<i

<n-13 Voo, | SiSnT_l;Vzisz 5 1 SiSnZi;UVz; UiV, 1 S1S0-2 5 uvi, 1 <i<n-15uvy; uivie
1 <i<n-1} for all values of n >=2.

Define a map f: V> {1,2,3,....q+1} Such that

flu) =2 ;

fly;) =4i+1,1<i<n-1;

f(viy=41 ,1<i<n;

Define the induced function *:E->N such that f*(uv) = % (I +v)

The edge labels are obtained as

f*(uu,) = [2*5+++5 = 6. f*(uuy) = [2*%%] =10.f*(uvy) = [Z*M%] =09,

(4i+1)*(4i+5)+/(4i+1)+(4i+5)] _ [(16i%+24i+5)+V8i+6

],1Si <n-2.
2 2

f*(ujuipq) = [

[(8i+1)x(8i+9)+/Bi+D+(8i+9)] _ [(64i2+80i+9)+V16i+10 1<ij <3
2 TS T 2

£ (Uziuzipn) = 2

[(8i—3)«(8i+5)+/(81-3)+(8i+5)] __ [(64i%+16i—15)+V16i+2 1<i <3
2 A

2

£ (Upi—1Uzipq) =
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N [(4D)+(4i+4)+/4i+(4i+4)] _ [(16i2+161)+VBi+4]
f*(viviea) = =

2 2

Ve — - 2 - _
[(8i—4)*(8i+4)+/(8i—4)+(8i+4) _ [(64i2-16)+V161 1<i< nTl

2 2

,1<i <n-1.

£ (Vaic1Vaier) =

. [(8D)x(8i+8)+/(8D)+(8i+8)] _ [(64i2+64i)+V16i+8
£ (V2ivais2) = 2 =

l1<i <2
2 2

N - - 2 Lo .
(4i+1)*(4i+8)+,/(4i+1)+(4i+8) _ [(16i2+36i+8)+V8i+9 1<i<n-2

£ (uvien) = [ 2 2

o 1Ve(ai - - 2L -
£*(uyvy) = [(4i+1) (41)+2,/(41+1)+(41)] _ [(16i +412)+\/81+1 1<i<n-1.

£ (uvy) = 2ONEH] _ g

2
. . «(4i \/ﬁ :2 . T .
£ (uiVi+1) _ [(4i+1) (41+4)+2 @i+ D+@E+)] _ [(16i +201;—4)+\/81+5]' 1<i<n-1.
[(16i%+24i+5)+V8i+6] 79215 [(64i%+80i+9)+V16i+10]

. ., 17,10,...... o

2 2 ’

[(64i2-16)+V16i| _
2 2

...... s

L L Lo
66,195,.....,% V16148 35 74,132, .. % Y+9]. 11 38,80, % CEE

21,56,106, [(16i2+20i+4)+V8i+5

...... , > } are all distinct.

Case(ii): If n is Even
Let the vertex set be  V={u,u;,u,,...... Un1, Up 5 VI,V2yennnn. Vo1, Vol

. . . _n—4 . _n-2 .
The edge setis E ={ uug ; Uili+g , 1<i<n-2 5 Uup; Wili+o , 1<i ST 5 Wois1Uoi+g » 1<i< e 5 ViVitl 1<i

<n-1; Vo Vo, 1 SiSnT_Z;VziVZHZ , 1 Siinz;z;uvz; Ui, 1 <1<n-2;uv;, 1 <i<n-1;uvy; wvi ,
1 <i<n-1} for all values of n>=2.

Define a map f: V> {1,2.3,....q+1} Such that

flu) =2 ;

f(w;) =4i+1,1<i<n-1;

flviy=41 ,1<i<n;

Define the induced function £:E=N such that f* (uv)= m

The edge labels are obtained as

f*(uuy) = [2r5+v2+45] _ 6.

2

f*(uuy) = @ = 10.

f*(uv,) = [Z*M% =0,

f*(uiui+1) _ [(4i+1)*(4i+5)+2,/(4i+1)+(4i+5) _ [(16i2+24—i-2|—5)+\/m]’ 1<i<n-2
£* (UpyUpis) = [(8i+1)*(8i+9)+21/(81+1)+(8i+9)] _ [(6412+80i+;3)+\/m]‘1 <i< ,,T_‘;_

[(8i—3)«(8i+5)+,/(8i-3)+(8i+5)] _ [(64i%+16i—15)+V16i+2 1<i <2
2 TS T 2]

£*(UzimqUpipq) = 2
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£*(viviyy) = [(4D) (41+4)42-‘/41+(41+4)] _ [(1ei +1621)+\/81+4],1 <i<n-1.

Ve — - 2 - _
[(8i—4)*(8i+4)+/(8i—4)+(8i+4) [(64i2-16)+V161 1<i< nTz

£ (Vaic1Vaier) = > = >

. [(8D)x(8i+8)+/(8D)+(8i+8)] _ [(64i2+64i)+V16i+8
£ (V2ivais2) = 2 =

l1<i <2
2 2

N - - 2 Lo -
(4i+1)*(4i+8)+,/(4i+1)+(4i+8) [(16i2+36i+8)+V8i+9 1<i<n-2

£ (uiviy) = [ =

2 2
o 1Ve(ai - - 2 -
£*(uyvy) = [(4i+1) (41)+2,/(41+1)+(41)] _ [(16i +412)+\/81+1 1<i<n-1.
£ (av,) = [(OWED] _ g
. : w(4i \/ﬁ 2 : T .
£ (uiVi+1) _ [(4i+1)*(41+4)+/(41+1)+(4i+4) _ [(16i +201+4)+\/81+5]' 1<i<n-1.

2 2

Thus the edges {6 109 ;24,60,113,...... [QEF2HESIVBIRG] g 5 5 [(6417480149)+VI6HT0]

s

2 2

I o o

34,139,..... [CHHEAINIGR] 475005 . QDN 56 127 9g3,..... LA 10T
R P o

66,195,.... \CHTNIOT] 59 74 13, ...... JATLOOINO, ) 5555, ....., JOTHDEH] 5

21,56,106, [(16i2+20i+4)+V8i+5

...... , > } are all distinct.

Example:

€(11n-9)2

€on-1

€6n-5 C(13n-11/2 €7n-8 €(13n-13)2

Square Ladder (Odd Case)

Theorem 3.11: The graph P, O K, admits Product Root Sum Mean Labeling.
Proof:
Let the vertex set be V={u,,u,,...... Up-1, Up , V,V2,...... Viels Vi sW,Wo,.e.nnn. Wo-1, Wn}-

The edge setis E={ uju;;;, | <i<n-1Uuyv;, 1 <i<nUuyw;, 1 <i<n} forall values of n >=2.
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Define a map f: V> {1,2,3,....q+1} Such that
flu) =3i-2 ,1<i<n;

Define the induced function f*:E->N such that f*(uv) = % W)

The edge labels are obtained as

s * . \/_7 'Z_ s O .
(3i-2) (31+1)+2 (3i-2)+(3i+1)] _ [(9i%-6i-2)+V6i-1 1<i<n-1.

f*(ujuipq) = [ 2

2 2

f*(uiVi) _ [(3i-2)#(3i-1)+/(3i-2)+(3i-1) [(9i2-9i+2)+V6i-3 1<i<n.

oVerai — - 2 —
f*(uiwi) _ [(3i-2)(31)+/(81-2)+(31) _ [(9i 611+\/61 2 1<i <n

2

2 g — 2o —
Thus the edges {4,638 ,.... .= 5 g 50 [OPomDnes]

5 2 s

2 o,
3,14,34,.. ..,[(91627+612]} are all distinct.
Example:
1 e 4 e e 3n-2
€n €on eAn+] € €on+2 Can-1 C3n-1
2 3 5 6 3n-1 3n
Theorem 3.12: The graph P, O K,; is a Product Root Sum Mean graph.
Proof:
Let the vertex set be V={u,u,...... Upt, Up 5 VI,V2yennnns Viels Vi sW1,Wo,eonnn. Wiols Wiy X1,X0,0ennes Xp.1, X }-

The edge setis E={ uju;;;, | <i<n-1Uuyv;, | <i<nUuw;, 1 <i<nUugx;, 1 <i<n} forall values of
n>=2.

Define a map f: V> {1,2,3,....q+1} Such that

flu) =3i-2 ,1<i<n;

fl(v)=3i-1 ,1<i<n;

flw)=31,1<i<n;

f(xj)=3n+i ,1<i<n;

Define the induced function f*:E->N such that f*(uv) = % I +(v)

The edge labels are obtained as
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. s % . ‘\/ﬁ .2_ s . .
£ (uiqu) _ [(3i-2)*(3i+1)+{/(Bi-2)+(3i+1) [(9i2—6i—2)+V6i-1 1<i<n-1.

2

£*(uyv) = [(3i-2)%(3i-1)+/(3i-2)+(3Bi-1)] _ [(9i®-9i+2)+V6i-3
iVi) = > =

overai — - 2 —
f*(uiwi) _ [(3i—2)*(31)+4/(31—2)+(3i) [(9i2-6i)+V6i-2 1<i<n

2 2

. (3i-2)*(3n+i)+,/(31-2)+(3n+1) 9in+3i2—6n-2i)+v4i+3n-2
F(ux) =L ! 1= )

2

R
Thus the edges { 4,16,38 ,.... /090 5 1930,

3,14,34,.....,[ ; 5,18,.....,[

(9in+3i2-6n-2i)+V4i+3n-2

(9i2-61)+v6i—2]
2

Example:

Cn Con

2 3 3n+l1 5 6 3n+2

Theorem 3.13 : The Star graph K,;,, admits Product Root Sum Mean Labeling.

Proof:

Let the vertex set be V={u;v; vy,va,...... Vi1}-

8

9 3n+3
P, O K,

The edge setis E= {uv;uv; ,1 <i<n-1} for all values of n.

Define a map f: V> {1,2,3,....q+1} Such that
flu)=2 ;f(v)=1;

flv)=i+2 ,1<i<n-1;

Define the induced function f*:E->N such that f*(uv) = HORIASLOLI]

The edge labels are obtained as

£*(uv) = [2614+v2+1 _ [2+2\/§] -1

2

2

£*(uvy) = [2#(i+2)+/2+(+2)] _ [2i+4-;-\/ﬁ] 1<i<n-1.

2
[2i+4+Va+i]

Thus the edges {2;4,5,6,..... — } are all distinct.

Theorem 3.14: The graph Shadow Star K ,is a Product Root Sum Mean Labeling.

Proof:

Let the vertex setbe V={u;v;upu,,...... U, ; Vi,Va,

020014-16

],ISiSn.

],1SiSn.

[(9i2-9i+2)+V6i-3]

]} are all distinct.

€n-1 3n-2
€2on-1
C4n-1
3n-1 3n

C3n-1

4n



The edge setis E= { uu;, 1<i<n;uv; , 1 <i<n; vy, 1<i<n ; vy, 1<i<n } for all values of n.
Define a map f: V> {1,2,3,....q+1} Such that

fluy=2;

f(v) =4n+1;
flu))=3i+1 ,1<i<n

f(v))=3i ,1<i<n;

Define the induced function £*:E->N such that f*(uv) = I+ W +)

2
The edge labels are obtained as

£ (uuy) = [z*(31+1):m] _ [ei+z+2\/m 1<i<n

£*(uvy) = [Z*GDZ‘/W = [Gwzm] 1<i<n

£*(vvy) = [(4n+1)*(3i)2+\/4n+1+3i _ [12ni+3i+2\/4n+1+3i] 1<i<n

£ (vuy) = [(4n+1D)*(3i+1)+V4n+1+3i+1] _ [12ni+4n+3i+1+V4n+3i+2| 1<i<n

2 2

Thus the edges { 5.8,11, [6'+2+ B3] 4 710 ’w’[si+m231+z :

[12ni+3i+Van+1+3i] [12n2+3n+v7n+1]  [12ni+4n+3i+1+V4n+3i+2] [12n24+7n+1+v7n+2 .
2 e s 2 ; 2 ey 2 } are all distinct.
Example:

3 6 9 3n-3 3n

Shadow Star K ,
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Theorem 3.15 : The Split graph of Star K, , is a Product Root Sum Mean graph.
Proof:

Let the vertex setbe V={u;v;uu,,...... Up 5 Vi,V2yernnnn Va }-

The edge setisE={uu;, 1 <i<n;vy ,1<i<n;vv;,1<i<n} forall values of n.
Define a map f: V> {1,2,3,....q+1} Such that

fluy=1;

f(v) =2(n+1);

flu) =2i+1 ,1<i<n;

flv)=2i ,1<i<n;

Define the induced function *:E->N such that f*(uv) = % (W +v)

The edge labels are obtained as
£*(uuy) = [1*(2i+1)-;-\/1+2i+1 _ [2i+1+2\/2i+2 1<i<n

X ) [@FDTanT2) L .
£ (uyv) = [i+D)*(2n+2)+/(2i+1)+(2n+2) _ [4ni+4i+2n+2+V2n+2i+3

],1Si <n
2 2

£*(vvy) = [(2n+2)*(21)2+\/2n+2+21 _ [4—n1+41+\/22n+21+2 1<i<n

2i+1+V2i+2| [4ni+4i+2n+2+V2n+2i+3 4n?+6n+2+v/4n+3
Thus the edges {2,3.4,........ s [ 2 ; [ 2 ,.....,[ 5 ;
[4ni+4i+vV2n+2i+2] [4n2+4n+V4n+2] o
2 ST , 2 } are all distinct.

Example:

2n-2 2n

Split Star K, ,
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Theorem 3.16: The BiStar graph K, , admits Product Root Sum Mean Labeling.
Proof:

Let the vertex setbe V={u;v;uu,,...... Uy Vi,Va,.en... Vi }.

The edge setisE={uv;uu;, 1 <i<n;vv;, 1 <i<n} forall values of n.
Define a map f: V> {1,2,3,....q+1} Such that

f(u) =2n+1 ;

flv) =2n+2;
f(u)=2i-1,1<i<n;

flv)=2i ,1<i<n;

Define the induced function f*:E->N such that f*(uv) = % W)

The edge labels are obtained as

£*(uv) = [(2n+1D)«(2n+2)+V2n+1+2n+2] _ [4n?+6n+2+v/4n+3]
2 2 ’

£ (uuy) = [(2n+1)*(21—1)2+\/2n+1+2i—1] _ [4ni—2n+212—1+\/2n+2i 1<i<n

2

£*(vvy) = [(2n+2)=(2D)+V2n+2+2i _ [4ni+4i+\/22n+2i+2 1<i<n

Thus the edges {[4n2+6n+2+\/4n+3]; [4ni—2n+2i-1+vZn+2i] ! [4n%-1+V4n]

2 PRI , > ;
[4ni+4i+V2n+2i+2] [4n2+4n+vVan+2] ..

2 N 2 } are all distinct.
Example:

Con+1

! 3 5 2n-1
Bistar star K, ,

Theorem 3.17: The Shadow graph of BiStarK,, ,, is a Product Root Sum Mean graph.
Proof:

Let the vertex setbe V={u;v;w;X;u,up,...... Uy, ; Vi,Va,
The edgesetisE={uw; vx;uy, 1 <i<n;vuy;, 1 <i<n;uv;,1<i<n;vv;,1<i<n;ww;,1<i<n;

xw;, 1 <i<n ;wx;, 1 <i<n ;xx;, 1 <i<n} forall values of n.
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Define amap f: V> {1,2,3,....q+1} Such that

f(u) =2.
f(v) =4n+1.
flw) = 8n.
f(x) = 8n+1.

flu)=3i+1 ,1<i<n;

f(vy)=3i ,1<i<n;

flw))=4n+31 ,1<i<n;

f(x;) =4n+3i-1 ,1<i<n;

Define the induced function *:E>N such that f*(uv) = % VIW+(w)
The edge labels are obtained as

* (2)*(8n)+V8n+2 16n+v/8n+2
f*(uw) = [ . 1_ | - .

£*(vx) = [(4n+1)«(8n+1)+v4n+1+8n+1] _ [32n?+12n+1+/12n+2

2 2

£ (uuy) = [(2)*(3i+1)2+\/2+3i+1] _ [61+2+2\/31+3 1<i<n.

4n+1)%(31)+VaAn+1+31 12ni+3i+VAn+3i+1 .
f*(vvi)=[( it )2 =1 > ],1SISn.

£ (ww;) = [(8n)*(4n+3i)+V8n+4n+3i] _ [32n2+24ni+V12n+3i 1<i<n

2 2

(8n+1)*(4n+3i)+v8n+1+4n+3i 32n2+24ni+4n+3i+V12n+3i+1 .
f*(xxi)=[ ) I_ 1 ],ISISn.

2 2

(2)*(31)+V2+3i 6i+V3i+2 .
f*(uvi)=[ > = 5 ,1<i<n.

4n+1)*(3i+1)+vV4n+1+3i+1 12ni+4n+3i+1+v4n+3i+2 .
f*(vui)=[( G+l I_ | ],ISISn.

2 2

(8n+1)*(4n+3i)+v8n+1+4n+3i 32n2+24ni+4n+3i+V12n+3i+1 .
f*(xwi)=[ > - 2 ,1<i<n

8n)*(4n+3i—-1)+v8n+4n+3i—1 32n%+24ni-8n+V12n+3i-1 .
f*(wxi)=[()( ) I_ | ],1§1£n.

2 2
16n+v8n+2| [32n%+12n+1+V/12n+2 6i+2+V3i+3
Thus the edges { [ ]; [ ;5,8,11,..... ,[7;
2 2 2
[12ni+3i+V4n+3i+1] [12n2+3n+v7n+1] [32n%+24ni+V12n+3i [56n%+v15n] [32n%+24ni+4n+3i+V12n+3i+1]
yeeens ; yeeeres ;
2 2 2 2 2
[56n2+7n+v15n+1] 4710 [6i+V3i+2]  [12ni+4n+3i+1+V4n+3i+2] [12n%+7n+1+V7n+2]

peennnn N f sa,/,10, 0., y > 5 > geannns . > N

[32n2+24ni+4n+3i+V12n+3i+1] [56n%+7n+v15n+1] [32n2+24ni-8n+vV12n+3i-1]
5 yeeens R 5 ; 5 R

56n2—8n+v15n-1
[n+ IS, e

all distinct.
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Example:

4 7 10 3n-2 3n+1 4n+3  4nt6 4n+9  7n-3 7n
e € €3 €1 €y Can €4 Cans3 €5n-1 €sn
e C8n+1 e €
€nt1 \ \Cn+2 | Cnt3 €n-1 2n Csnt1\ \Csn2 | €3n+ C6n-1 n
2 8n
4nt Cen2 8n+
C3n+1 Cint2  |C3f: C€4p-1 C4n C7nt1 Cm+2  |Cufr C8n-1 Cgn
€ €/ \ Coni3 €3n-1 €3n Con Conf2 \ Con3 €7n-1 €7n
3 6 9 3n-3 3n 4nt2  4nt+5 4n+8  Tn-4 Tn-1

Shadow BiStarK,,

Conclusion: In this paper we proved that the ladder graph , the Square Ladder graph , the cocunut tree CT(m,m),

the graph Y .
graph K,,,, , the Shadow graph

, the Star graph K,n, the

Shadow graph of Star K,, , the

Split graph of Star K,,, , the BiStar

of BiStar K, , , the Comb graph P,®OK, , the Square graph of Comb P,®K, , the
Shadow graph of Comb D,(P,®K;) and the splitting graph of Comb are Product Root Sum Mean graphs.
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